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Some of the following definitions are more general than necessary for 
immediate purposes. They are so stated partly for their own interest 
and partly for later reference. 

Let R* be any set of points in one-to-one correspondence with a 
point set in a euclidean m-space, E=. By identifying the points of R* 
with their respective images, we define continuity, open sets, and во 
on, on R*. Thus a set on К” is open if and only if the corresponding 
set 18 open relative to E=, Let rectangular cartesian coordinates be 
introduced in ЕЁ", and assign to each point of R* the coordinates of 
its image. We thus obtain a coordinate system (и) with К” for its 
domain. The inner domain of (u) will mean the set of inner points 
of R*. It may be vacuous. 

If the domains of two coordinate systems (и) = (u1, +++, 4.) and 
(o) (m, - ^ `, 0.) have common points, then the transformation be- 
tween (и) and (v) will mean the correspondence 


(2.1) т = (м) (# = 1,... , #) 


giving the (v)-coordinates in terms of the (#)-coordinates for every 
point common to the two domains. 

Let D be any open subset of the domain of (ж). Then a function 
J(u) will be called of class С" on D, where r isa non-negative integer, 
if f(u) and all its derivatives of orders not greater than r are defined 
and continuous on D. It will be called of class C* on? D if, in addition, 
f(u) and all its derivatives of orders not greater than r have continu- 
ous limiting values? on D — D. If f(u) is of class C* оп D (or D) for 
every positive integer r, we shall refer to it ав being of class C^ on D - 
(or D). A function of dass C* on D means one which is analytic on D. 
If, in addition, it is of class С on D, it is said to be of class Œœ on D. 

We shall say that the transformation (2.1) between two coordinate 
systems (и) аж (ui, ---, tm) and (р) ез(т, +>, On) is of dass С", 
РЄ (0, 1, 2, - · ·, х, w), if (1) the inner domains of (и) and (v) have 
a nonvacuous intersection, D, (2) the correspondence defined by 
(2.1), interpreted as a mapping of part of (1)-space into (v)-space, 
is a homeomorphism, (3) each of the functions v,(x) is of class Con D, 
and (4) in case r>0, the jacobian of the transformation is nowhere 
zero on D (or, in case the domains of (u) and (v) are closed, on D). 


+ The symbol for a point set, modified by a bar, denotes the closure of the set. 

з Whitehead [13] restricts “differentiable functions" on a closed set, as D, to those 
which can be differentiably extended to an open neighborhood of the cloeed set. He 
makes a similar restriction with respect to the “non-degeneracy” (in terms of the 
rank of a jacobian matrix) of a mapping of a cloeed set. The merits of these restric- 
и 005 are discussed later. 
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Consider the totality of coordinate systems (xi, ++, Xw) whose 
domains аге m-cells on the topological m-manifold M. Suppose that, а 
for some value r C (0, 1, ^ , 9,0), there exists a subset, .5, of these 
coordinate systems such idit (1) every point of M is on the domain 
of at least one of the systems S and (2) every transformation between 
any two of the systems .5 is of class С". Under these conditions, we 
shall say that M is of class C'interms of S. If r 50, then M is said to 
be differentiable in terms of S, and if r =w, it is referred to as И 
«n terms of S. 


3. Manifolds in euclidean spaces. By an m-mansfold of dass C* 
(k=1,2,-++-+, c, о) in E* is meant a set of points, M, in E*, any 
point P of which has an m-cell neighborhood on M which can be 
defined by giving (n—m) of the y's as class С? functions of the re- 
maining y's. These remaining у'в can then be interpreted as local co- 
ordinates on the neighborhood of P in question. In terms of such loca! 
. coordinates, M also satisfies the intrinsic definition ($2) of an m-man- 
fold of class C*. 

It was natural to inquire whether the intrinsically defined mani- 
fold&of class С» (> 0) are more general in their topological structure 
than manifolds of class C” in euclidean spaces. Whitney [40] answered 
this question in the negative, by showing that every manifold of 
class C*, intrinsically defined, is bomeomorphic to a manifold of class 
C* in a euclidean space. His results include a number of valuable 
properties, which we proceed to set forth, in so far as they are relevant 
to the present discussion. 

Let M be an m-manifold of class C* in terms of a set S of local co- 
ordinate systems. Suppose, for some n >m, that it is possible to define 
n functions of position (yi, * * - , Ya) over the entire manifold M in 
such a way that, for some positive integer, x, (1):the y's are con- 
tinuous i dnd: of the local coordinates S, (2) all their derivatives 
of orders (1, ^ + - , x) are defined and continuous in terms of each of 
the od systems 5 throughout its domain, (3) the jacobian 
matrix dinate елее 5 0, 585 701,5: -, m) is of rank m on 
the domain of each system (xi, · · ·, x4) of S, and (4) the same set 
(эч, ^ * - , Ya) of values is not assumed at two different points of M. 


4 It is important to note that for a manifold to be of class C" does not necessarily 
imply a structural restriction, since the class is defined as a property of a set of local 
coordinate systems. According to one of the important theorems quoted below 
($3(B)), there is no topological distinction between manifolds of class Ct and those, 
of any class С” (r» 1). The question whether manifolds of class C? (that is, topological 
manifolds in general) are topologically equivalent to those of class C! is considered 
in $14. 
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(A) If (yy, - - - , y.) are now interpreted as rectangular cartesian co- 
ordinates 4n a euclidean space Е“, then the functions just described 
afford a nonsingular parametric representation M* of M in E*, with 
the coordinate systems S serving as local parameters. Such a representa- 
tion 4s referred io as a class C* map or imbedding of M. In the above 
description, we necessary have x Sk, if M is of class С? (but not of 
class Сэ) in terms of S. 

(B) In ihe preceding statement, it is easy to show, with the atd of the 
implicit function theorem, that the parameters can be locally eliminated, 
$n which case M* 4s locally represented by giving (n—m) of the y's as 
Junctions of the remaining m, and these funcitons are of class С They 
mighi posssbly also be of dass C^ for some value X x. Whitney s work 
[40] included a proof that if M is of class С», RE(1,---, o), then i 
has a class С» 4mbedding, M*, in E191, and a can further be required 
that M* be of arbitrarily high class (analytic for example) tn terms of ihe 
euclidean metric of Em, 

Among the implications of the last statement, it may be noted ist 
differentiable manifolds are no more general in their topological struc- 

“ture than analytic manifolds. In other words, for manifolds of class С" 
(r >0), topological properties depend in no way on the class number r. 
If M is analytic, it is still not known whether it can be analytically 
mapped into a manifold in an £*; though it can, as just stated, be 
mapped in class C” fashion into an analytic manifold in Е". 

It is possible to establish [27], very briefly and simply, a weaker 
imbedding theorem, to the effect merely that if M is of class C*, for 
any kc(1,2, -- •, o), then M has a class С” imbedding in a euclid- 
ean space of sufficiently high dimensionality. 


4. The general triangulation problem. The complexes with which 
this discussion is concerned are cellular complexes, defined in the 
epirit of euclidean geometry rather than in a more abstract manner. 
These complexes represent the most general triangulated spaces, in 
the terminology of the present treatment. The following definitions 
are adapted from Alexandroff and Hopf [16]. 

A euclidean я-врасе E" із separated by an (#—1)-dimensional plane 
into two parts, the closure of either of which is called a half-space. 
A convex cell із a bounded subset of Е" representable as the common 
part of a finite number of half-spaces. For any such cell, s, there 
exists a number rC(0, 1, - - - , я) such that s lies in some r-plane, 
Е", but not in any (r — 1)-plane. This number is called the dimension- ` 
ality of s, which is referred to as a convex r-cell sm Such a cell s, is the 


5 Cells are thus defined as closed sets, contrary to the usage in §§1-3 above. 
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‚овиге of an open region in E', called the tntertor of the cell. The 
boundary of s, (s, minus its interior) falls uniquely into a finite set 
of convex (r—1)-cells, called the bounding (r—1)-cells of з. Their 
bounding (7 — 2)-cells are called the bounding (7 —2)-cells of Sn and so 
‘on. The bounding 0-cells are also called vertices. A convex r-cell with 
just (r--1) vertices is an r-simplex. 

A finite or denumerable set of convex cells in E* forms a rectilinear 
complex if (1) each bounding cell of a member of the set belongs to 
the set, (2) the intersection of any two cella of the set is a common 
bounding cell,* and (3) no point is vertex of infinitely many cella of 
the set. A rectilinear complex K ie described as simpisctal if all its 
cells are sim plexes. It is referred to as locally finite if each of its points 
has a neighborhood which intersects at most a finite number of celle 
of the complex. The set of all points of E* each on one of the cells of 
a locally finite rectilinear complex is called a euclidean polyhedron. 

Any topological image of a locally finite rectilinear complex K is 
called a complex, and the images of the cells of K are called the cells 
of the complex. Thus an я-сей is defined as a topological image of the 
closure of a finite convex region of Ё". i 

Any topological space will be referred to as locally polyhedral if it 
' can be covered with a denumerable set of neighborhoods each homeo- 
“morphic with a neighborhood on some euclidean polyhedron. 


THE GENERAL TRIANGULATION PROBLEM. Is & possible to subdenide 
every locally polyhedral space into the cells of a complex? 


Otherwise expressed, the problem is to discover whether a topo- 
logical space with the local structure of a complex necessarily has 
such a structure in the large. Failing this, it is of interest to discover} 
necessary and sufficient conditions (either or both) that a locally 
polyhedral space be triangulable. The triangulation problem can be 
solved, with the aid of well knoyg;theorems, for locally polyhedral 
spaces of dimensionality 2 (or lege), but it has not yet been solved, 
in the absence of differentiability conditions, for the general locally 
polyhedral space (or eveu for the general manifold) of any higher di- 
mension. ` 

The triangulation problem for manifolds is of basic ТРЕ іп 
` the more general triangulation problem, by virtue of the following 
easily proved result. 

(А) Any locally polyhedral space П can be expressed as a sum 

* For the sake of this definition, the vacuous set is regarded as e¥ounding cell 
(of dimensionality —1) of every cell, and an r-cell is counted among its own bounding 
cells. 
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where the Му" are disiinc topological m-mantfolds such that, given any 
pair (M, M,*), either the intersection M>- M;* is vacuous or else 
n>mand M” ison Му". 

In other words, a locally polyhedral space is built up of manifolds 
with incidence relations analogous to those of the cella of a complex. 
This does not mean that the triangulability of topological manifolds 
would imply the triangulability of locally polyhedral spaces in gen- 
eral; for it is not certain that a triangulation of the boundary of a 
manifold could be extended over the manifold, even if both should be 
proved triangulable. 


5. Significance of the problem. The manifolds whose topology was 
studied by Poincaré were essentially the same as our differentiable 
manifolds, although the present definitions had not been made at the 
time. Poincaré introduced the cellular complexes of combinatorial 
topology as a device for dealing numerically with certain problems 
‘which presented difficulty for his manifolds. It was, however, not 
obvious that the results of the combinatorial theory were directly 
applicable to these manifolds, and the entire development of combina- 
torial topology was carried out with no assurance of such applica- 
bility until the triangulation problem was solved for differentiable 
manifolds, 

The triangulation problem is thus basic in the relationship between 
point theoretic and combinatorial topology. Its solution, however, 
even if carried through in the most general case, would not suffice 
to lay a solid foundation for a theory of topological manifolds from 
the combinatorial viewpoint. In comparing the point theoretic and 
combinatorial methods, it is seen that analogous roles are played by 
homeomorphisms in the former theory and by combinatorial equiva- 
lence in the latter. Two complexes arë combinatorially equivalent if 
they have subdivisions which аге isoniorphic»vith respect to incidence 
relations. A general triangulation theoreti Tor manifolds would thus 
-need to be supplemented by a theorem regarding the сс -.binatorial 
equivalence of two triangulations of the same manifold; or, what 
amounts to the same thing, of a pair of homeomorphic manifolds. 

As brought out in later sections, adequate triangulation and com- 
binatorial equivalence theorems have now been proved for differenti- 
able mani:olds, so that the results of combinatorial topology are now 
directly applicable to the spaces for the sake of which the theory was 
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In the case of topological manifolds, and other locally polyhedral 
spaces, much work now done with the aid of approximations by com- 
plexes could probably be more readily accomplished with the aid of 
appropriate triangulation and equivalence theorems. However, the 
difficulties presented by these more general cases are of an entirely 
different order from those encountered under hypotheses of differ- 
entiability. 

Aside from the primarily topological aspects of these problems, 
there exist many possibilities, some of which have already been real- 
ized, for the employment of triangulation theorems in analysis. 
Analysis and differential geometry are frequently concerned with 
spaces (algebraic or analytic varieties for example) defined by equa- 
tions, or else with differentiable (analytic) manifolds of the sort de- 
fined in $$2 and 3 above, and also in Veblen and Whitehead's book 
[37 | on the foundations of differential geometry. The homology the- 
ory of combinatorial topology, for example, i8 of frequent applicabil- 
ity and can be carried over to the spaces in question with the aid of 
triangulations, Such considerations are touched upon in a later section 
of this paper. 

A large class of applications of cellular subdivisions and related 
methods can be grouped into (1) the extension of local results to re- 
sults in the large (cf. $1 above) and (2) the extension of theorems : 
proved for topological spaces subject to various restrictions, to appar- 
ently lese restricted, but topologically equivalent, spaces. The signifi- 
cance of the foregoing remark can, fortunately, be illustrated by 
results in the literature, for the triangulation theorems thus far ob- 
tained have received applications of both of the types just mentioned. 

We proceed, іп $$6-11, to give an account of research thus far 
published with a direct bearing on the triangulation problem. This 
account lays a foundation for a more detailed discussion of the role 
of the problem in analysis and of various ramiiications of the problem. 


6. Triangulation theorems in the literature. Consider a locally 
polyhedral space, II, expressed as a sum of topological manifolds as 
іп $4(A). By the coordinate systems on П, we mean the set of all co- 
ordinate systems (х) жа (2, =- +, £a) (n1, 2, - - - ) whose domains 
are (closed) #-cells on II, each inner domain being on one of the mani- 
folds M,*. We will say that П is precewsse of class C" in terms of S 
(r0, 1, +. -, c, c), where S is a subset of these cpordinate systems, 
if two conditions are fulfilled. The first is that M,” (n91,2,---; 
$71, 2, * - - ) be of class С” in terms of the subset of the systems S 
consisting of all those whose inner domains аге on M;*. The second 
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condition relates to coordinate systems on incident manifolds. Sup- 
pose M," C М," (cf. §4(A)), and let (x) and (y) be systems of the set 5 
with inner domains on M;* and Му" respectively. We then require 
(1) that if the domains of (x) and (y) intersect, their intersection 
shall be the closure of an open set, D, relative to M;*, (2) that the 
у'в be class C” functions of the x’s on D, and (3) in case r >0, that the 
jacobian matrix ||dy,/dx,|| be of rank m on D. We use the term piece- 
wise differentiable as equivalent to piecewise of class C!. 

The most general triangulation theorem thus far established, so far 
as the writer is aware, is the following: 


TRIANGULATION THEOREM. Every piecewise differentiable locally 
polyhedral space 45 iriangulable. 


This is the culmination of a series of results which appeared from 
time to time in the literature. A brief chronological outline of pub- 
lished material bearing directly on the problem is as follows: 

(1) A proof [1] by van der Waerden of the triangulability of alge- 
braic varieties. 

(2) An abstract [2] by the writer, presenting triangulation theo- 
rema for (a) a region of euclidean n-space bounded by a finite number 
of differentiable manifolds, (b) a differentiable manifold in a euclid- 
ean space, and (c) a region of euclidean 3-space bounded by a finite 
number of piecewise differentiable 2-manifolds. This abstract repre- 
sented work done on a doctoral thesis at Harvard, under Professor 
Marston Morse, and the writer’s later research on the subject can be 
regarded as an outgrowth of that work. 

(3) A proof [3], outlined by Lefschetz in his colloquium lectures оп 
topology, of the triangulability of analytical varieties. 

(4) An article [4] by Koopman and Brown, in which (a) it was 
stated that, while van der Waerden’s proof is valid for algebraic varie- 
ties, it cannot be extended to analytic varieties in general, (b) it was 
asserted that Lefschetz' discussion [3] was incomplete, and (c) an 
independent proof was given of the triangulability of analytic varie- 
ties. 

(5) A paper [5] giving in detail the proof of the first triangulation 
theorem mentioned under (2) above. 

(6) A detailed proof [6] of the triangulability of analytic loci by 
Lefschetz and Whitehead along the lines of the outlined proof in 
Lefschetz’ book [3]. 

(7) A proof [7], by the writer, of the triangulability of a regular 
r-locus in a euclidean space. Such a locus has the same sort of defini- 
tion as the piecewise differentiable locally polyhedral space. The pa- 
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per employed a superfluous imbedding assumption, later shown to in- 
volve no essential loss of generality. Incidentally, it may be noted 
that the theorem of this paper includes all previously established tri- 
angulability resulta. 

(8) An attack [8] by N&beling on the general triangulation problem 
for manifolds and on the problem of showing, if true, that any two 
triangulations of homeomorphic manifolds have equivalent subdivi- 
sions; that is, subdivisions isomorphic with respect to incidence rela- 
tions of cells. The attack appeared successful, and its success would 
have afforded a foundation (cf. $5 above) for a complete development 
of a combinatorial theory of topological manifolds. However, essen- 
tial errors were noted, after the article was published, and were 
pointed out, for example, by Seifert [9] in a brief review of the paper- 
These two basic problems still remain unsolved in the general case. 

(9) A proof [10] by the writer of the triangulability of the differ- 
entiable manifold. The purpose of this proof was to apply the tri- 
angulation methods and results of an earlier paper [7] explicitly to 
the manifolds of class one (or class C!) as defined, for example, by 
Veblen and Whitehead [37], by Hodge [27], and in $4 above. 

(10) Papers [11, 12] by Brouwer and Freudenthal, respectively, on , 
the triangulation of differentiable manifolds. These papers were writ- : 
ten without knowledge of other publications on the subject. | 

(11) A treatment [13] by Whitehead, based partly on the writer’s: 
work, of triangulation theorems and related questions for differentia- 
ble loci. 

(12) The writer's establishment [14] of the triangulability of piece- 
wise differentiable locally polyhedral spaces. 


7. Certain local properties of imbedded manifolds. It is natural, in 
the case of euclidean polyhedra (see §4 above), to employ rectilinear 
methods of subdivision. These methods have the advantage, basic in 
the development of combinatorial topology, that any two rectilinear 
triangulations of the same euclidean polyhedron have isomorphic 
rectilinear subdivisions (cf. §5), a property not known to hold for 
more general triangulations. | 

The most straightforward methods [7, 10, 13] of triangulation for 
differentiable loci are extensions and adaptations of rectilinear sim- 
plicial subdivisions, These methods depend for their success upon the 
manner in which a differentiable m-manifold can be locally approxi- 
mated by inscribed r-simplexes (7 =1, 2, - - - , m). 

Let M denote a closed differentiable m-manifold in E*. In view of 
Whitney's results, M has all the generality, when proving its triangu- 
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lability, of an intrinsically defined’ differentiable manifold. Let 


(у) зи (44, - ^ - , Ya) be a rectangular cartesian coordinate system in Е", 
The notation У! (¢=1, 2,---, NC...) will be employed for the 
various combinations Y's(y4, ©- *, 91.) of the y's in sets of m. The 


coordinate m-plane of the set Y* will be referred to as the Уран. 
The projection of a point (or a set of points) on the Y*-plane is ob- 
tained by equating to zero all the y’s not in the set Y* and is referred 
to as the Y'-projeciton. If V is an m-dimensional volume on the tan- 
gent m-plane to M at P, and V? is the Y*-projection of V, then the 
ratios y'm V:/V (£21, -- +, N) are, numerically, generalized direc- 
tion cosines of M at P. The sum of their squares is unity [7], во that 
the largest of them at any point P on M is at least 1/N/1, Let Рр! 
denote the subset of M on which y'»1/2Nv*, Then (Di, ---, DN) 
are an overlapping set of open regions covering M. On Dt, euclidean 
concepts will be employed (in the small), carried over from the Y*- 
plane by the Y*-projection (or, rather, its inverse). To avoid confu- 
sion, euclidean terminology, when thus employed, will be modified 
by the prefix Y*. Thus, if A* denotes any m-cell on Dt whose Y*-projec- 
tion is a convex cell, then the Y*-segmeni joining two points (Р, О) 
on À* means the arc on A‘ whose Y'*-projection is the line-segment 
joining the projections of P and Q. A Y“r-simplex similarly means 
an r-dimensional cell on A‘, whose Y*-projection is a simplex. Eu- 
clideam terms without prefixes have, of course, the usual meanings 
with reference to the euclidean metric of Е". 

It is not difficult to show that, for any e>0, however small, there 
exists a 8>0 so small that if Po and Р, are two distinct points on Df 
at distance less than ё apart, then Po and P; determine a Y*-1- 
simplex, o1, whose tangent lines make angles less than e with PoP. 

A get (Po, Pi, · + , P,) of points on D' is called Y independent if ` 
these points determine a nondegenerate Y“r-simplex, o,. They then 
also determine a nondegenerate rectilinear r-simplex, s,, and are thus 
independent in the usual sense. The most obvious higher-dimensional 
analogue of the foregoing paragraph would appear to be a statement 
that if s, is of sufficiently small diameter, then each tangent r-plane 
toc, makes an angle? less than e with the plane of s,. This is, however, 


' The triangulation methods hereafter described can be carried out without any 
imbedding [10], using only the local euclidean geometries of a set of coordinate sys- 
tems in terms of which M is differentiable. However, the absolute euclidean geometry 
of E* is convenient and permits the incidental establishment of a number of important 
results. 

* The cosine of such an angle is the inverse ratio of an ss-dimensional volume on 
one plane to its projection on the other. 
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false. For example, three points (however close together) on a great 
circle of a sphere determine a plane perpendicular to the sphere. 
However, the desired conclusion holds provided з, is bounded away | 
from degeneracy; for example, following Whitehead, in terms of the 
relative thickness, r(s,) =p/l, where p is the distance from the centroid 
of s, to ita boundary, and / is the length of the longest edge of sn 

(A) For any two фозилов constants e and т, however small, there exists 
a $>0 so small that if the simplex determined by (Po, Pi, · · +, Pr) ds 
of thickness not less than r and diameter moi greater than 6, then 
(Po, Pi, - - >, Pr) determine a nondegenerate Y -r-simplex whose tan- 
gent r-plane at any point makes an angle less than e with the plane of 
5, PoP; UP, 

The first proof [7, 10] that M is triangulable consisted in spreading 
a triangulation over M by a recurrent process, giving preference to 
Y*-simplexes оп Df ($21,---, N). The Y*-simplexes for different 
values of $ were separated from one another by “cells of mixed 
straightness,” which we proceed to describe. 

Let At! be an m-cell on the intersection of D‘ and D/, for some two 
different values of $ and j. Let (Po, Pi, • +- , Р,) bea set of points 
satisfying the conditions of (A) above. Then (Ps, P, · · ·, P,) de- 
termine both a Ytr-simplex, e, and a Y/-r-simplex, o;. Let o,.4 
and сл be the bounding (r —1)-cells of о, and o , respectively, op- 
posite Po. 

(B) Under the conditions of (A) above, as the diameter of 5, approaches 
zero, dis relaitos thickness remaining bounded away from sero, or and 
0,1 become increasingly good approximaltons to one another tn such a 
way that, for ё small enough, the Y i-segmenis joining Ps to су are ай 
distinct and therefore determine a nondegenerate r-cell, o,f. Since тү 45 
a Y*-simplex, Ч is natural to refer toa as a Yi-r-celi. 

More generally, let D^'**f« be the set of common inner points, 
assumed to be nonvacuous, of DÀ, - - -, Die, 

Let e,45:::f» be а Fit 7r (r-1)-cell on Рі е, assuming the 
term defined, for some r of the set (1, - - - , m—1), where P «fr and 
(41, - °°, 5) is a subset of (h, - * - , Jà. Let P bea point on Aft’: cte, 
and let ју (ñ, - - - , $4.1) be one of the numbers (f * • ·,ј,). If the 
Yi-aegmentsa from P to points of e, 3517 * *f» are all distinct, and thus 
constitute a nonsingular r-cell с,, then с, is called a Y::*-i»i-r-cel] 
or a Y*1'+-ts.y-cel, according as jf, ог j=4, Commencing with 
an arbitrary point on D'as a Y'-0-cel, we thus have a recurrent 
definition of Y*1'''i»-r-cells. 

(C) If, for a given т «0, (Po, Pi, - · - , Pr) determine an r-simplex 
of thickness not less than t and of sufficsently small diameter on D1* f, 
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then (Po, Po +-+, P,) determine nondegenerate Yh - - - *»-r-cells of all 
conceivable types, consistent with the definitions. In other words, the 
vertices (Po, P, - - -, P,) can be introduced, one at a time, in any 


order, in buslding up a stmplicial cell as follows. Wtih the first x vertices 
sniroduced (xSr-+1) ki-stratghiness can be employed for any kc (ji, 

Jo). Uf x Sr, then with the next d points introduced, NX &r--1— x, 
ky-stratghiness can be employed, where (hi, ks) are any two different 
numbers of the sei (ji, > - * , 34), and so on. This leads to the concept of 
“Ci, * °°, Je) Andependence" for a sei such as (Po, Ps, +--+, Py). 


8. A recurrent triangulation procedure (m = 2). In a lecture at the 
International Congress of Mathematicians at Zurich in 1932, Alex- 
ander [15] referred to the establishment of triangulation theorems 
for differentiable manifolds as “merely a matter of honest toil.” It is 
indeed true that more patience than ingenuity was required to carry 
through the detailed modifications of rectilinear methods, which de- 
pend in a straightforward way on the facts that the metrics of two 
overlapping coordinate systems are continuously related and that the 
parallelism of one is a first approximation to that of the other. This 
“honest toil,” a sort of mathematical pick-and-shovel work, was, 
however, a necessary task, if the combinatorial theory was to be 
directly applied to differentiable manifolds. Certain by-products of 
the labor, and certain of the methods employed, appear worthy of 
note and are presented below, free from the more tedious details. 





Y*simplexes and transitional cells in two dimensions 


A brief outline of the most direct triangulation procedure will first 
be presented in the readily visualized case of a closed differentiable 
2-manifold M in E*. The accompanying schematic diagram should 
be of assistance in following the steps of the process. Let (y) кз (у, 
y» y») be rectangular cartesian coordinates. Using the notation of 
$7, let Y! sm (уз, ya), Pma (у, у) and P'e (у, уу). Then Di (s— 1,2, 3) 
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is the region on M where the direction cosine y! exceeds 12-4, 
Let D! denote the intersection of D! and D! (i=j), and let рз: 
denote the common part of D!, ТА, D*. A convenient set of nonvacu- 
ous distinct regions covering M is defined as follows: 


Da = D' — (D*+ D") (GJK) a permutation of (123)), 
(8.1) © Dè =D -D7 | cU 
123 


D 


The closed regions D,‘ (ў = 1, 2, 3) are bounded apart on M by the 
open region (DU--D3!-- D?! Also, the subregions Do™, Dy, and 
D of D", D and D! respectively, are bounded apart on 
(DB-- D13-4- D*) by Dm. 

Let the Y'-plane be triangulated into equilateral 2-simplexes (c)’, 
and let (о)' be the set of all Y'-2-simplexes, plus bounding cells, 
each of which has one of the 2-simplexes (c)’ for its Y'-projection. 
The following subcomplexes of (v)! will be used, it being understood 
in each case that all bounding cells of the specified 2-cells are included 
in the subcomplex. 

(c)': those 2-cella of (о)' each having at least one vertex on the 
closure of D!— D”, 

(r)*: those 2-cells of (c)' entirely on D?! and having no vertices in 
common with cells of (о)!. 

(8): those 2-cella not belonging to (с)! or (т)? but having all their 
vertices on (c)!J-(r)*. Each 2-cell of this set has one or two of its 
vertices on (c)! and the remaining vertex or vertices on (т). 

(A) The complex (о) —(o)'--(B)i-F(r) may not exhaust (o). 
There may, for example, be 2-simplexes in (c)’ lying entirely оп ЮЗ 
and each having a vertex not belonging to ether (о)! or (r)*. However, 
for any preasssgned neighborhood N? of the boundary D1i—D of D, 
the complex (c)', which determines (с)! and hence (o)d , can be made so 
fine that (с) wih contain D! — №. 

(B) The fineness of (c) will be resirscied not only by the foregoing 
type of condition but also by the requirement that the vertices of each celi 
of (B)*+(r)? be Y'5-independent (§7(C)). 

As a consequence of (B), it is poseible to modify (с)« by substitut- 
ing for (r)? and (8), respectively, the following complexes: 

(с): the set of all Y*-simplexes each determined by the vertices of 
one of the Y'-simplexes (r)*. 

(c): the set of all Y3-2-cells, plus bounding celle, each de- 
termined by the vertices of one of the cella (6) in such a way that 
Y'-straightnese prevails for bounding 1-cells with both vertices on 
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(c)? and Yi-straightness prevails otherwise. (See the cells labeled 
Y” іп the above diagram.) 

(C) The complex (т) = (c)! --(o)'-F (o)? has the same vertices as 
(c)! and covers approximately the same region. In particular, the 
condition of statement (A) above can be assumed with (с)? $n place of 
(c)ó , since thts condtiton can be assured by a further restriction, if 
necessary, on the fineness of (с). 

The introduction of the cella (e) facilitates a subdivision and ex- 
tension of the triangulation (о)у to cover D!+D*, save for an arbi- 
trarily restricted neighborhood, №“, of the boundary of D!+D*, Let 
the Y*-plane be triangulated into simplexes (c)", and let (e)” denote 
the set of all Y*simplexes on Р? each corresponding under the 
YX-projection to one of the simplexes of (c)". Let (c)d' denote the 
subcomplex of (c)" consisting only of those 2-cells thereof, plus 
bounding cells, which are free from points on (cv)! J-(c)3. Then (o)4" 
and (¢)!+(¢)4%+(¢)o overlap only on subcomplexes made up of 
Y*-gimplexes. Hence these complexes can be subdivided, using only 
Y?-simplexes, so as to have in common exactly a subcomplex of both. 
There results a complex (0) = (c)! J-(c)3 d- (o)! which, by restric- 
tions on the fineness of (c)' and (c)’’, can be required to cover all of 
M save for the preassigned neighborhood №, 

(D) The above work can be carried out [7, 10] in such a way as to 
ensure that the vertices of each cell of (o), on D" (¢=1, 2) or Dim 
satisfy the conditions of §7(C) for (2, 3)-4ndependence or (1, 2, 3)-inde- 
pendence. The detasls are here omitted. 

It remains only to extend the triangulation (о) over the re- 
mainder of M, which is a subset of D? and covers all save a neighbor- 
hood No? of Do?, where Ne? can be arbitrarily restricted in advance. 
The following subcomplexes of (е) are useful, it being understood 
that bounding cella are included in each case: 

(0)о13: the 2-cells of (0), each having at least one vertex оп 
Dj +D” Dj. 

(r)?: the subcomplex of (e)p consisting of all 2-cells thereof having 
no vertices in common with the subcomplex (о),`. 

(B): those 2-cells of (a), which belong to neither (e)s! nor (т)? 

As a consequence of (D), it is possible to modify (о), by substitut- 
ing for (т)? and (B), respectively, the following complexes: - 

(с)о?: the set of all Y*-simplexes each determined by the vertices 
of one of the simplexes of (7)*. 

(B)!!--(8)--(8B): the (8)? ($1, 2) are Y*'-ells determined 
by vertices of Y'-simplexes of (8) and the (8)! are У! сев de- 
termined by vertices of Y-cells of (В), it being understood that 
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Y'-straightness is to be used only relative to vertices on (т)®. 

The above description is intended to be suggestive rather than de- 
tailed. 

(E) Let (e), = (e)? d- (B)o! -- (8)*+ (B)! + (8). Then the boundary 
of (c), (and, with suitable restrictions, several “layers” of celis near ihe 
boundary) is made up exclusively of Y*-stmplexes. Since the remainder 
of M is on D*, it is easy to extend (o), into a complete triangulation of 
M with the use of only Y*-simplexes. 


9. Generalization to higher dimensions. (A) The method outlined tn 
§8 generalises directly to a recurrent process for spreading a iriangulation 
over as entire differentiable m-manifold M in Е". After the jth step of 
the recurrency, the region (D'+D*+ - - - Df), save for an arbitrary 
freassigned nesghborhood. of its boundary, is covered by the iriangula- 
Hon, and ali the cells are Y*1** *-calis, for various subsets ($1, +++ , tp) 
of (1, - --, J). When ihe irtangulation is extended over D!*!, preference 
is given to Y *-strasghiness, and ihe iransition thereto 45 made with the 
aid of Үй`' fri cels. 

The whole process depends, as suggested by the results in $7, on 
the existence of arbitrarily fine local subdivisions of M which match 
up in a certain way and whose cells are bounded away from degen- 
eracy in a manner not dependent on the fineness of the subdivision. 

It should be noted that Y*1---t»-cells are differentiable, insofar as 
interior points are concerned. However, they may have conical points 
(or loci of conical points) on their boundaries; as, for example, in 
the case of a 2-cell made up of straight segments from a point to a non- 
planar differentiable arc in E’, The presence of conical points is’ un- 
important from the viewpoint of proving triangulability, but it is 
undesirable for a number of other reasons. 


10. C'-complexes. The piecemeal triangulation process of §§8 and 9 
was presented because of its directness. Whitehead’s work, however, 
has the advantage of leading to a sort of “preferred class” of tri- 
angulations, referred to as C'-irtangulations or Cl-complexes, which 
resemble rectilinear complexes in possessing the basically important 
property of combinatorial equivalences,’ in the following sense. 

(A) Any two Cl-iritangulaitons of ihe same manifold have rectilinear 
models which possess isomorphic recitisnear subdivisions. 

This property puts the topology of differentiable manifolds on a 
basia equivalent to that of euclidean polyhedra and provides a founda- 


s This property is also shared by the writer’s triangulations, by virtue of state- 
ment (B) below. However, it was not previously proved for them. 
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tion for theorems involving both differential geometry and combina- 
torial topology. 

A map f(s) in E* of a k-simplex s, in E* is described as of dass C! 
if it is continuously differentiable and can be extended in class C! 
fashion throughout some open neighborhood of s, in E*. The map 
is referred to as nondegenerate if its jacobian is of rank k, and if the 
map can be extended over an open neighborhood of s, so as to pre- 
serve this property. 

Let K be a rectilinear simplicial complex in a euclidean space. 
Then f(K)CE* is called a Cl-map or a map of class C! if itis of class 
C! throughout each simplex of K. It is called nondegenerate if it is 
nondegenerate on each simplex. Such a map is referred to also as a 
C'-complex. By virtue of this definition, the cells of a (nondegenerate) 
C!-complex have no conical points on their boundaries. 

The presence of conical points, noted at the end of §9, prevents 
the triangulations there described from being C'-complexes. How- 
ever, ав Whitehead pointed out, a C'-complex can be readily de- 
rived, as follows, from such a triangulation (т) of M in Е", Suppose, 
without further argument [19], that the vertices of each m-cell of (о) 
determine a nondegenerate m-simplex in E* and that the totality of 
such simplexes is a nonsingular inscribed polyhedron, П, approxi- 
mating to M in E*. (Such approximations are further discussed be- 
low.) Each face of II is assumed to make small angles with M at its 
vertices. If M is of class C* (but not of class C**!) in Е", the normal 
(n —m)-planes to M in Е" form a system of class C+". Whitney [40], 
however, with the aid of his analytic approximations, showed how to 
construct a class С? family of approximately normal (#—#s)-planes. 

(B) By means of a class C* family of (n—m)-planes approximately 
normal to M, an approximating polyhedron, ЇЇ, can be projected back 
into a triangulation (o) of M, where (o) is not merely a C'-complex, but 
a С*-сотр1ех.ї° 

Whitehead [13] proved directly that an arbitrary differentiable 
manifold possesses a Cl-triangulation. His arguments, while in many 
respects refinements of the piecemeal triangulation of §§8 and 9, 
are sufficiently different to constitute an independent proof. 


11. The associated approximation theory. Let f(K) be a nonde- 
generate Ci-map of a rectilinear simplicial complex, К, in a euclidean 
space. Suppose (cf. $10) that f(K) = M, where M is a differentiable 
m-manifold in E*. In other words, suppose (К) to be a C'-triangula- 


The definition of a C*-complex ів an obvious modification of that of a C'-com- 
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tion of M. Let K’ be a subdivision of К, and let fj'(K^) be a C'-map 
of K' in Е". This map is described as an (e, p)-approxtmation to (К), 
if, throughout each simplex s of K', we have 


I —Als« and far — afl s afl. 


where (1) ||y|| stands for (У,у): and (2) df and df' are tangent 
vectors to f(K') and f'(K") respectively, corresponding to a vector 
dx in s. If f and f agree, point for point, then f’(K’) =f(K’) is a 
(0, 0)-approximation to f(K) and represents a oon of the 
C'-triangulation f(K) of М. 

The concept of an (e, p)-approximation can be applied in connec- 
tion with a theory of polyhedral approximations to M. Let (c) de- 
note the cells of the С1-сотріех f(K) covering M. An approximating 
euclidean polyhedron, II, to M can be obtained by replacing each of 
the cells (c) by the simplex in E* determined by its vertices. In the 
absence of further restrictions, there is no assurance that II will be 
nonsingular or that its faces will be nondegenerate. 

The polyhedron П, determined as just described by /(К) = M, 
can be represented by a map L,(K) =II, defined by the requirements 
that it be linear on each simplex of K and coincide with f at each of 
the vertices of (c) =/(K). The notation L,;(K’) =I’ then represents 
a similarly defined piecewise linear map with reference to the sub- 
division K’ of К. Thus П’ is, in a certain sense, a finer inscribed 
polyhedron than IL 

The subdivision К’ of K is called a (8, o)-subdistston of K if each 
simplex of K’ is of diameter at most 6 and of relative thickness at 
least о. 

(A) Given the map f(K), two arbitrary positive constants (e, p), and 
any positive thickness с, there exists a 8>0 so small that LK) =I 
will be an (e, p)-approximaiton to (К) = M if K' is a (д, o)-subdivision 
of K. Furthermore, if (e, p) are small enough, then the (є, ОСКЕН 
tion I’ to М wil be nonsingular. 
|. The above result and the next following are due to Whitehead. 

Proofs [13] are here omitted. Taken together, these results lead to 
the form given below for the polyhedral approximation theorem. 

(B) For an arbitrarily small 5750 and some fixed a 0, с being in- 
dependent of $, there exist (8, o)-subdsotsions of К. 

Freudenthal's triangulation methods [12] employ an upper bound 
on the flatness of a simplex as a means of bounding it away from 
degeneracy, the flaimess being defined as the ratio Ё/о(з,) where 
v(s,) is the r-dimensional volume of s, and / is its longest edge. His 
theory included the use of arbitrarily fine simplicial subdivisions of 


1946] THE TRIANGULATION PROBLEM 563 


limited flatness. Thus the rudiments, but not the development, of a 
polyhedral approximation theory were present. He employed a piece- 
meal method, analogous to that reported in $58 and 9 of this paper. 

Now let 6 take on successively the values 8’, 5, 0, - - - in ase- 
quence of positive numbers converging to zero, and let (K', K", 
K”, - ++) denote a sequence of (8, 7)-subdivisions of К, с remaining 
fixed while 8 approaches zero (cf. (B) above). The successive poly- 
hedra П’ L(K’), II" (К), - - - then constitute a sequence of 
inscribed approximating polyhedra to M. In consequence of (A), 
the values (8’, 8", - - -) can be chosen so that (П, II^, - - - ) are, 
respectively, (e', p’)-approximations, (e’’, p’’)-approximations, and 
so on, to M, where the e's and p’s are preassigned sequences of posi- 
tive numbers converging to zero. 


_ POLYHEDRAL APPROXIMATION THEOREM. The polyhedra (W, II", 

|) constitute a sequence of inscribed polyhedral approximations to 
M. Under the homeomorphisms induced by the mapping (К) = M and 
the mappings L(K) =U, LAK") SII", ---, these polyhedra con- 
verge to M as point sets. Their m-dsmenstonal volumes also converge to 
the usual sniegral for the m-dimensional measure of M. 


This theorem, stated for convenience in Whitehead's terminology, 
was established by the writer [19], using angles instead of relative 
thickness to keep the simplexes bounded away from degeneracy. It 
affords a direct generalization of the usual définition and formula- 
tion of arc length along a curve. As compared with examples reveal- 
ing that any nonplanar differentiable surface in 3-8pace can be repre- 
sented as the limit of a sequence of homeomorphic inscribed ap- 
proximating polyhedra whose areas increase without limit instead of 
converging to the integral for surface area, the success of the present 
method dependa on keeping the simplexes of the approximating poly- 
hedra bounded away from degeneracy during the approximating 
process. 


12. Some new results. The theorems stated in this section, while 
not previously published, are fairly direct and potentially useful con- 
sequences of the results outlined above. In the present discussion, 
details are avoided, but indications are given of method for con- 
structing detailed proofs. 

Let M be an m-manifold of class C*\(k>0) in E^, and let (y) = (у, 

* * * , 34) be rectangular cartesian coordinates in E". Let S be a set 
of local coordinate systems on M such that (1) M is of class C* in 
terms of S and (2) the functions y; on M are everywhere of class C* 
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in terms of the systems 5 and have а jacobian matrix of maximal 
rank m. In Whitney's paper [41] on imbedding manifolds in families 
of analytic manifolds, methods are employed whereby the systems 5 
can be augmented and extended as follows. Let (и) m (11, - - - , thn), 
with domain A, be one of the systems 5, In the terminology of 
Theorem I of Whitney's paper [41], A is an m-manifold (in particular, 
an m-cell) of class C! in “regular position” in E*. It can, therefore, 


be imbedded in an (s—m)-parameter family, А(с, · - - , Can), of 
m-cells, in such a way that (1) A(a,--++, Cem) is analytic if 
(с, +, Cum) 40, (2) A(0, зу 0) =A, (3) А (в, ftt Cn) is ho- 


meomorphic to A, (4) tangential directions at corresponding points 
are approximately equal (see the original source for details), 
and (5) the celle A(a,- - * , Cam) fill out, in a single-valued way, 
an open region А* of E” containing А. Then (s#)*m(#,-- +, нм, 
€, ** *, Саһ) can be regarded as a coordinate system with A* for 

domain. 7 

(A) Let each coordinate system (u) of the sel S be augmented and ex- 
tended, by the process just described, into a system (w)*. There then 
results a set S* of local coordinate systems in E* with the following 
properties: (1) Each of the systems S* is related to (y) by a transforma- 
Hon of class Съ with nonvanishing jacobian, (2) the domains of the sys- 
tems S* cover a neighborhood N* of M in Е“, and (3) the part of M on 
the domain of each local coordinate system appears as part of a co- 
ordinate, m-plans, relative to that system. 

Now let the whole space E* be regarded as an »-manifold of clase 
C* in terms of the systems S* plus the system (y), and let the piece- 
meal triangulation procedure described in $88 and 9 be applied to 
E* in the following manner. The triangulation shall first be spread 
over the domains of systems in the set 5*, and then, as the last step 
of the recurrency, extended over the remainder of E*. Consider апу 
stage of the recurrency where the triangulation is being spread over 
the domain A* of a system (#)* = (и, «+ - , а, 0, ° * * , Саа). Тһе 
recurrency involves a rectilinear simplicial subdivision of A* (save 
for a neighborhood of its boundary) in terms of (#)*-straightness. In 
this subdivision, we can require that the coordinate m-space of 
(#1, °° * , tm), which coincides with M in the domain A*, be covered 
by a subcomplex. This property can be preserved throughout the 
entire recurrent process, until all the domains of the systems S* have 
been used. It will then be true that a neighborhood of M is covered by 
a complex in which M appears as a subcomplex. The final step of the 
recurrency, in which (1) a transition ia made to straightness in terms 
of the metric of E* and (2) the subdivision ia spread over the rest 
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' of E^, does not affect any of the cella incident with M. Hence we have 
the following new theorem. 


THEOREM 12.1. If M is an m-mantfold of class C* in E^, then the 
entire space Е" can be triangulated зто a C*-complex! in such a way 
that (1) M coincides with a subcomplex of the triangulation and (2) 
alt cells outside an arbitrary preasssgned neighborhood of M are recti- 
linear symplexes tn the euchdean metric of Е". 


COROLLARY. Ii can be required that every cell of the triangulation of 
E* which has no vertsces on M shall be a rectilinear simplex. 


For, once the triangulation is made, it can be arbitrarily finely 
subdivided, while the cells remain bounded away from degeneracy. 
The vertices of each cell can thus be made to determine a rectilinear 
simplex, such that the totality (s) of these simplexes is a rectilinear 
simplicial subdivision of E*. The subset (s)? of (s) consisting of all 
simplexes thereof each having all its vertices on M covers a poly- 
hedral approximation, П, to M of the sort involved in the poly- 
hedral approximation theorem in §11. Now, using the process of 
the recurrency outlined in §§8 and 9, let the cells (s)?, and all cells 
incident with them, be modified so as to give precedence only on the 
cells (s)? to straightness in terms of the systems S*. The corollary 
then follows directly. 


THEOREM 12.2. Lei М" be an r-mansfold of class C* on an n-mam- 
fold M” of dass С (k>0). Then the entire manifold M^ can be covered 
with a C'-complex, a subcomplex of which covers М". 


This theorem can be proved after the same fashion as Theorem 
12.1. Local coordinate systems on М", whose domains cover a 
neighborhood of М”, then play the role of the systems (y) in Е". 

In the calculus of variations [30, 33] in the large, for example, the 
configuration of a differentiable r-manifold on a differentiable #-mani- 
fold is occasionally considered. It appears likely that Theorem 12.2 
might prove useful in this connection; also in various other situations 
where submanifolds, chains or cycles are employed, and where it 
might prove convenient to regard them as subcomplexes of some 
covering triangulation. 

Consider a closed differentiable (ж —1)-manifold, M*^1, in E*, and 
let П»! be an inscribed approximating euclidean polyhedron, in the 
sense of the polyhedral approximation theorem in $11. With the 


П [n the foregoing argument, some cells might have conical points. This can be 
avoided by an adaptation of Whitehead’s methods, 
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aid of a class C! family of approximately normal lines to M*~!, it is 
` possible to deform E* isotopically eo that (1) all points remain fixed 
outside an arbitrary preaseigned distancé from М№"-! and (2) П"! is 
carried into M*~!, Hence we have the following theorem. 


THEOREM 12.3. The regions inio which Е" 55 separated by Мя) are 
topologically equivalent to the regions inio which E” 1s separated by a 
polyhedral approximation to M*-1, 


COROLLARY. A differentiable manifold in E* homeomorphic to a 
2-sphere separates E? into two parts, the bounded one of which is a 3-cell. 


The corollary follows with the aid of Alexander's proof" of such 
a separation property for a euclidean polyhedron in £*. 


13. Applications. The divergence theorem and the generalized 
Theorem of Stokes offer the readiest illustrations of the use of cellu- 
lar subdivisions in extending local results to results in the large. The 
simplest case, namely Green'e Theorem in two dimensions, is outlined 
in $1 above, and reference is there made to Kellogg's treatment [28] 
in ЕЗ, The writer [18] proved the generalized theorem of Stokes for 
. a differentiable orientable r-manifold M* with piecewise differentiable 
boundary on a differentiable s-manifold, М", shortly after establish- 
ing the necessary triangulation results. Previous prooís had applied 
only to a manifold M in the space of a single coordinate system, 
where M was either analytic or was subject to conditions not known 
to be fulfilled save by analytic manifolds. Let Y... .;, be ап alternat- 
ing tensor such that the partial derivatives OY,...; ,/Oy; are de- 
fined and continuous in a neighborhood of М", where the y's are а 
typical member of a set of local coordinates in terms of which M* 
is differentiable. Then the Stokes tensor of Ya... is defined as 
(13:1) чиа 

ri ду 
the summation convention holding for the a's, and the $'в being 
generalized Kronecker 6's. If 


(13.2) y = filter > ++ , My) (i = 1,--::,») 
and 
(13.3) у= g++, IER ($= 1,-:5,m) 


are equations, respectively, of a typical r-cell of M and of a typical 


з J, W. Alexander, Proc. Nat. Acad. Sci, U.S.A. vol. 10 (1924) pp. 6-8. 
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(r —1)-cell of B, then Stokes’ theorem can be formulated as the 
identity 


a pak 
Фл. СЭ д, йи, 
и er э и, 
(13.4) ~“ ! " | 
к= + ЄЙ ачышы кады ШЫ rc а к= ыл 
B O(91 * * * юш) 


where (1) the integrals are to be evaluated over the separate cells of 
the triangulation and the results summed, and (2) the єв are, on 
each cell, +1 or —1 according as the orientation of the cells by the 
parameters (u) or (v) agrees or disagrees with arbitrarily preassigned 
orientations of M, and B, 41. The + in identity (13.4) depends on the 
relative orientations of M, and Bı. The integrals are absolute 
integral invariants under transformations of parameters and under 
transformations between coordinate systems. If summations are 
made, on both sides of (13.4), over all combinations of the a’s in- 
stead of being made as the a's run independently from 1 to 4, 
then the factor r drops out. 

The establishment of the theorem reduces, much as in the work of 
$1, to the problem of proving the identity for a typical cell of a 
triangulation and then summing over all the cells. For such a typical 
cell, the theorem of Stokes is obtained [18] with the aid of a clase 
C! mapping, from the generalized divergence theorem as applied 
to an m-cell in euclidean m-space. 

Hodge's work [27] includes (chap. 2) related material on the 
generalized theorem of Stokes. In general, Hodge's research on 
harmonic integrals was developed with the aid of local and global 
considerations pertaining to manifolds of class С". In this work, ап 
interrelation is to be observed between topological properties and 
properties of differentiable geometry. The general fields of applica- 
bility described in Hodge’s book appear to be essentially coextensive 
with those of the triangulation theorems here described. In both 
cases, the applications thus far made appear to be isolated and of a 
preliminary nature, relative to the possible applications, and one of 
the principle reasons for mentioning them is to call attention to the 
desirability of further investigations. 

There is a considerable and growing body of literature to which 
reference should here be made. It would be impracticable to attempt 
an exhaustive bibliography, especially since the boundaries of this 
literature cannot easily be specified. However, reference should be 
made to contributions of Cartan [23], Chern [24-26], and de Rham 
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[32]. Chern's papers, like Hodge's book, should be read not only for 
content, but for additional bibliographic references. 

The homology groups of a manifold M have proved important in 
a number of applications, including Hodge's theory of multiple inte- 
grals evaluated over chains of various dimensions and differentiability 
classes. Any covering complex on M can serve to determine its 
homology groups. Algebraic geometry offers another field of applica- 
tion for homology theory and other aspects of combinatorial topology. 
This fact motivated van der Waerden's triangulation [1] of algebraic 
varieties. Other applications in algebraic geometry are due to 
Lefschetz [3, 29]. In particular, one may note the adaptation to 
algebraic varieties of the multiplicity concept involved in the index 
of an intersection of two complexes. An agreement was revealed, 
with the aid of homology classes, between the topologic and algebraic 
concepts of multiplicity, in the sense that the algebraic multiplicity 
of an intersection of two algebraic manifolds having a finite number of 
points of intersection is equal to the topological index. 

: Further discussion of applications would be beyond the scope of 
the present paper. These fragmentary comments and the accompany- 
ing bibliography can do little more than serve as an initia] guide to 
poesible further study and research in the field. The same may be 
said of the material in the next section of this paper. 


14. The general triangulation problem for manifolds and various 
ramifications thereof. In Alexander's lecture [15], already cited, the 
opinion was expressed that the triangulation and combinatorial 
equivalence problems reduce, for the general topological manifold, to 
showing the existence of an analytic (or a piecewise linear) homeo- 
morphism approximating, with suitable restrictions, to an arbitrary 
topological mapping of an s-simplex in ап E*. This opinion is closely 
related to the following converse of the triangulation problem for 
differentiable manifolds, and also to Theorem 14.1 below. The at- 
tempt of N&beling [8] was based on analogous “smoothing” methods. 
Even in three dimensions, very difficult questions of a point theoretic 
nature are encountered, 


THE REGULARITY PROBLEM. Let M be an arbstrary topological m- 
manifold, and consider the sei, Sy, of all coordinaie systems whose 
domains are m-cells on M. The regulartty problem is the problem of dis- 
covering whether Sy coniains any subset, 51, in terms of which М is of 
dass C. 


Since differentiable manifolda are triangulable, an affirmative solu- 
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tion of the regularity problem would imply a solution of the tri- 
angulation problem for the general topological manifold. While the 
regularity problem thus presents a method of attacking the general 
triangulation problem for manifolds, it is possible that the regularity 
problem is too strong. In other words, there might possibly exist 
triangulable manifolds which cannot be made differentiable. This 
consideration suggested an investigation of the regularity problem 
not only for topological manifolds in general but for the much simpler 
case of triangulable manifolds. The following results were obtained. 


THEOREM 14.1. For manifolds of dimenssonalsty less than 5, the 
regularity problem ts entsrely equivalent to the triangulation problem. 
Thai ts, on any triangulable m-mantfold М (m<5), there existis a sed 
S of coordinate systems in terms of which M «s dafferenisable. 


THEOREM 14.2. If M is a triangulable m-mamfold (m<5), then 
an analylic Riemannian geometry can be defined on М. 


This follows from Theorem 14.1 with the aid of Whitney’s results 
stated in §3 above. 

The articles [20-22] in which the above theorems were proved in- 
clude a number of results bearing on the regularity problem for the 
general value of m. The mode of attack involves approximations. As 
in the case of the theorem affirming the topological equivalence of 
differentiable and analytic manifolds, the most promising approach 
appears to be with the aid of an imbedding in a euclidean space 
followed by the construction of a homeomorphic approximating 
manifold. In the present case, the given triangulable manifold is rep- 
resented as a euclidean polyhedron, II*, in E*. The writer's attempt, 
successful for m<5, to construct a differentiable m-manifold, M, 
approximating to H= involved a study of spaces of (n—m)-planes 
transversal to П". Transversality is a generalization of orthogonality. 
A connection is thus established with certain aspects of the study of 
sphere-spaces and fibre-spaces as developed by Whitney [42, 43], 
Stiefel [35] and others. In this connection, Chapter VIII of Lefschetz’ 
Algebraic topology |29] is of interest and contains a number of refer- 
ences to related literature. 

Theorem 14.2, with the triangulation theorem for the analytic 
case, establishes the topological equivalence of the classes of tri- 
angulable manifolds and analytic Riemannian manifolds. This sug- 
gests the possibility of interpreting, with respect to tnangulable 
manifolds, theorems of topological content proved by methods of 
differential geometry. The Gauss-Bonnet theorem for Riemannian 
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polyhedra, as treated by Allendoerfer and Weil [17], and also by 
Chern [25], appears relevant in this connection. 

In closing, it may again be emphasized that the whole body of 
applications, and, in particular, the use of triangulation and approxi- 
mation theorems to carry known results over to more general spaces, 
is largely a matter for future research. A mere beginning has been 
made. 
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TAYLOR’S SERIES AND APPROXIMATION 
TO ANALYTIC FUNCTIONS 


J. L. WALSH 


Taylor’s series, as the simplest expansion in terms of rational func- 
tions of an arbitrary analytic function of a complex variable, has 
shown itself extremely useful as a guide to other such expansions. 
Taylor's series itself suggests other expansions and their properties, 
for instance series of polynomials defined by interpolation or best ap- 
proximation, and is frequently a special case or a limiting case of 
these expansions. 

The object of this address is to indicate that Taylor’s series is also 
useful both as a guide and as a tool in the study of still other general 
expansions of analytic functions, namely where each approximating 
function is assumed merely analytic and bounded in a given region, 
and where the function approximated is assumed merely analytic in 
a closed subregion. We shall establish certain results in detail, and 
later indicate some new unpublished results and some open problema. 

For convenient reference we mention some properties of the Taylor 
development 


(1) f(s) = a + as + aat! Ht e 


of a function f(s) analytic throughout the circle |s| <R (>1) but 
analytic throughout no larger concentric circle. If we set 


(2) Sals) = as + ays t * * - + ays, 
then we have 
(3) lim sup | а, |V* = 1/R, 


from which we find 
(4) lim | sup [max | f(s) — Sa(s)|, for |s| = z]*  r/R, r«R, 
(5) lim вар fmax | Sa(s) |, for |z| = r]/* - r/R r>R. 


Let us now consider the following problem, with relation to this 
same function f(s). Let Re>R be fixed, and let M>0 be chosen; we 
shall later allow M to become infinite. Denote by f(s) the (or a) 


Address of retiring vice president of the American Association for the Advance- 
ment of Science, delivered at 56. Louis, March 29, 1946; received by the editors May 7, 
1946. 
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function analytic and of modulus not greater than M in the region 
|z| « Rs, such that 


(6) mu [max | f(s) — fu(s) |, for |s| = 1] 


is least; thus fw(s) is a function of modulus not greater than M in 
the region || < Ro, of best approximatton to f(s) on the circle |s| =Í. 
It is an easily proved consequence of the theory of normal families of 
functions that at least one extremal function f(s) exists. Moreover 
we have mtu 0, for otherwise fu(z) and f(s) would coincide on the 
circle Iz]. =1 and throughout the region | s| <Ro, whereas f(s) is 
analytic throughout that region and f(s) has a singularity on the 
circle |z| = Е <. Obviously тм decreases or remains unchanged ав 
M increases. We wish to study the asymptotic relationship between М 
and ты, and shall proceed by employing the Taylor partial sums 
S,(£) as a comparison sequence for f(s). 
If К, < Ris arbitrary, we have from (5) 


(7) | Sa(s) | < MiRo/Ri, for | s| = Ro, 
where M; is independent of n and 3; we likewise have from (4) 
(8) | f(s) — S.S] S My/Ri, for |s| = 1, 


where Ms is independent of п and s. The function S,(z) is admitted to 
competition in the determination of the extremal function fyuí(sz) if 
we choose (as we now do) я corresponding to each M so that we have 


(9) MIRRI 5 М < MART JRT”; 


these inequalities enable us to compare the set f(s), depending on the 
continuous parameter M, with the sequence S,(s). We have by (8) 
and the first of inequalities (9) 


ты = [max | f(s) — fus) |, for | | = 1] 
S M/R]  М,М/М К. 
By the second inequality of (9) we have 
(log M — log M1)/Qog Ro — log Ri) < s + 1, 
во (10) can be written in the form 
ты 5 М.М exp [— (log M — log Mi) log Ro/(log Ro — log Ё,)], 


where M; is independent of M and n, whence by allowing M to be- 
come infinite and then by allowing R, to approach R: 


(10) 
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(11) lim sup m e exp [(— log R)/(log Re — log R)]. 


Inequality (11) is one part of a main asymptotic result, for we shall 
now eatablish the following theorem. 


THEOREM 1. Under the conditions tmposed on fis), we have 
(12) lim sup mi = exp [(— log R)/(log Ro — log R)]. 


We establish the equality sign in (11) by use of Hadamard’s three- 
circle theorem, that for an analytic function d(z), the function 
log [max] &(s)|, for |s| =r] is a convex function of log r. It turns out 
that the strong inequality sign in (11) would imply the uniform 
convergence of a sequence of the functions f(s) throughout a region 
|s| <r (>R), which is impossible by the definition of R. Choose for 
definiteness the values М =e*, n=1, 2,---, and denote the corre- 
sponding functions fy(s) by F,(s) respectively. Thus we have on the 
circle |s| = Ro (using the Fatou boundary values on |s| = Re, which 
necessarily exist) 

(13) [F.9| Sot, | Fasa(s)| $e", | Fas) — Pasa(s)| S 2e**. 


If we assume the first member of (11) less than the second member, 
we can write for М sufficiently large and for suitably chosen R, 
(R « Rs « Ro) 


mu S exp [(— log R:)/(log Ro — log R3)], 
whence from (6) for M=e" and M —e**! we have on the circle |s| —1 
(14) | Fa(s) — Р.11(5) | < 2 exp [— я log R4)/(log Rs — log Rs) |. 


The last inequality of (13), together with (14), yields by the three- 
circle theorem (1 Sr SRo) 


lim sup [max | F.(s) — Fails) |i», for | s | = r] 


— log К; log Ry — logr log f 
S exp БЕ a Z] ; 
log К, — log Р, log Ro log 





this last member is less than unity for every r < Ks, hence is less than 
unity for some value of r, R <r « Rs; the sequence F,(z) converges to 
f(s) uniformly for |z] <r and f(z) is analytic for |s| <r, which con- 
tradicts the definition of R. Theorem 1 is established. 

Suppose now we envisage a set of functions рм(ҳ), analytic and re- 
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spectively of modulus not greater than M in the region |s| « Ry. We 
assume the functions gy(s) defined for every M. It is natural to study 
the asymptotic behavior of gu(£), considered to approach f(s) on the 
circle |z| =1. We have by the definition of my 


пм = [max | f(s) — gus) |, for | s| = 1] & ты, 
whence by (12): 


THEOREM 2. If f(s) and the functions gu(s) satisfy the conditions 
given, we have 


1 


(15) lim suppa > exp [(— log R)/(log Rs — log R)]. 


Inequality (15) is our fundamental relation, which holds for the 
arbitrary functions рм(х), assumed merely analytic and individually 
bounded in the region |s| < Ro. However, there are numerous sets of 
functions, such as the partial sums of Taylor's series, and various 
sequences of extremal polynomials and more general rational func- 
tions for which the equality sign in (15) can be established. 

In both Theorem 1 and Theorem 2 it is in fact not essential to 
allow M to become continuously infinite; the conclusion is valid if we 
consider a sequence of values of M such that the set of quotients of 
each value to its predecessor is bounded from unity and from infinity. 

Theorems 1 and 2 suggest of themselves a broader problem, namely 
that of a more general geometric situation. Let the closed region S be 
contained in the region R; let the function f(s) be analytic on S but 
not throughout R; we study approximation to f(s) on S by functions 
fu(s) respectively analytic and with upper bound not greater than M 
in R. This broader problem might first be attacked by direct applica- 
tion of Theorems 1 and 2 using a conformal map. This method is suffi- 
cient in the case that each of the regions S and R is bounded by a 
circle—in every such case the boundaries can be transformed into 
concentric circles, namely the situation of Theorems 1 and 2, by 
means of a linear transformation of the complex variable; the second 
member of (12) and (15) is to be defined in terms of the largest region 
in which f(s) is analytic, the region bounded by a level curve of the 
harmonic function u(x, y) which takes on constant values on the 
boundary of S and (different) constant-values on the boundary of R. 
Also in case S is bounded by a level curve of the Green's function for 
R, a suitable conformal transformation is adequate; the same com- 
ment on evaluating the second member of (12) and (15) applies. In 
more general geometric situations this simple method of conformal 
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transformation is not adequate; more powerful tools must be em- 
ployed. However, the new situations just treated suggest that the 
secret of treating the most general situation must include the use of a 
harmonic function and its level curves, the harmonic function being 
constant on the boundaries of Sand R. 

We return to the situation of Theorem 1. Instead of using in the 
proof of Theorem 1 the partial sums of the Taylor development of 
f(s), we may use the sequence of rational functions r,(s) of respective 
degrees n with poles uniformly distributed on the circle |s| = А> В 
(the poles of r.(s) may be taken ав the sth roots of Кз"), with r,(s) 
determined by interpolation to f(s) in the (n-1- 1)th roots of unity. The 
convergence properties of the sequence r,(s) are of extremal type, in 
the sense that equation (12) is fulfilled, even as for the partial sums 
‚ of Taylor's series. From these functions r,(s) we obtain not merely 
a new proof of Theorems 1 and 2, but a proof that in character ex- 
tends to regions S and R of very general nature, say each bounded by 
a finite number of disjoint Jordan curves. In this general situation the 
analogue of rational functions with points of interpolation and poles 
uniformly distributed on circles is the set of rational functions with 
points of interpolation and poles uniformly distributed with respect to 
а parameter taken as the conjugate of the harmonic function «(x, y), 
where u(x, y) is harmonic in the region К — S, continuous in the corre- 
sponding closed region, and takes constant values on the boundary 
of R and different constant values on the boundary of 5; the points of 
interpolation can be uniformly distributed on the boundary of S; by 
use of a suitable conformal map, the boundary of R can be choeen as 
one or more disjoint analytic Jordan curves; the functions u(x, y) 
can be harmonically extended across these curves, and the poles can 
be prescribed on level curves of u(x, y) exterior to R. These approxi- 
mating functions were defined and studied in the present writer’s 
book! in the Colloquium Series, and these functions are the only func- 
tions known which can be used for the present purpose. The three- 
circle theorem likewise is no longer sufficiently powerful for use in the 
new geometric situation, but a generalization again based on har- 
monic functions, and due to Nevanlinna is adequate. We omit here 
the details, but merely refer to the generalizations of Theorems 1 
and 2 set forth in papers by Walsh’ and Nilson and Walsh.* - 

Even in the situation of Theorem 1 itself there are numerous un- 


! Interpolation and approximation by raitonal functions in the complex domain, 
Amer. Math. Soc, Colloquium Publications, vol. 20, New York, 1935. 

з Proc. Nat. Acad. Sci. U.S.A. vol. 24 (1938) pp. 477—486. 

з Trans. Amer. Math. Soc. vol. 55 (1944) pp. 53-67. 
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solved problems.‘ Is the extremal function fx(s) for prescribed М 
unique? How can it be characterized? Does | fule) | take on (or ap- 

roach) the value M in an infinity of points of |s| =R? Does 

f(s) —fu(z)| take on the value my in an infinity of points of |z| =1? 
Do fu(s) and my depend continuously on M? What is the relation 
of the entire problem of fu(s) to the companion problem of a pre- 
scribed є= [max] f(z) —ф,(8) |, for |s| =1]>0, with ¢,(s) analytic and 
of smallest least upper bound M, in |s <R? If the function fu(s) 
corresponds to the maximum error my, and if we choose ¢=my, can 
we conclude Ман M, ф,(в) не] (ж) 7 If f(x) is required to satisfy certain 
continuity conditions on |х| = К, does fir(s) satisfy corresponding 
conditions on | z| = Ra? What other measures can be used for approxi- 
mation of fu(z) to f(s) on |s| =1, and what norm can be used for 
fu(s) other than the least upper bound on |s| = Ro? 

Merely for the sake of simplicity, we place ourselves anew in the 
situation of Theorem 1, where equation (12) holds with my defined by 
(6), with | fu(s)| SM in |s| « Rs, although fu(z) need no longer be 
the extremal function. The three-circle theorem as used in the proof 
of Theorem 1 yields further results on the degree of convergence of the 
set of functions f(s): 


ig sup [max | f(s) — fu(s) |, for | ж - rex 


(16) 
= exp [(log r — log R)/(log Ro — log R), 1ar«R, 


lim sup [max | fas) |, for |s| = "ре 


= exp [(log r — log R)/(log Ro — log R)], R Sr S&R 


In particular the functions fy(s) converge to f(s) throughout the circle 
|s] = R, and converge in no region exterior to that circle but contained 
in the circle |s| == Ro. The asymptotic behavior of the set f(s) on the 
circle |s| =r, 1<r<R, is the same as for the extremal functions 
analytic and bounded in |z| <А defined by best approximation to 
f(z) on any circle | s| 17957. Equations (16) and (17) аге the precise 
analogues of (4) and (5) for Taylor’s series, and indeed (4) and (5) are 
included in (16) and (17). Equations (4) and (5) are intimately con- 
nected with the properties of partial sums of Taylor’s series: over- 
convergence, degree of convergence, and zeros, as studied by Porter, 
Jentzsch, Ostrowski, Szegd, Pólya, Carlson, Bourion, and others. A 
general theory of these topics has been recently developed by the 


(17) 


4 Some partial results here have quite recently been obtained by Professor М. H. 
Heins. 
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present writer, and is as yet unpublished. This theory is based on the 
continued use of harmonic majorants, and applies in the situation of 
Theorem 1 and its generalization to further geometric situations. For 
instance, in the situation of Theorem 1, special subsequences of func- 
tions fw(s) may converge uniformly in a region containing an arc of 
the circle |z| = R; such overconvergence is not a local property on an 
arc of that circle but when it occurs must occur across every arc of 
that circle on which f(s) is analytic. Whenever overconvergence takes 
place for a particular sequence of the functions fy(s), the first mem- 
bers of both (16) for r»51 and (17) for r» R for that sequence are less 
than the respective second members. When overconvergence occurs, 
f(s) can have no isolated singularity on the circle |z| = К. Special 
subsequences of the set fu(z) which converge with sufficient rapidity 
must converge throughout the largest region in |s| < К. which con- 
tains |s| <1 and within which f(s) is analytic. Every point of the 
circle |s| =R is a limit point of the zeros of the entire set ѓЃм (ғ), and 
thebe properties hold whether f(s) is extremal or not, provided equa- 
tion (12) is satisfied. 

We turn to another kind of problem, still for the present in the situ- 
ation of Theorem 1. Can Theorem 1 be sharpened if the functions 
f(s) and f(s), the latter not necessarily extremal functions, satisfy 
certain continuity conditions (for instance Lipechitz conditions on the 
function or on some derivative) on |s| =R and || = R, respectively? 
That is to say, Theorem 1 is primarily a relation involving on the one 
hand regions of analyticity of f(s) and of fu(sz) and on the other hand 
degree of convergence of fu(s) to f(s). What sharper results exist when 
we consider in addition the behavior of f(s) and f(s) on the bounda- 
ries of their assigned regions of analyticity? A somewhat analogous 
question arises in the study of approximation of arbitrary functions 
by polynomials. If the functions approximated are merely assumed 
analytic in certain regions, a satisfactory theory can be developed 
relating these regions of analyticity to geometric degree of conver- 
gence of approximating polynomials. If more delicate measures of 
convergence are used, to construct a comprehensive theory it is es- 
sential to bring into account the behavior of the functions approxi- 
mated on the boundaries of their regions of analyticity; this theory 
is based on studies in the real domain by S. Bernstein, Jackson, 
Montel, and de la Vallée-Poussin, was developed mainly by Sewell, 
Curtiss, and Walsh, and was recently set forth in a book by Sewell.* 
The theory of approximation by polynomials, although adequate for 
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our present problem in case the region R is bounded by a level curve 
of Green’s function for the exterior of S, is not alone sufficient for 
the broader application we have been considering. It would seem to be 
necessary as a preliminary to study the convergence properties on the 
boundaries of regions of the sequencea of rational functions used in 
extending the geometric situation of Theorem 1; no such study has 
ever been made. Such a study, analogous to the one made for poly- 
nomials, is highly desirable, and would have also other applications 
than to the principal theory considered here. Taylor's series again 
serves as a guide and as a model; partial but apparently typical re- 
sults can be obtained readily, which seem to indicate the possibility 
of carrying through these programs to completion. 
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The four hundred fifteenth meeting of the American Mathematical 
Society was held at Columbia University on Friday and Saturday, 
April 26—27, 1946. The attendance included the following two hun- 
dred eighty-eight members of the Society: 


С. R. Adams, С. F. Adler, R. Р. Agnew, К. L. Anderson, R. G. Archibald, R. F. 
Arens, H. A. Arnold, L. A. Aroian, К. J. Arrow, К, N. Ascher, Silvio Aurora, M. C. 
Ayer, E. С. Baker, Valentine Bargmann, P. T. Bateman, Richard Bellman, A. A. 
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С. W. Brown, E. F. Buck, К. C. Buck, К. S. Burington, Herbert Busemann, Hobart 
Bushey, J. H. Bushey, S. S. Cairns, H. H. Campaigne, W. M. Chen, Alonzo Church, 
Paul Civin, R. F. Clippinger, I. S. Cohen, R. M. Cohn, Nancy Cole, Н. R. Cooley, 
T. F. Cope, Richard Courant, Franco Croci, H. B. Curry, J. H. Curtiss, M. D. 
Derkow, Norman Davids, L. S. Dederick, C. R. DePrima, C. L. Dolph, H. L. 
Dorwart, C. H. Dowker, Arnold Dresden, Jacques Dutka, Bernard Epstein, G. C. 
Evans, W. H. Fagerstrom, Ky Fan, Herbert Federer, J. M. Feld, Will Feller, A. D. 
Fialkow, N. J. Fine, W. B. Fite, К. M. Foster, F. H. Fowler, С. A. Foyle, A. A. 
Fraenkel, Gerald Freilich, Bernard Friedman, K. O. Friedrichs, Orrin Frink, R. E. 
Fullerton, A. S. Galbraith, G. N. Garrison, B. H. Gere, David Gilbarg, B. P. Gill, 
Leonard Gillman, R. E. Gilman, A. M. Gleason, Casper Goffman, A. W. Goodman, 
R. O. Goodman, Seul Gorn, L. M. Graves, Leonard Greenstone, Lewis Greenwald, 
К. E. Greenwood, George Grossman, E. J. Gumbel, D. W. Hall, F. C. Hall, Marshall 
Hall, P. R. Halmoe, Frank Harary, Philip Hartman, V. A. Harvey, Ernest Hawkins, 
K. E. Hazard, M. H. Heins, Olaf Helmer, T. H. Hildebrandt, Einar Hille, T. R. 
Hollcroft, Harold Hotelling, S. E. Hotelling, E. M. Hull, Witold Hurewicz, (L.) C. 
Hutchinson, S. A. Joffe, Fritz John, R. E. Johnson, Aida Kalish, Edward Kasner, 
M. E. Kellar, L. S. Kennison, H. S. Kieval, S. A. Kise, J. W. Kitchens, J. R. Kline, 
Morris Kline, E. G. Kogbetliantz, E. R. Kolchin, B. O. Koopman, M. E. Ladue, 
V. V. Latahaw, J. R. Lee, Solomon Lefschetz, D. H. Lehmer, A. M. A. Lehr, M. E. 
Levenson, Howard Levi, Madeline Levin, Norman Levinson, J. V. Lewis, Marie 
Litzinger, E. R. Lorch, A. М. Lowan, C. I. Lubin, L. A. MacColl, С. W. Mackey, 
Н. M. MacNeille, Н. F. MacNeish, Murray Mannose, A. J. Maria, Imanuel Marx, 
S. P. Mead, H. L. Meyer, D. S. Miller, Deane Montgomery, T. W. Moore, Vladimir 
Morkovin, D. J. Morrow, Marston Morse, G. W. Mullins, F. J. Murray, D. S. 
Nathan, C. A. Nelson, O. E. Neugebauer, Morris Newman, G. E. Noether, P. B. 
Norman, L. R. Norwood, V. M. Noyes, C. O. Oakley, A. F. O'Neill, J. C. Oxtoby, 
J. S. Oxtoby, A. M. Peiser, A. J. Penico, Everett Pitcher, Harry Polachek, Harry 
Pollard, E. L. Post, William Prager, Walter Prenowitz, M. H. Protter, R. С. Putnam, 
H. W. Reddick, Mina Rees, R. W. Rempfer, Moses Richardson, К. G. D. Richardson, 
' C, E. Rickart, John Riordan, J. F. Ritt, E. K. Ritter, J. H. Roberts, M. S. Robertson, 
Robin Robinson, S. L. Robinson, I. H. Rose, Ira Rosenbaum, J. H. Roeenbloom, 
P. C. Rosenbloom, Raphael Salem, John Salerno, H. E. Salzer, Hans Samelson, 
Arthur Sard, L. J. Savage, S. A. Shaaf, Robert Schatten, Henry Scheffé, Lowell 
Schoenfeld, Abraham Schwartz, J. B. Secrist, C. W. Seekins, I. E. Segal, Hyman 
Serbin, C. E. Shannon, C. B. Shapira, I. M. Sheffer, Max Shiffman, L. P. Siceloff, 


580 


THE APRIL MEETING IN NEW YORK 581 


James Singer, D. M. Smiley, M. F. Smiley, Henry E. Smith, P. A. Smith, W. M. 
Smith, Herbert Solomon, V. E. Spencer, E. К. Stabler, E. P. Starke, Fritz Steinhardt, 
E. G. Straus, L. M. Straus, R. C. Strodt, W. C. Strodt, A. C. Sugar, Fred Supnick, 
Irving Sussman, Otto Szász, J. Н. Taylor, Feodor Theilheimer, J. M. Thomas, L. F. 
Tolle, Hing Tong, Leonard Tornheim, C. A. Truesdell, Y. W. Tschen, H. F. Tuan, 
A. W. Tucker, Bryant Tuckerman, J. W. Tukey, Annite Tuller, S. M. Ulam, W. R. 
Utx, H. 5. Vandiver, H. E. Vansant, Oswald Veblen, R. J. Walker, A. D. Wallace, 
R. M. Walter, W. R. Wasow, Alan Wayne, J. V. Wehausen, Harry Weingarten, 
Alexander Weinstein, M. E. Wells, V. Н. Wells, R. A. Wetzel, F. J. Weyl, George 
Whaples, A. P. Wheeler, G. W. Whitehead, S. S. Wilks, C. S, Williams, John William- 
son, Clement Winston, Z. S. Wurtele, Bertram Yood, H. J. Zimmerberg, Leo Zippin, 
O. J. Zobel, M. F. Zucker, Antoni Zygmund. 


The meeting opened Friday afternoon at 1:30 with an address on 
The iriangulaiton problem and #5 role $n analysts by Professor S. 5. 
Cairns. Professor Solomon Lefschetz presided. President T. H. Hilde- 
brandt presided at the Symposium in which Professor Marston 
Morse gave an address on Topological methods $n the theory of functions 
of a single complex variable. Dr. M. H. Heins led the discussion. 

On Saturday morning there were three sections for research papers: 
Analysis in which Dean R. G. D. Richardson presided, Geometry and 
Topology in which Professor A. D. Wallace presided, and Algebra, 
Statistics, etc., in which Professor Orrin Frink presided. 

At 2:30 р.м. Saturday Professor Richard Brauer gave an address 
On ihe artthmetics of algebras. Professor Emeritus W. B. Fite presided. 

The Council met on Friday at 4:30 р.м. in Havemeyer Hall. 

The Secretary announced the election of the following one hun- 
dred and eighty persons to ordinary membership in the Society: 


Professor Albert A. Aardal, Wartburg College, Waverly, Iowa; 

Dr. James C. Abbott, Annapolis, Md.; 

Professor William Franklin Adams, University of Alabama; 

Mr. Merle M. Andrew, Maseachusetts Institute of Technology; 

Mr. Cloyd Payne Armbrister, Concord College, Atbens, W. Va.; 
Professor Homer Leon Arnold, Humboldt State College, Arcata, Calif.; 
Professor Helen Barton, Woman's College, University of North Carolina; 
Miss Ruby Baxter, Frances Shimer College, Mount Carroll, DL; 
Professor Alice Knisely Bell, Fresno State College; 

Mr. Edmund Callis Berkeley, Lieutenant Commander, U.S.N.R.; 

Mr. Salvatore Dante Bernardi, University of Illinois; 

Professor Arthur Bernhart, University of Oklahoma; 

Mr. William Werner Boone, Princeton University; 

Dr. Paul Boschan, The Econometric Institute, Inc., New York, N. Y.; 
Mr. Nelson Allen Brigham, Arlington, N. J.; 

Dr. Louis Francis Brown, Hollywood, Calif; 

Professor A. C. Burdette, University of California, Davis, Calif.; 

Mr. Robert C. Byers, Institute of Optics, University of Rochester; 

Mr. George Overall Caldwell, Rust College, Holly Springs, Mise.; 


Professor Francis L. Celauro, Lehigh University; 

Professor Reynaldo Pedro Cesco, University of La Plata; 

Mr. Chester Ray Clark, McKinley High School, Washington, D. C.; 

Professor John R. Clark, Teachers College, Columbia University; 

Mr. Charles Greenleaf Cloudman, Ebasco International Corp., New York, N. Y.; 

Mr. Alberto Dias Coimbra, Lyceum de Coimbra, Coimbra, Portugal; 

Professor William Atlee Conrad, U. S. Naval Academy; 

Mr. E. Allen Cook, Office of Chief of Chemical Warfare Service, War Department; 

Dr. Robert Cortell, College of the City of New York; 

Dean Roger Flavius Cox, John Brown University, Siloam Springs, Ark.; 

Mise Dorothy Irene Coyne, Pine Cobble School, Williamstown, Mase.; 

Miss Kathleen Creagh, Waller Branch High School, Chicago, IHL; 

' Professor James Thomas Culbertson, Southwestern University, Georgetown, Tex.; 

Professor Charles Harold Douglas, Catawba College, Salisbury, М. C.; 

Mr. Donald Gardon Duncan, University of British Columbia; 

Mr. Walter George Dyer, Lieutenant (j.g.), US.CG.; 

Professor Anthony Joeeph Eiardi, Boston College; 

Mr. William Ralph Eikelberger, U. S. Naval Academy; 

Miss Jane Lee Evans, Old Trail School, Akron, Ohio; 

Miss Meta M. Ewing, Bay City Junior College, Bay City, Mich. 

Reverend Fred J. Fischer, DePaul University; 

Professor Immanuel C, Fischer, University of Minnesota; 8 

Мг. William Thompeon Fishbeck, Radiation Laboratory, Massachusetts Institute of 
T. ; 

Professor A. A. Fraenkel, Hebrew University, Jerusalem, Palestine; 

Mr. Norman Saffrey Free, Mount Royal College, Calgary, Alberta, Canada; 

Sister M. Elizabeth Frisch, Villa Madonna College, Covington, Ky.; 

Professor Abel Gauthier, University of Montreal; 

Mins Florence Evelyn Gerhardt, University of Wisconsin; 

Mr. Robert Anthony Joseph Gildea, Brown University; Р 

Mr. Malcolm Elisha Gillis, University of Tennessee; 

Mr. Homer T. Gittings, Jr., Naval Ordnance Laboratory, Wahine: Cs 

Mr, Jacob Kopel Goldbaber, University of Wisconsin; -~ 

Dr. Louis Goldstein, Division of War Research, O.S.R.D., New York, N. Y. 

Mr. David Martin Good, Princeton University; 

Professor Morris J. Gottlieb, Washington University; 

Professor Pierre Lucien Gregoire, University of Montreal; 

Professor Lino Gabriel Gutiérrez, University of Havana; 

Professor William A. Hallam, West Virginia Wesleyan College; 

Mr. Ray Irvine Hardin, New York, N. Y.; 

Mr. Lyman John Harris, Aluminum Company of America; 

Mr. Charles Edward Harrison, Technisonic Laboratory, St. Louis, Mo.; 

Mise Bertha Irene Hart, Ballistics Research Laboratory, Aberdeen Proving Ground, 
Ма.; 

Misi Veronica Andrea Harvey, St. Joseph's College for Women, Brooklyn, N. Y.; 

Mr. Manuel Herschdorfer, Amherst College; 

Professor Paul Otto Hoffmann, Newark College of Engineering, Newark, N. J.; 
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Mr. William Julien Jaffe, Newark College of Engineering, Newark, М. ].; 

Mr. Lawrence Gabriel Jones, Radiation Laboratory, Massachusetts Institute of Tech- 
nology; 

Miss Margaret Joseph, Shorewood High School, Milwaukee, Wis.; 

Dr. Charles Hillis Kaiser, Bennington College; 

Mise Bruria Kaufman, Philadelphia, Pa.; 

Mr. Peter John Kiernan, U. S. Military Academy; 

Professor Allen Lewis King, Department of Physics, Dartmouth College; 

Professor Lyman Coleman Knight, Muskingum College, New Concord, Ohio; 

Mr. Paul J. Kopp, Major, Chemical Warfare Service, U.S.A.; 

Dr. Waclaw Kozakiewicz, University of Saskatchewan; 

Dr. Maria Zbigniew Krxywoblocki, Palo Alto, Calif.; 

Miss Dorothy B. Landau, Junior High School 81, New York, N. Y.; 

Miss Lucy Anne La Sala, O.S. R.D., New York, N. Ү.; 

Professor Lloyd Laurits Lassen, North Texas Agricultural College, Arlington, Tex.; 

Mr. Oliver L. Lattimore, Texas College, Tyler, Tex.; 

Dr. Nathan Lazar, Teachers College, Columbia University; 

Mr. William John Lee, San Benito County High School and Junior College, Hollister, 


Mr. Walter Gilbert Leight, Captain, U.S.A; 

Profeseor W. H. Lipscombe, University of Akron; 

Professor Brendan A. Lynch, Siena College, Loudonville, N. Y.; 

Miss Ethelyne L. McBee, Bureau of Human Nutrition and Home Economics, U. S. 
Department of Agriculture, Wasbington, D. C.; 

Miss Jessie Irene McClune, United Aircraft Corp., East Hartford, Conn.; 

Mr. William Straight McCulley, University of Texas; 

Professor Kenneth Madison McDonald, Judson College, Marion, Ala.; 

Professor Gordon Richey Magee, University of Western Ontario; 

Professor Dis Maly, Rensselaer Polytechnic Institute, Troy, ЇЧ. Y.; 

Mr. Alvin Stuart Mancib, West Somerville, Mass.; 

Professor Armin William Manning, Concordia Collegiate Institute, Bronxville, N. Y.; 

Professor Guy Ernest March, South Dakota School of Mines; 

Reverend Norbert Martin, St. Francis College, Loretto, Pa.; 

Mr. Paul Meter, Princeton University; 

Mr. Paul Theodore Mielke, Wabash College, Crawfordsville, Ind.; 

Dr. Abraham Miller, Lieutenant Commander, U.S.N.R.; 

Mr. William Edward Miller, New Jersey State Teachers College, Trenton, N. T.; 

Professor Johann Mokre, Barat College, Lake Forest, OL; 

Professor Lawrence Joseph Monville, John Carroll University, Cleveland, Ohio; 

Mr. Morris Morduchow, Polytechnic Institute of Brooklyn; 

Mr. George F. Morecroft, Metropolitan Life Insurance Company, New York, N. Y.; 

Mr. William Daniel Morgan, Saint Paul, Minn.; 

Sister Marie Jesse Morrison, Nazareth College, Nasareth, Mich.; 

Miss Catherine E. Moser, Penn Hall, Chambersburg, Pa.; 

Mr. Frederick C. Mosteller, Princeton, N. ].; , 

Dr. Theodor Samuel Motzkin, Hebrew University, Jeruselem, Palestine; 

Dr. M. R. Neifeld, Beneficial Management Corp., Newark, N. J.; 

Dr. Horace Wakeman Norton, U. S. Weather Bureau; 

Mr. Norman Harding Painter, Massachusetts Institute of Technology; 

Professor Benjamin Wiseler Partlow, Madison College, Harrisonburg, Va.; 
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Mr. Lester Charles Peach, Sergeant, U.S.A.; 

Mr. Anthony Joseph Penico, University of Pennsylvania; 

Mr, Phillip Irvine Peters, Union College, Barbourville, Ky.; 

Miss Helen Bard Pettit, Mills College, Oakland, Calif.; 

Mr. Robert I. Piper, So. California Telephone Company, Los Angeles, Calif.; 

Professor Albert Roberts Poole, Montana State College, Bozeman, Mont.; 

Professor Henry Jean Baptiste Putnam, Laval University; ` 

Mr. Lloyd James Quaid, University of Minnesota; 

Mr. Hugh Lawrence Quarles, Lieutenant Colonel, A.U.S.; 

Mr. Russell Remage, Jr., Gassaway, W. Va; 

Mise Theresa M. Renner, Blackburn College, Carlinville, Ill.; 

Mr. Franklin Victor Reno, Ballistics Research Laboratory, Aberdeen Proving Ground, 
Md.; 

Dr. Nicholas A. Renzetti, U.S.N.O.T.S., Inyokern, Calif.; 

Mr, Rodolfo Alfredo Ricaberra, University of La Plata; 

Sister Mary Edmund Rice, Our Lady of Cincinnati College; 

Profeseor Toivo E. Rine, Illinois State Normal University; 

Professor Lawrence А. Ringenberg, University of Maryland; 

Professor Leland Frederick Samuel Ritcey, United College, Winnipeg, Manitoba, 
Canada; 

Mr. Emerson Richard Rohrer, Electronic Technician's Mate 2d Clase, U.S.N.; 

Dr. Jerome Michael Sachs, Chicago City College; 

Professor Alberto Enrique Sagastume Berra, University of La Píata; 

Mr. John Selerno, U. S. Coast and Goedetic Survey; 

Mr. William Selkind, U. S. Department of Agriculture; 

Mr. Charles Saltrer, Brown University; 

Miss Augusta Louise Schurrer, University of Wisconsin; 

Miss Mary Lurline Scott, National Bureau of Standards, Washington, D. C.; 

Sister M. Georgianne Segner, LeClerc College, Belleville, IIL; 

Mr, Harold Douglas Seielstad, Lieutenant Commander, U.S.C.G.; 

Mr. Carl Bryce Seligman, Ensign, U.S.N.R.; 

Professor Paul B. Selz, Parsons College, Fairfield, Iowa; 

Miss Charlotte B. Shapira, McLaughlin-Cara Áseociates, Cambridge, Mass.; 

Mr. William Henry Shields, Philadelphia, Pa.; 

Mr. Walt R. Simmons, U. S. Employment Service, Arlington, Va.; 


Mr. Ralph Jeffery Slutz, Princeton University; 

Mr. Oliver M. Smart, U. S. Navy Inspection Service, Westinghouse Electric and 
Manufacturing Company, Easington, Pa.; 

Professor Harold E. Smith, Junior College of Connecticut, Bridgeport, Conn.; 

Mr. Henry Elmore Smith, Dickinson College, Carlisle, Pa.; 

Professor Allen K. Snyder, Valley Forge Military Academy and Junior College, 
Wayne, Pa.; 

Mrs. Ruth Cottingham Sorrells (Mrs. C. C.), Highland Park Senior High School, 
Dallas, Tex.; 

Mr. George Springer, Brown University; 

Mr. Robert Clarence Stewart, Washington and Jefferson College, Washington, Pa.; 

Mra, Ruth G. Sumner, Oakland High School, Oakland, Calif.; 

Mr. Arthur Frank Svoboda, DePaul University; 
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Mr. Taffee Tadashi Tanimoto, University of Chicago; 

Mr. Benjamin Tannenbaum, Princeton University; 

Mr. James Edgar Thompson, University of Minnesota; 

Professor César Anselmo Trejo, University of La Plata; 

Mr. Guy Z. Updike, College of the City of New York; 

Professor Helen E. Vansant, Beaver College, Jenkintown, Pa.; 

Professor Robert М. Varney, Department of Physics, Washington University; 

Reverend Dunstan С. Velesz, Quincy College, Quincy, IIL; 

Profeseor Helen M. Walker, Teachers College, Columbia University; 

Mr. Earl Eugene Wallick, Senior High School, Lakewood, N. J.; 

Mr. Camille Jerome Weber, The Chase National Bank of the City of New York; 

Miss Alma Kohl Weinstein, Houston, Tex.; 

Dr. Charles A. Welsh, U. S. Depertment of Justice; 

Mise Edith Freda Whitmer, Stephens College; 

Mr. Wilbur James Widmer, Gibbs and Cox, Inc., New York, М. Ya 

Mr. Arthur Strong Wightman, Ensign, U.S.N.R.; 

Mr. Roger Williams, Jr., Belle Works, DuPont Company, Charleston, W. Va.; 

Mise Marcella Ann Yarosheski, St. Genevieve of the Pines Junior College, Asheville, 
М. C.; 

Professor Theodore Otte Yntema, School of Business, University of Chicago; 

Mr. John Wesley Young, Jr., University of Pennsylvania; 

Professor Paul McClure Young, Miami University; 

Miss Lillian Bertha Zarling, North Dakota State School of Forestry, Bottineau, N. D. 


It was reported that the following had been elected to membership 
on nomination of institutional members as indicated: 


Brooklyn College: Professor Merle L. Bishop; 

Brown University: Dr. Chi-Teh Wang; 

University of California: Mesars. Donald Marvin. Adelman, Bjarni Jénsson, and 
Samuel Wolfenstein; 

University of California at Los Angeles: Mesara. Milton Drandell and William C. 
Hoffman; 

California Institute of Technology: Mesars. Donald A. Darling, Lincoln Kearney 
Durst, Verne Gilbert Robinson, and James G. Wendel; 

University of Chicago: Misa Hilde Ruth Marlin, Mr. August Newlander, Jr.; 

College of the City of New York: Mr. Julius S. Dwork; 

Columbia University: Mise Azelle Brown, Mr. David James Dickinson, Professor 
Pao Lu Hsu, Mesers. Morris Newman and John Bert Secrist, Jr., Mise Miriam 
Skinner; 

Harvard University: Messrs, Benjamin Nelson Moyls and John Joseph Sopka, Jr.; 

University of Illinois: Mesers. Delbert Ferrel Atkins, Richard William Ball, Bernard 
E. Howard, William A. Martin and Ernest A. Propes, Misses Mary Anice Seybold 
and Mary Frances Suter; 

Indiana University: Mesers, Robert Earl MacKenzie and Samuel Schecter; 

Institute for Advanced Study: Dr. Ky Fan; 

Iowa State College: Mr. Russell Evan Carr; 

State University of lowa: Mr. Harlan Lowell Herrick; 

Johns Hopkins University: Mise Fay Dalton Carpenter, Mesers. Raymond Huck, 
Stanley Leonard Isaacson, and Sylvan Wallach; 

Maseachusetts Institute of Technology: Mr. Burton Mills; 


586 AMERICAN MATHEMATICAL SOCIETY [July 


University of Michigan: Lieutenant William Boothby, Messrs. Arvid W. Jacobson, 
Edwin Henry Spanier, and Jesse Wright: 

Michigan State College: Mr. Olan Trainer McMillan; 

University of Minnesota: Miss Margaret Owchar; 

Northwestern University: Mr. Richard Elton von Holdt and Mrs. Margaret Helen 


б of Notre Dame: Reverend Henry Е. DeBaggis; 

Ohio State University: Mesars. H. Manfred Fliess and John Lewis Moll; 

College of Saint Thomas: Mr. Donald John Lewis; i 
Stanford University: Mr. Andrew Heuer Van Tuyl; 

Swarthmore College: Mra, Elizabeth P. Allen; 

Syracuse University: Mr. Helmut Aulbach; 

University of Virginia: Mr. Victor La Rue Klee; 

University of Washington: Mr. Harry Edward Kinerk; 

Williams College: Dr. Arthur Smullyan; 

University of Wisconsin: Meses. Herman Jacob Coben, Ottis William Rechard, 

Herbert John Ryser, Lee Robert White, and Russell Edward Wright; 
Metropolitan Life Insurance Company: Mr. Edward A. Lew. 

Professor T. G. Cowling of the University College of North Wales 
and Mr. Paul Vermes of The Grammar School, Farnborough, Eng- 
land, were admitted to the Society in accordance with the reciprocity 
agreement with the London Mathematical Society. Professor Alex- 
ander Markovich Ostrowski was admitted to the Society in accord- 
ance with the reciprocity agreement with the Swiss Mathematical 
Society. 

The Secretary reported that, as of April,26, 1946, the total member- 
ship of the Society is 3,041. 

The following ‘appointments by the President were reported: as 
representative of the Society at the inauguration of Wilson Martin- 
dale Compton as President of The State College of Washington on 
December 11, 1945, Professor M. S. Knebelman; as representative 
of the Society at the inauguration of Byron Sharpe Hollinshead as 
President of Coe College on December 14, 1945, Professor E. N. 
Oberg; as representative of the Society at the inauguration of Arthur 
Holly Compton as Chancellor of Washington University on February 
22, 1946, Professor L. M. Blumenthal; as representative of the So- 
ciety at the Fiftieth Annual Meeting of The American Academy of 
Political and Social Science on April 5—6, 1946, Professor Arnold 
Dresden; as representative of the Society at the Sesquicentennial 
Celebration of the University of North Carolina on April 12-13, 1946, 
Professor J. M. Thomas; as representative of the Society at an educa- 
tional conference celebrating the inauguration of James Lewis Mor- 
rill as President of the University of Minnesota on April 23-25, 1946, 
Professor R. W. Brink; as representative of the Society at the in- 
auguration of John Philip Wernette as President of The University 
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of New Mexico on May 10, 1946, Professor Lincoln LaPaz; as repre- 
sentative of the Society on the Committee on Definitions of Electrical 
Terms of the American Institute of Electrical Engineers, Dr. H. W. 
Bode; as auditors of the Society's accounts for 1946, Professors Т. Е. 
Cope and A. E. Meder, Jr.; as a member of the Committee to Select 
Hour Speakers for Summer and Annual Meetings for 1946-47, Pro- 
fessor R. P. Agnew (committee now consists of Professors J. R. Kline, 
Chairman, R. P. Agnew, and С. C. MacDuffee); as a member of the 
Committee to Select Hour Speakers for Eastern Sectional Meetings 
for 1946-47, Professor A. W. Tucker (committee now consists of 
Professors T. R. Hollcroft, Chairman, Oystein Ore, and A. W. 
Tucker); ав a member of the Committee to Select Hour Speakers 
for Western Sectional Meetings for 1946—47, Professor N. E. Steenrod 
(committee now consists of Professors R. H. Bruck, Chairman, Tibor 
Radó, and N. E. Steenrod); as a member of the Committee to Select 
Hour Speakers for Far Western Sectional Meetings for 1946—47, Pro- 
fessor Morgan Ward (committee now consists of Professors A. C. 
Schaeffer, Chairman, D. H. Lehmer, and Morgan Ward); as a Com- 
mittee on Arrangements for the 1946 Summer Meeting at Cornell 
University, Professors B. W. Jones (Chairman), T. R. Hollcroft, 
W. T. Martin, J. B. Rosser, and R. J. Walker; as a committee to 
nominate representatives of the Society on the Policy Committee 
for Mathematics, Dean M. H. Ingraham (Chairman), Professors 
J. R. Kline and R. L. Wilder; as a Committee on Nomination of 
Officers and Members of the Council for 1947, Professors Saunders 
MacLane (Chairman), К. L. Jeffery, С. В. Morrey, Jr., Tibor Кааб, 
and R. L. Wilder; as a member of the Committee on Printing Con- 
tracts, term to expire December 31, 1948, Professor J. M. Thomas 
(committee now consists of Professor R. M. Foster, Chairman, 
Dean M. H. Ingraham, and Professor J. M. Thomas); as a mem- 
ber of the Committee on Places of Meetings for 1946—48, Professor 
G. B. Price; as Chairman of the Committee on Places of Meetings 
for the year 1946, Professor C. R. Adams (committee now consists 
of Professors С. R. Adams, Chairman, С. B. Price, and W. T. Reid); 
as members of the Committee on Publicity, Professor R. J. Walker, 
1946-48, Dr. J. M. Thompson and Professor J. B. Rosser, 1946-47 
(committee now consists of Professors R. M. Foster, Chairman, J. 
B. Rosser, Dr. J. M. Thompson, and Professor R. J. Walker). 

The Secretary reported that the following had been chosen as the 
voting representatives of editorial committees on the Council for the 
year 1946: Bulletin— Professor R. E. Langer; Transactions—Professor 
А. A. Albert; Colloquium Publications— Professor J. F. Ritt; Ameri- 
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can Journal of Mathematica—Professor Hassler Whitney; Mathe- 
matical Reviews—Professor О. E. Neugebauer; Mathematical Sur- 
veys—Professor Nelson Dunford. 

It was announced that Professor Will Feller is the cepresentauve 
of the Institute of Mathematical Statistics on the Policy Committee . 
for Mathematics and that Professor Alonzo Church is the representa- 
tive of the Association for Symbolic Logic. The representatives of the 
Society are Professors G. C. Evans, T. H. Hildebrandt, Marston 
Morse, and М. Н. Stone. Professor J. К. Kline is an ex officio, non- 
voting member of the committee and acts as secretary for the 
committee. 

Professor J. L. Walsh was elected by the Council to fill the un- 
expired term of Professor J. D. Tamarkin as a member of the Mathe- 
matical Surveys Editorial Committee. 

It was reported that Professor Nelson Dunford has been selected 
as the Chairman of the Mathematical Surveys Editorial Committee 
for the year 1946. 

Certain invitations to deliver addresses were announced: Professor 
J. L. Doob for the 1946 Summer Meeting; Professor A. P. Morse for 
the 1946 Annual Meeting. 

The Council adopted the following resolution on the death of 
Professor Harry Bateman: 


The Council of the American Mathematical Society records with sorrow the un- 
timely death of Harry Bateman, Professor of Mathematics, Physics, and Aeronautics 
at the California Institute of Technology. Born at Manchester, England, and trained 
at Cambridge University (where he was Senior Wrangler in the Mathematical Tripoe 
of 1905), Bateman had the breadth of outlook and diversity of interests characteristic 
of the British mathematicians of his generation. The applications of mathematics 
were as important to him as the refinements of pure mathematics. A year at Gottingen 
and Paris (1905-06) stimulated his interest in: the then recent theory of integral 
equations, in which he did his earliest extensive work. He came to the United States 
in 1910 (Bateman was a naturalized U. S. citizen); and after appointments at Bryn 
Mawr College and The Johns Hopkins University, accepted the professorship, which 
he held till his death, at the California Institute of Technology on its organization 
in 1917. 

Bateman was a rare combination of erudition and creativeness. In the field of the 
differential equations and special functions of mathematical physics, his knowledge 
and power were unrivalled. He had *instant recall" in any subject he had ever studied, 
and could direct an enquirer through the voluminous literature of half a century at 
a moment’s notice. His own analysis, in his writings and in his lectures, was character- 
ized by a brilliant technique that always, somehow, produced the right operator or 
the ingenious transformation to dispose of the problem in hand with a minimum of 
labor. If his advanced students had any criticism of his lectures, it was the compli- 
mentary remark that Bateman's difficulty was his inability to distinguish between an 
easy problem and a hard one. 
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Adequate notices of Bateman’s research will appear elsewhere; it will suffice here 
to mention some of the topics which continued to interest him till the day of bis death. 
Mathematical physics, particularly electrodynamics, fascinated him, with hydrody- 
namics, or perhaps sound, as а close second. Everything connected with wave motion, 
from sound to optics, was a lifelong interest. Here his knowledge was unequalled. 
When meteorology and seismology began to become mathematical Bateman added 
them to his repertory. In pure mathematics his interests centered in those subjects— 
geometrical transformations, definite integrals, partial differential and integral equa- 
tions probability—where his extraordinary technical facility might have free play. 
Although he was familiar with the more refined types of analysis of the past forty 
years, and appreciated them, he seldom cared to work in them himself. Two major 
treatises, on definite integrals and on all the special functions hitherto discuseed in 
mathematics, were laid aside under the urgency of war work. 

In this Society, Bateman was a member of the Council (1924—26, 1944—45), Vice 
President (1935—36), and Gibbe Lecturer (1943). His membership in learned societies 
included the National Academy of Sciences, the American Philosophical Society, the 
Royal Society, London, and several others in the fields of his many interests. 

Bateman was an incessant worker. His one ambition was the advancement of 
mathematical science. He was equally distinguished for his great scientific attain- 
ments, his unfailing gentleness, and his extreme modesty. | 

The Council accepted an invitation to meet at Princeton Univer- 
sity on November 2, 1946. The Secretary reported that the Council 
had, by mail vote, accepted an invitation from Swarthmore College 
for the 1946 Annual Meeting. The Council canceled the meeting 
scheduled for October 26, 1946, in New York City. Times and places · 
for meetings of the Society in the midwest and far west, respectively, 
were set as follows: November 29-30, 1946, at Iowa State College; 
November 30, 1946, at the University of California at Los Angeles. 

The Council nominated Professor John von Neumann as a repre- 
sentative of the Society in the Division of Physical Sciences of the 
National Research Council for a three-year period beginning July 1, 
1946. The other representatives of the Society for this three-year 
period will be: Professors A. B. Coble, Saunders MacLane, M. H. 
Stone, Oswald Veblen, and Dr. Warren Weaver. 

The Council authorized the Policy Committee for Mathematics 
to give public expression to opinion in support of the Kilgore-Magnu- 
son Bill. | 

Titles and cross references to the abstracts of papers read at the 
meeting follow below. Papers 1-10 were read in the section for 
Analysis, 11-19 in the section for Geometry and Topology, 20—28 in 
the section for Algebra, Statistics, etc., and 29-67 whose abstract 
numbers are followed by the letter t were read by title. Paper 5 was 
read by Dr. Wasow, 9 by Dr. Szász, 13 by Professor Hall, 14 by 
Professor Kasner. Dr. Nachbin was introduced by Professor Antoni 
Zygmund, Professor Ringenberg by Professor D. W. Hall, Professor 
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Samuelson by Profeseor T. R. Hollcroft, and Professor Shen by Pro- 
fessor E. J. McShane. 

1. Bernard Epstein: Integral representation of solutions of the kar- 
monic and wave equaitons. (Abstract 52-5-144.) 

2. К. C. Buck: An extension of Carlson's theorem. (Abstract 52-5- 
139.) 

3. H. J. Zimmerberg: A class of definite integral systems. (Ab- 
stract 52-3-76.) 

4. W. M. Chen: Distortion theorems in ihe theory of pseudo conformal 
mappings. (Abstract 52-5-142.) 

5. К. O. Friedricha and W. К. Wasow: On singular perturbations | 
of nonlinear oscillations. (Abstract 52-5-149.) 

6. Alexander Weinstein: Ом a generalisaiion of an axtally sym- 
metric potential. (Abstract 52-5-171.) 

7. Harry Pollard: The mean convergence of orthogonal sertes of poly- 
nomials. (Abstract 52-7-237.) 

8. Herbert Federer: The (ф, k) rectifiable subsets of m-space. (Ab- 
stract 52-5-145.) 

9. S. Minakshisundaram and Otto Szász: On absolute convergence 
of mulisple Fourier series. (Abstract 52-5-156.) 

10. R. P. Boas: The rate of growth of an analytic functton determined 
from iis growth on a sequence of points. (Abstract 52-7-230.) 

11. Fred Supnick: Recttlinear deformation. (Abstract 52-5-213.) 

12. Р. R. Halmos: Invariant measures. (Abstract 52-5-151.) 
. 13. D. W. Hall and J. W. T. Youngs: Comments on the cores of cer- 
lain classes of spaces. (Abstract 52-5-202.) 

14. Edward Kasner and John DeCicco: Comparison of union-pre- 
serving and contact transformations in space. (Abstract 52-5-187.) 

15. Abraham Schwartz: Higher normal spaces for spaces of class 
greater than one. (Abatract 52-5-191.) 

16. С. W. Whitehead: A generalisation of the Hopf invarianti. (Ab- 
gtract 52-5-215.) 

17. J. Н. Roberts: Open transformations and dimension. (Abstract 
52-5-210.) 

18. Hing Tong: Ideals of normed rings associated with topological 
spaces. Preliminary report. (Abstract 52-7-241.) 

19. I. E. Segal: The spectrum of a commutatsoe subalgebra of a group 
algebra. Preliminary report. (Abstract 52-5-131.) 

20. I. S. Cohen: Groups and rings of finite rank. Preliminary report. 
(Abstract 52-5-110.) 

21. Marshall Hall: The sum of continued fractions. (Abstract 52-3- 
55.) 
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22. A. Т. Brauer: On a theorem of М. Bauer. (Abstract 52-5-108.) 

23. I. M. Sheffer: Note on mulisply-infinite series. (Abstract 52-5- 
132.) 

24. Will Feller: The law of ihe sierated logarithm for identically dis- 
irtbuted random variables. (Abstract 52-5-196.) 

25. Casper Goffman: Measures of fluctuation of a variable mean. 
Preliminary report. (Abstract 52-5-197.) 

26. Ira Rosenbaum: Hegel's observations on ihe differential and 
tniegral calculus and йз foundations. (Abstract 52-3-95.) 

27. C. A. Truesdell: On Sokolovsky's “momeniless shells.” (Abstract 
52-3-87.) 

28. Garrett Birkhoff: Symmetric Lagrangsan systems. (Abstract 52- 
7-242.) 

29. Reinhold Baer: Projectsvitses with fixed points on every line of 
the plane. (Abstract 52-5-181-1.) 

30. Richard Bellman: Stabihiy of difference equations. (Abstract 
52-7-228-1.) | 

31. Garrett Birkhoff and L. T. Burton: A weakening of the Halder 
conditions for Меломан force fields. (Abstract 52-5-137-1.) 

32. A. T. Brauer and Gertrude Ehrlich: On the $rreducsbilsty of cer- 
tain polynomials. (Abstract 52-5-109-4.) 

33. B. L. Brown and N. Н. McCoy: Radicals and subdtrect sums. 
(Abstract 52-3-54-1.) | 

34. Nathaniel Coburn: Pressure-volume relaMons and the geometry 
of the net of characteristics in two-dimensional supersonic flows. (Ab- 
stract 52-5-174-.) 

35. M. A. Coler: Observations on primes. (Abstract 52-5-111-/.) 

36. H. S. M. Coxeter: А mew extreme form in soven varsables. (Ab- 
stract 52-5-112-1.) 

37. H. S. M. Coxeter: The content of the general regular polytope: 
(Abstract 52-5-182-1.) 

38. Arnold Emch: New properties of quadrics with umbilscs based 
upon their stereographic projections. (Abstract 52-5-185-4.) 

39. Will Feller: A Изи? theorem for random variables with infinite 
moments. (Abstract 52-5-195-4.) 

40. E. E. Floyd: On the extensions of homeomorphisms on ihe in- 
terior of a two cell. (Abstract 52-5-200-1.) 

41. K. O. Friedrichs: An inequality for potential funcitons. (Abstract 
52-5-146-1.) 

42. K. O. Friedrichs:.On a theorem of Lichtenstein. (Abstract 52-5- 
147-4.) 
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43. К. О. Friedricha: On the boundary value problems of the theory of 
elasticity and Korn's inequality. (Abstract 52-5-1484.) 

44. R. A. Good: On the construction of clusters. (Abstract 52-5- 
1164.) 

45. W. H. Gottschalk: Almost periodicity, equs-continutty and total 
boundedness. (Abstract 52-5-201-1.) 

46. G. W. Mackey: Os convex topological linear spaces. (Abstract 
52-7-235-1.) 

47. Leopoldo Nachbin: On linear expanstons. I. (Abstract 52-5- 
158-1.) 

48. Isaac Opatowski: Markoff chains with variable $nienssises : aver- 
age duration of transition. (Abstract 52-5-199-1.) 

49. L. A. Ringenberg: On the extension of interval functtons. (Ab- 
stract 52-5-161-4.) 

50. Ira Rosenbaum: Hegel, mathematical logic, and the foundations 
of mathematics. (Abstract 52-5-194-2.) 

51. H. E. Salzer: Coeffictents for factstating the use of the Gaussian 
quadrature formula. (Abstract 52-5-178-1.) 

52. H. E. Salzer: Further empirical results on tetrahedral numbers. 
(Abstract 52-5-126-1.) 

53. P. A. Samuelson: A connection beiween the Bernoulli and Newton 
erative processes. (Abstract 52-3-84-4.) 

54. P. A. Samuelson: Computation of characterisisc vectors. (Abstract 
52-3-85-4.) 

55. P. A. Samuelson: Generalization of ihe Laplace transform for 
difference equations. (Abstract 52-3-86-1.) 

56. Robert Schatten (National Research Fellow): On projections 
with bound 1. (Abstract 52-5-164-1.) 

57. I. E. Segal: Representation of certain commutaissce Banach 
algebras. (Abstract 52-5-130-4.) 

58. Y. C. Shen: Interpolation to certain analytic functions by ra- 
нот functions. (Abstract 52-5-165-2.) 

59. P. A. Smith: Foundations of Lie groups. (Abstract 52-5-166-1.) 

60. A. C. Sugar: The use of invariant inverted matrices for ihe simul- 
faneous approximate solution of classes of boundary value problems. 
Preliminary report. (Abstract 52-7-249-1.) 

61. Fred Supnick: A dass of functions with assoctated circle mani- 
folds. (Abstract 52-5-167-1.) 

62. Fred Supnick: Equivalent rectilinear graphs. (Abstract 52-5- 
214-1.) 

63. Fred Supnick: Os certain limiting sequences of polygons. (Ab- 
stract 52-5-168-4.) 
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64. Fred Supnick: On Vialis covering theorem. (Abstract 52-5- 
169-1.) 
65. Y. C. Wong: Contributions to the theory of surfaces in a 4-space 
of constant curvature. (Abstract 52-5-192-4.) 
66. Y. C. Wong: Scale hypersurfaces for conformal-Euchidean space. 
(Abstract 52-5-193-1.) 
67. H. J. Zimmerberg: Two general classes of defintte integral sys- 
tems. (Abstract 52-5-173-.) 
T. К. HOLLCROFT, 
Associate Secratary 


THE APRIL MEETING IN CHICAGO 


The four hundred sixteenth meeting of the American Mathematical 
Society was held at the Museum of Science and Industry, Chicago, 
Illinois, on Friday and Saturday, April 26—27, 1946. The attendance 
was about one hundred eighty, including the following one hundred 
fifty-four members of the Society: ` 


A. A. Albert, E. S. Allen, E. W. Anderson, T. W. Anderson, В. Н. Arnold, W. L. 
Ayres, Reinhold Baer, F. E. Baker, R. H. Bardell, Walter Bartky, G. E. Bates, 
Н. W. Becker, J. H. Bell, P. O. Bell, S. F. Bibb, К. E. Bisshopp, H. L. Black, L. M. 
Blumenthal, D. G. Bourgin, R. H. Bruck, G. S. Bruton, E. L. Buell, R. H. Cameron, 
R. E. Carr, P. W. Carruth, W. B. Caton, E. W. Chittenden, R. V. Churchill, R. H. 
Cole, B. H. Colvin, Max Coral, J. J. Corliss, V. F. Cowling, M. M. Day, John 
DeCicco, Bernard Dimadale, William Н. Durfee, W F. Eberlein, Samuel Eilenberg, 
Martinus Esser, Н P. Evans, Н. 5. Everett, G. M. Ewing, W. A. Ferguson, L. К. 
Ford, J. S. Frame, Evelyn Frank, M. R. Freundlich, J. W. Givens, E. L. Godfrey, 
H. H. Goldstine, L. W. Griffiths, V. G. Grove, V. C. Harris, W. L. Hart, G. E. Hay, 
C. T. Hazard, A. E. Heins, E. D. Hellinger, К. G. Helsel, M. R. Hestenes, Edwin 
Hewitt, E. H. C. Hildebrandt, D. L. Holl, B. E. Howard, H. K. Hughes, H. D. 
Huskey, T. J. Jaramillo, A. W. Jones, F. B. Jones, G. K. Kalisch, L. H. Kanter, 
Wilfred Kaplan, Irving Kaplansky, William Karush, J. L. Kelley, L. M. Kelly, Fred 
Kiokemeister, L. A. Knowler, Joeeph Landin, E. P. Lane, R. E. Langer, C. G. 
Latimer, W. G. Leavitt, R. A. Leibler, Harry Levy, A. O. Lindstrum, M. I. Logadon, 
А. T. Lonseth, Eugene Lukacs, C. C. MacDuffee, Saunders Мас апе, W. S. Massey, 
A. E. May, E. J. Mickle, A. N. Milgram, H. J. Miser, C. W. Moran, E. J. Moulton, 
M. E. Munroe, S. B. Myera, August Newlander, C. V. Newsom, E. A. Nordhaus, 
Rufus Oldenburger, Imac Opatowski, F. W. Owens, L. J. Paige, Gordon Pall, P. M. 
Pepper, Н. P. Pettit, Н, Н. Pixley, A. L. Putnam, Tibor Radó, E. D. Rainville, 
Maxwell Reade, W. T. Reid, Haim Reingold, R. В. Rice, E. H. Rothe, J. M. Sacha, 
M. A. Sadowsky, R. С. Sanger, A. T. Schafer, В. D. Schafer, О. F. G. Schilling, 
С. Е. Schweigert, M. E. Shanks, Seymour Sherman, Н. A. Simmons, G. W. Smith, 
W. S. Snyder, Andrew Sobczyk, R. D. Specht, Abraham Spitzbert, C. E, Springer, 
N. E. Steenrod, К. R. Stoll, E. B. Stouffer, T. T. Tanimoto, H. P. Thielman, T. Y, 
Thomas, E. P. Vance, Н. S. Wall, C. P. Wella, M. E. Wescott, A. L. Whiteman, 
L. R. Wilcox, К. L. Wilder, J. E. Wilkins, С. S. Young, J. W. T. Youngs, Oecar 
Zariski, Daniel Zelinsky. 


On Friday and Saturday mornings, by invitation of the Committee 
for Invited Addresses at Western Sectional Meetings, Professor O. F. 
G. Schilling gave the Symposium lectures, under the title Ideal theory 
on open Riemann surfaces. The presiding officers at these sessions were 
Professora A. A. Albert and Saunders MacLane. 

Sessions for the reading of short papers were held on Friday morn- 
ing, with Professor Tibor Radó presiding, on Friday afternoon, with 
Professor C. C. MacDuffee presiding, and on Saturday morning, 
with Professor W. T. Reid presiding. 

Titles and cros references for the abstracta of papers read at the 
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meeting follow below: Papers 1 to 7 were read Friday morning, 
8 to 17, Friday afternoon, and 18 to 24, Saturday afternoon. 
Papers 25 to 59, whose abstract numbers are followed by the letter 
і, were read by title. Paper 6 was read by Professor Schweigert, 12 
by Professor MacLane, and 19 by Professor Cameron. Professor 
L. K. Hua was introduced by Professor A. A. Albert. 

1. R L. Wilder: Certain topological properties in the large and iheir 
applications. (Abstract 52-5-217.) 

2. J. W. T. Youngs: The topological theory of Fréchet surfaces (2-cell 
case). (Abstract 52-5-221.) 

3. R. G. Helsel: A theorem on surface area. (Abstract 52-5-203.) 

. 4 С. S. Young: Interior and border transformations on surfaces. 

(Abstract 52-5-220.) 

5, N. E. Steenrod: Extensions of maps and products of cocycles. 
(Abstract 52-5-212.) 

6. G. E. Schweigert and G. S. Young: Remarks concerning in- 
variants for certain finite transformations. (Abstract 52-5-211.) 

7. E. H. Rothe: Gradient mappings tn Hiüberi space. (Abstract 52-5- 
162.) 

8. Lois W. Griffiths: Linear homogeneous diophantine equations. 
(Abstract 52-5-118.) 

9. Н. W. Becker: Combinatory interpretations of Bell's numbers. 
(Abstract 52-5-106.) 

10. Irving Kaplansky: Оя а problem of Kurosh and Jacobson. (Ab- 
stract 52-5-122.) | ‚ 

11. Grace E. Bates: Free loops and nets and their generalizations. 
(Abstract 52-5-105.) 

12. Samuel Eilenberg and Saunders MacLane: Cohomology theory 
in abstract groups. Па. Kernels and three-dimenstonal cohomology. 
(Abstract 52-5-113.) | 

13. A. W. Jones: Semsmodular finite groups and the Burnside basis 
theorem. (Abstract 52-5-120.) 

14. Е. B. Jones: A characterisation of a plane semi-locally-connected 
continuum. (Abstract 52-3-101.) 

15. Harry Levy: The projective geometry of Riemannian spaces of 
two dimensions, (Abstract 52-5-190.) 

16. М. R. Hestenes: An alternate suffictency proof for the normal 
problem of Bolsa. (Abstract 52-7-233.) 

17. Edwin Hewitt: On rings of continuous functions. Preliminary 
report. (Abstract 52-5-207.) 

18. P. O. Bell: Power series expansions for the equations of a variety 
$n hyperspace. (Abstract 51-9-173.) 
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19. R. H. Cameron and W. T. Martin: T he behavior of measure and 
measurabisty under change of scale tn Wiener space. (Abstract 52-5- 
140.) 

20. J. E. Wilkins: A note on ihe general summabilsty of functions. 
(Abstract 52-5-172.) 

21. Maxwell Reade: On averages of Newtontan potentials. (Abstract 
52-5-160.) 

22. Wilfred Kaplan: Qualitative analysis of physical systems. (Ab- 
stract 52-5-176.) 

23. W. F. Eberlein: Wave equation tn a siraisfied medium. (Abstract 
52-5-175.) 

24. Andrew Sobczyk: Stabilisation of carrier-frequency servo- 
mechanisms. (Abstract 52-5-180.) 

25. A. A. Albert: The Wedderburn principal theorem for Jordan 
algebras. (Abstract 52-5-103-1.) 

26. Reinhold Baer: Absolute retracts in group theory. (Abstract 52- 
5-104-1.) 

27. H. W. Becker: The general theory of rhyme. (Abstract 52-5- 
107-1.) 

28. R. H. Bing: Converse lineartty conditions. (Abstract 52-5-136-1.) 

29. L. M. Blumenthal: Superposabslsty in ellspisc spaces. (Abstract 
52-7-250-t.) 

30. D. С. Bourgin: Approximate tsomeirtes. (Abstract 52-5-138-1.) 

317 W. B. Caton: An inequality for analyitc functions which are rep- 
resented by their Fourter-Laguerre series. (Abstract 52-5-141-1.) 

32. John DeCicco: Geodestc perspectestises upon a sphere. (Abstract 
52-5-183-1.) 

33. Samuel Eilenberg and Saunders MacLane: Cohomology theory 
in abstract groups. IIb. Group extensions with a non-abelian kernel. 
(Abstract 52-5-114-1.) 

34. Samuel Eilenberg and Saunders MacLane: Cohomology iheory 
in abstract groups. ПІ. Non-assoctatsve systems and cohomology. (Ab- 
stract 52-5-115-1.) 

35. Arnold Emch: Dissection of two equivoluminal parallelotops into 
two finsie series of equal numbers of congruent pieces in ordinary and 
higher Euclidean spaces. (Abstract 52-5-184-2.) 

36. Evelyn Frank: The location of the zeros of polynomials with com- 
plex coefficients. (Abstract 52-3-67-1.) 

37. R. A. Good: On the theory of clusters. (Abstract 52-5-117-#.) 

38. М. R. Hestenes: Theorem of Lindeberg зп the calculus of varta- 
tions. (Abstract 52-5-152-4.) 

39. L. K. Hua: Geomeirtes of mairsces. ПІ. Fundamental theorems in 


1946] THE APRIL MEETING IN CHICAGO 597 


the geomeirtes of symmetric matrices. (Abstract 52-5-119-1.) 

40. С. B. Huff: An arsihmenc characterisation of proper character- 
isiscs of linear systems. (Abstract 52-5-186-1.) 

41. G. B. Huff: Rattonal-dsstance sets in the plane. (Abstract 52-5- 
208-i.) 

42. R. E. Johnson and Fred Kiokemeister: The endomorphssms of 
the total operator domain of an infinie module. (Abstract 52-3-57-1.) 

43. Edward Kasner and John DeCicco: Conformal perspectsvittes 
upon a sphere. (Abstract 52-5-188-1.) 

44. Edward Kasner and John DeCicco: The distortion of angles sn 
general cartography. (Abstract 52-5-189-t.) 

45. Fred Kiokemeister: A note on the Schmidt-Remak theorem. (Ab- 
stract 52-5-123-t.) 

46. Fred Kiokemeister: A theory of normality for quasigroups. (Ab- 
stract 52-5-124-1.) 

47. Fred Kiokemeister: Reducibility $n a class of homogeneous poly- 
потіајз. (Abstract 52-5-125-1.) 

48. M. E. Munroe: A second note on weak dsfferenisabslaty of Pettis 
sniegrals. (Abstract 52-5-157-1.) 

49. Isaac Opatowski: Average duration of transition in Markoff 
chasns. (Abstract 52-5-198-1.) 

50. George Piranian: A summation matrix with a governor. (Ab- 
stract 52-5-159-1.) 

51. Ida Roettinger: On certain finite integral transformations. (Ab- 
atract 52-5-177-1.) 

52. R. D. Schafer: Equivalence $n a class of diviston algebras of order 
16. (Abstract 52-5-127-1.) 

53. A. R. Schweitzer: Sums and products of ordered dyads in the 
foundattons of algebra. I. (Abstract 52-5-128-1.) 

54. A. R. Schweitzer: Sums and products of ordered dyads,sn the 
foundaitons of algebra. IT. (Abstract 52-5-129-1.) 

55. Bernard Vinograde: Sfield (division ring) composties. (Abstract 
52-5-134-1.) ү 

56. H. S. Wall: Bounded J-fracttons. (Abstract 52-5-170-1.) 

57. R. L. Wilder: A generalisation of local co-connectedness and tts 
applacatsons. (Abstract 52-5-216-1.) 

58. R. L. Wilder: Concerning generalised n-celis. (Abstract 52-5- 
218-1.) 

59. R. L. Wilder: Homology groups of perfectly normal spaces. (Ab- 
gtract 52-5-219-1.) 

R. Н. BRUCK, 
Assoctate Secretary 


THE APRIL MEETING IN BERKELEY 


The four hundred seventeenth meeting of the American Mathe- 
matical Society was held at the University of California on Saturday, 
April 27, 1946. The attendance totaled a little over sixty and included 
the following fifty-four members of the Society: 

Н. M. Bacon, E. W. Barankin, E. М. Beesley, Z. W. Birnbaum, J. L. Brenner, 
F. A. Butter, G. B. Dantzig, A. С, Davis, E. A. Davis, R. P. Dilworth, L. K. Durst, 
A. L. Foster, J. W. Green, W. S. Gustin, S. M. Hallam; J. С. Herriot, W. C. Hoffman, 
Alfred Hom, С. G. Jaeger, К. D. James, Bjarni Jónson, E. L. Lehmann, Hans Lewy, 
С. F. McEwen, J. C. C. McKinsey, W. А. Mersman, E. D. Miller, W. E. Milne, 
К. A. Morgan, C. B. Morrey, А. P. Morse, Jerzy Neyman, J. W. Odle, C. D. Olds, 
О. С. Owens, George Polya, W. C. Randels, J. B. Robinson, К. M. Robinson, A. C. 
Schaeffer, Abraham Seidenberg, T. W. Simpson, D. C. Spencer, Pauline Sperry, J. J. 
Stoker, J. D. Swift, L. Н. Swinford, Gabor Szeg6, Alfred Tarski, R. K. Wakerling, 
Morgan Ward, А. R. Williams, Frantilek Wolf, Max Zorn. 


Contributed papers were presented during the morning session with 
Professor W. E. Milne presiding. In the afternoon session the re- 
maining contributed papers were presented after which Profeseor 
R. P. Dilworth delivered the invited hour address entitled The com- 
binatorial methods of latitce theory. Professor C. B. Morrey presided 
during the afternoon session. | 

Titles апа crose references to the abstracts of раретв read follow 
below. Papers whose abstract numbers are followed by the letter t 
were read by title. Paper number 2 was read by Profeseor James and 
paper number 7 by Profeseor Spencer. 

1. E. W. Barankin: On the eigen-values of 1nfimie matrices and of 
linear integral equattons. Preliminary report. (Abstract 52-1-10.) 

2. R. D. James and W. H. Gage: A generalised integral. Preliminary 
report. (Abstract 52-5-155.) 

3. J. D. Swift: Cavioin douee Seige Win Coates DRG ARAL. 
Preliminary report. (Abstract 52-5-133.) 

4. Alfred Horn: The asymptotic behavior of solutions of integral equa- 
hons. Preliminary report. (Abstract 52-5-154.) 

5. W. S. Gustin: Convex boundary sets. (Abstract 52-5-150.) : 

6. Morgan Ward: Note on the order of the fres distributive lattice. 
(Abstract 52-5-135.) 

7. A. C. Schaeffer and D. C. Spencer: The coeffictents of schlichi 
functsons. ПІ. Preliminary report. (Abstract 52-5-163.) . 

8. G. F. McEwen: Difusion from an instanianeous circular area 
source. Preliminary report. (Abstract 52-7-244.) 
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9. Z. W. Birnbaum: T'shebysheff inequality for two dimensions. (Ab- 
stract 52-7-255.) 
10. H. W. Eves: Arc chatns and arc necklaces. Preliminary report. 
(Abstract 52-3-91-2.) 
A. C. SCHAEFFER, 
Assoctate Secretary 


STEFAN BANACH 
1892-1945 


News came recently that Stefan Banach died in Europe shortly 
after the end of the war. The great interest aroused in this country 
by his work is well known. In fact, in one of Banach’s main fields of 
work, the theory of linear spaces of infinitely many dimensions, the 
American school has developed and continues to contribute very im- 
portant results. It was a rather amazing coincidence of scientific 
intuition which focused the work of many mathematicians, Polish 
and American, on this same field, a field which grew во richly in the 
period between the two world wars. Actually, it was E. H. Moore 
who was the precursor of the doctrine of applying abstract algebraic 
methods to many concrete problems of analysis. It is not necessary to 
describe the achievements of Banach and his students which center 
around his monograph on the theory of linear operations. 

Banach’s work brought out for the first time in the general case 
the success of the methods of geometrical and algebraic approach to 
problems in linear analysis—far beyond the more formal discoveries 
of Volterra, Hadamard, and their successors. His results embraced 
more general spaces than the work of such mathematicians as Hilbert, 
Schmidt, Riesz, von Neumann, Stone, and others.! Many mathe- 
maticians, especially the younger ones in the United States, took up 
this idea of geometrical and algebraic study of linear function spaces, 
and the work is still going on vigorously and producing rather impor- 
tant results. Álso, it is rot necessary to stress the possibilities of the 
application of similar methods of approach to problema of nonlinear 
analysis, at present so numerous and important for immediate appli- 
cations. Banach had a number of results (unfortunately unpublished) 
on the theory of polynomials and analytical operators in a class of 
suitably defined infinitely-dimensional spaces. 

He had in preparatioa a sequel to his volume on linear operators 
dealing with spaces on which one could study nonlinear tranaforma- 
tions. Various approaches to the study of *nonlinear analysis? have of 
course been made before by mathematicians. In the opinion of the 
writer the proper definition of a natural class of spaces on which these 
more general operators should be studied has not yet been found. Very 


1 The initial general formulation was published, almost simultaneously with that 
of Banach, by Norbert Wiener who, however, changed his field of interest very short- 
ly afterward. 
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often in the history of mathematical theories one of the factors de- 
ciding the success of a new discipline is the proper amount of gen- 
erality for the class of objects under discussion. It should contain a 
large class of examples already existing in mathematics and not be 
overburdened by too many arbitrary constructions. 

Banach’s contributions to fields of mathematics grouped around 
the theory of functions of real variables, set theory, and general groups 
are equally important and include some of the most elegant and final 
results in these fields. To give only a few examples, the specialist 
will remember his theorems on functions of bounded variation, 
the theorems on differentiability of functions, and his paper on the 
length of curves and the area of surfaces. His work of the early twen- 
ties was characterized by extreme elegance and perspicacity of 
proofs, One remembers the originality of his proof of Vitali’s decom- 
position theorem and the beautiful set-theoretical investigations on 
one-to-one transformations of abstract sets. His proof of the theorem 
stating that a set which is locally of first category is of first category 
in the large, even for the non-separable case, is an example of his in- 
genuity.? Of course, most mathematicians know Banach’s results on 
measure in Euclidean spaces and in abstfact sets (containing the re- 
sults obtained jointly with Tarski on the paradoxical decomposition 
of two spheres of different radii into an equal number of pairwise con- 
gruent sets). Banach’s theories of generalized limits for sequences of 
numbers and of functions, a joint work with Mazur, find a growing 
number of applications. He wrote а1во two interesting papers on gen- 
eral metric groups. 

When we survey his work, the = played by the set-theoretical 
and topological methods in more classical mathematical disciplines 
becomes obvious. For instance, the very important work of Schauder 
(a student of Banach who was killed during the war) in which he 
establishes existence theorems in the theory of differential equations 
uses the method of general function spaces. As other examples of the 
succeas of these methods of analysis one has only to point out 
Banach’s work in the theory of general orthogonal series or general 
integrals. 

Among Banach's writings, in addition to his well known mono- 
graph on linear operations, are a university textbook on differential 
and integral calculus in two volumes and a university text on mechan- 
ics—the latter, in the opinion of the writer, a masterful presentation, 
extremely worth translating into English. 

з This theorem жав still further generalized in an interesting paper by Deane 
Montgomery. 


Кел 
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Banach was born in 1892. His family was poor and he had very 
little conventional schooling at first. Thus he was mostly self-edu- 
cated when he went to the Polytechnical Institute in Lwów. It is said 
that it was Steinháus who accidentally discovered Banach's talent by 
overhearing a mathematical conversation between Banach and an- 
other student on a park bench in Cracow. Banach and Steinhaus were 
to become later the closest collaborators and the senior members of 
the Lwów schdol of mathematics. Banach was a student at the Poly- 
technical Institute between 1910 and 1914. He obtained his Ph.D. 
in 1920, and was instructor at the Polytechnical Institute between 
1920 and 1922, became a docent and an “extraordinary professor” at 
the Lwów University in 1922, and a professor in 1929. He was a mem- 
ber of the Polish Academy of Sciences and won several prizes includ- 
ing the prize of the Academy and a scientific prize of the City of 
Lwów. The writer has no precise knowledge of his life and work from 
the outbreak of the war to his premature death in the fall of 1945. 
Banach worked in periods of great intensity separated by stretches 
of apparent inactivity. During the latter, however, his mind kept 
working on the aelection of statements that would best serve as focal 
theoréms in the next field of study. He liked constant mathematical 
discusaion with friends and students. The writer remembers a mathe- 
matical session. with Mazur and Banach lasting seventeerrhours with- 
out interruption except for meals. In general both the Lwów and 
Warsaw mathematical schools were fond of and succesaful in collabo- 
ration. A large proportion of the papers published were written by 
more than one author. It was Banach and, in Warsaw, Sierpifiski who 
were mainly responsible for this development. | 
Much of the mathematical work was carried оп in a way not usual 
in American mathematical centers. The mathematicians in Lwów met 
not only in their classrooms and offices but spent long hours every 
‘day in two coffee houses which served as informal meeting places. 
They discussed problems over coffee or beer, and marble table tope 
and napkins took the place of blackboards. It was hard to outlast or 
outdrink Banach during these sessions. He was always there. The 
weekly (Saturday night!) meetings of the mathematical society, 
where papers were presented, provided the more formal discussions. 
Banach’s faculty for proposing problems illuminating entire sec- 
tions of mathematical disciplines was very great. These, properly 
formulated, can often play the role of experimenta crucis in a physical 
theory. The constant challenge of. these questions, proposed by 
mathematicians of the group over which Banach presided, stimulated 
the gradual progress of the theories, now so well known, in functional 
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analysis and real variables. He took up eagerly the challenge of any 
important question connected with the domain in which he was work- 
ing at the time, and he could spend months on it. 

Banach’s publications reflect only a part of his mathematical 
powers. The diversity of his interests in mathematics surpasses by 
far that shown in his papers. His personal influence on other mathe- 
maticians in Lwów, and in Poland, was in many cases decisive. It 
stands out as one of the main traits of this remarkable period of 
twenty years when so much mathematical work was accomplished 
and so many high hopes were raised—all to be interrupted by World 
War II. 

All this is now a rather distant memory. Of the many outstanding 
mathematicians who were Banach’s students, Schauder, Auerbach, 
and Kaczmarz are dead. All the others have left Lwów. But some 
members who survived the war are trying to reconstitute the group 
in the new surroundings of Breslau to which Lwów's university has 
been transferred. 

9. ULAM 


BOOK REVIEW 


Jacobian elliptic functions. By E. H. Neville. Oxford University Press, 
1944. 16+331 pp. $7.50. 


In the development of the theory of elliptic functions it is shown 
at an early stage that, as far as singularities are concerned, the sim- 
plest elliptic functions other than constants are those of order 2. This 
naturally leads to the classification of elliptic functions of order 2 
into those with one double pole (of zero residue) and those with two 
simple poles in the parallelogram of periods. The Weierstrassian the- 
ory of doubly periodic functions, the theory which is still frequently 
included in a first course of complex variables, starts with a function 
p(z) of the first kind which has the double pole at the origin. By using 
Liouville’s general theorems, elliptic functions with singularities, arbi- 
trary within the permissible limits, are constructed. 

The Jacobian theory starts out basically with functions of the sec- 
ond kind, and it is Professor Neville’s merit to lay particular stress 
on this purely function-theoretic classification. Historically, the 
Jacobian functions arose in connection with the inversion of the 
Legendre integral 


+ 
us [ (1 — k? вір? 0)—1%40 
0 


as sn u =sin $, cn 4 = соз ф, dn u=dd/du. While this manner of intro- 
duction of the Jacobian functions is understandable enough in view 
of the fact that the study of elliptic functions was prompted by the 
occurrence in physical and geometrical problems of certain integrals 
which could not be evaluated by elementary functions, it certainly 
lends a character of arbitrariness to the selection of the standard 
functions of the theory. The other procedure followed in the past has 
been to postpone the theory of the functions sn я, cn я, dn u until 
the study of theta functions. The function sn я is then introduced 
by means of the relation 


ILC 
б 04(34/65) 


which is hardly calculated to inspire a reader with a sense of the im- 
portance and necessity of studying Jacobian functions. 
In view of this fact, the author's procedure certainly deserves 


604 





BOOK REVIEW 605 


great praise. After a brief résumé of the Weierstrassian theory, he 
introduces the three primitive functions, as he calls them. Denote 
the half-periods of the function p(z) by шу, w,, and introduce for pur- 
poses of symmetry w,, defined by the relation ау о, Рол =0. 
Setting p(w:) =6;,4=f, g, В, the three primitive functions fjs, gjg, hjs 
are defined by means of the equations 


fis = (p(s) — «д, gis = (р(х) — e)", hjs = ((s) — e 
where the radical in each case is chosen so that, as s—0, 
zf4s — 1, sgis — 1, sys — 1. 


‘Due to the fact that the radicand in each сазе has all its zeros of 
order 2, the above definition yields single-valued functions. Except 
for an unessential, although significant, change of notation, these 
functions were also considered by many other authors, such as Jordan 
and Tannery and Molk. The functions fjs, рут, hj are of the second 
kind, with simple poles at the lattice points and simple zeros at the 
points congruent to wy, Ws, Wa, respectively. The periods of a function 
such as fjz are now 2wy, 4v,, 4wa, and wy, w,, wa are now referred to as 
quarter-periods. To secure a comprehensive notation, w;is introduced 
as an alternative symbol for the origin, and nine new functions are 
adjoined to the former three, so as to form a set of twelve functions, 
each of which has simple zeros congruent with one of the four points 
024, Wy, Wp ©, and simple poles congruent with another of these points. 
The function which has a zero at w, and a pole at v, is denoted by pqg, 
where p and q are distinct and may assume any of the values j, f, g, 5. 
These functions are defined by means of expressions such as 


js—fiís—e) hfe = gj(s — o), к= (Е — о), 


and so forth, together with their reciprocals. The author calls this 
set of functions the twelve elementary functions, and the notation is a 
great aid to memory in bringing directly into evidence the functional 
structure. | 

After a discussion of the simpler properties of the elementary func- 
tions and their addition theorems, the author embarks on a solution 
of the difficult inversion problem, which appealed to this reviewer as 
the most original and interesting part of the book. As is well known, 
it is easy to show that the relation {= р(х) is equivalent to the equa- 
tion 


(1) s= [а-в ва, 
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where the invariants gs and g; are expressible in terms of periods of 
the function. The converse problem of inverting an integral of the 
form (1) by means of a function p(s), taken for suitable periods, the 
so-called problem of inversion, is far more difficult. This problem is 
frequently solved by making use of the theory of theta functions. 
Exactly the same type of problem arises in the study of the twelve 
elementary elliptic functions. The author examines in detail the ellip- 
tic integral 


‚= 16) = f (шул, 


where R(w) = (w*—b*)(w*—c*), and the radical is choeen so as to be 
asymptotic to w? as w— œ along the path of integration. The result- 
ing discuseion is extremely enlightening and shows clearly the im- 
portant role that topology plays in the problem, a fact which is com- 
pletely obecured when the problem is solved by means of theta func- 
tions. As the author shows, it is relatively easy to establish that the 
inverse function w(s) is single-valued, analytic, and has no poles other 
than simple ones. On the other hand, the poeaibility of the analytic 
continuation of w(s) over the whole finite plane, which the author 
picturesquely describes as the ubiquity of the function, is consider- 
ably more difficult. To put it a little differently, it has to be shown 
that, to every complex value so, there exists a point ws and a path 
from 100 to infinity such that 


з = [ " (Е(ю)) 24, ‚ 


The author gives two proofs of this: the first, his own, which makes 
use of set-theoretic considerations, and the second, due to Goursat, 
which, while shorter, depends on somewhat elaborate algebraic ma- 
nipulations. In this discussion of the inversion problem the reviewer 
can not entirely agree with the author in completely ignoring Rie- 
mann surfaces. At least as far as the American student is concerned, 
the notion of Riemann surfaces is sufficiently well known from a first 
course in complex variables to be used in the telatively simple situa- 
tions that the inversion problem requires, and would add to the geo- 
metric understanding of the problem. In general, the geometric 
aspects of the theory of elliptic functions, such as the problems of 
conformal mapping associated with the Jacobian functions, have been 
allotted an unduly minor place in the book, being confined for the 
most part to problems and casual references. 
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The second half of the book is devoted to the study of the Jacobian 
functions proper. This merely requires a suitable specialization of the 
preceding theory. Here the author introduces the notion of a Jacobian 
lattice. A lattice is called Jacobian if рјоу == 1. It follows that there is 
one, and only one, Jacobian lattice similar to a given lattice. The 
Jacobian elliptic functions are functions with simple poles constructed 
on a Jacobian lattice. Since this method of construction determines 
the functions to within a multiplicative constant, the functions are 
multiplied by such constants as will make the leading coefficient at 
the origin in each case equal to unity. The previous notation, pqs, is 
now modified so as to give the classical notation. This is done by writ- 
ing the quarter-periods шу, шу, wa ав Ke, Kw, Ke, respectively, and us- 
ing K,, as оу before, to denote the origin. We then obtain the classical 
functions sn ч, cn #, dn ч as well as the nine Glaisher functions. 

Much of the following discussion of the Jacobian functions is to a 
large extent a specialization of the earlier developments. The elliptic 
integrals which represent the inversion of the standard Jacobian and 
Glaisher functions are exhibited and the addition theorems are estab- 
lished. An elegant discussion of the Jacobi and Landen transforma- 
tions follows. A chapter is devoted to integrals of functions of the 
type pg?u, another chapter to the dependence of the functions on the 
parameter, containing some little known results of Hermite. There is 
a brief introduction to the theta functions, and the book concludes 
with the application of the preceding theory to the computation of 
real integrals and the determination of some conformal maps. 

In the introduction the author states that his aim in writing the 
book was the restoration of the study of Jacobian functions to the 
elementary curriculum. The reviewer feels sceptical, for various rea- 
sons, of the possibility of such a reform in this country. Aside from 
this issue, however, the book is an excellent one and constitutes a 
valuable and important addition to the large and distinguished litera- 
ture on the subject. The style of the author is vivid and picturesque, 
and the relatively few misprints cause no real difficulty in reading. 
The reviewer can heartily recommend it to any one with some back- 
ground in complex variables who wishes to learn the Jacobian theory. 


W. SEIDEL 


NOTES 


The Keith prize of the Royal Society of Edinburgh has been 
awarded to Dr. W. L. Edge of the University of Edinburgh far his 
work in geometry. 

Professor Sydney Chapman of the Imperial College of Science and 
Technology, London, has been elected a foreign associate of the Na- 
tional Academy of Sciences. 

Professor A. C. Offord of the University of Durham and Dr. A. G. 
Walker of the University of Liverpool have been elected ordinary 
fellows of the Royal Society of Edinburgh. 

Dr. W. С. Penney of the Imperial College of Science and Tech- 
nology, Professor A. R. Richardson of Cape Town, and Professor 
L. Rosenhead of the University of Liverpool have been elected fellows 
of the Royal Society. 

Dr. J. H. Curtiss of Cornell University has received a Commenda- 
tion Ribbon from the Secretary of the Navy for his work in statistical 
engineering for the Bureau of Ships and the Office of the Commander- 
in-Chief. 

Assistant Professor Jesse Douglas of Brooklyn College has been 
elected a member of the National Academy of Sciences. 

Associate Professor V. C. Poor of the University of Michigan has 
retired with the title professor emeritus. 

The following have been granted post-service fellowships by the 
John Simon Guggenheim Memorial Foundation: T. W. Anderson, 
C. L. Pekeris, G. B. Price, H. E. Robbins, Henry Scheffé, I. E. Segal, 
A. H. Taub, and J. W. T. Youngs. 

The following have received John Simon Guggenheim Memorial 
Fellowships: R. H. Bruck, Mark Kac, and P. C. Rosenbloom. 

Associate Professor C. B. Allendoerfer of Haverford College has 
been promoted to a professorship. 

Professor L. D. Ames of the University of Southern California fias 
retired. 

Dr. B. H. Arnold of Purdue University has been appointed to an 
assistant professorship at Montana State College. 

Professor, H. F. Bohnenblust of Indiana University has been ap- 
pointed to a professorship at California Institute of Technology. l 

Mr. F. E. Carner has accepted a position as junior mathematician 
with Franklin Institute. 

Associate Professor K. S. Cole of the College of Physicians and 
Surgeons of Columbia University has been appointed to a professor- 
ship of biophysics at the University of Chicago. 
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Dr. J. H. Curtiss, whose leave of absence from Cornell University 
will be continued for the academic year 1946-1947, has been appointed 
Assistant to the Director of the National Bureau of Standards. 

Dr. C. H. Dowker has been appointed to an assistant professorship 
at Tufts College, Medford, Massachusetts. 

Dr. D. C. Duncan of Los Angeles City College has accepted a posi- 
tion at East Los Angeles Junior College. 

Dr. J. H. Giese has been appointed mathematician at the Ballistic 
Research Laboratory at Aberdeen Proving Ground. 

Mr. E. L. Godfrey has been appointed to an assistant professorship 
at Defiance College, Defiance, Ohio. 

Dr. Saul Gorn has accepted a position as principal research mathe- 
matician at the Aircraft Radiation Laboratory, Wright Field, Day- 
ton, Ohio. 

Dr. M. H. Heins of Harvard University has been appointed to an 
associate professorship at Brown University. 

Dr. J. F. Heyda of the University of Nebraska has been appointed 
to an assistant professorship at Franklin and Marshall College, Lan- 
caster, Pa. 

Assistant Professor Withold Hurewicz of the University of North 
Carolina has been appointed to an associate professorship at the Mas- 
sachusetts Institute of Technology. 

Dr. С. К. Kalisch of Cornell University has been appointed to an 
assistant professorship at the University of Minnesota. 

Dr. Joseph Lehner has accepted a position as mathematician with 
Hydrocarbon Research, Inc., New York, New York. 

Dr. R. J. Levit has been appointed to an assistant professorship 
at the University of Georgia. 

Professor W. T. Martin of Syracuse University has been appointed 
to a professorship at Massachusetts Institute of Technology. 

Associate Professor G. M. Merriman of the University of Cincin- 
nati has been promoted to a profeasorship. 

Dr. D. D. Miller has been appointed to an associate professorship 
at the University of Tennessee. 

Professor Deane Montgomery of Smith College has been appointed 
to an associate professorship at Yale University. 

Dr. J. E. Morton of the National Bureau of Economic Research 
has been appointed to an associate professorship at Cornell Univer- 
sity. 

Assistant Professor Ivan Niven of Purdue University has been pro- 
moted to an associate professorship. 

Mr. P. B. Norman of Columbia University has been appointed to 
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an assistant professorship in the School of Engineering, Pratt Insti- 
tute, Brooklyn, New York. 

Dr. A. C. Olshen has been appointed comptroller and actuary by 
the West Coast Life Insurance Company, San Francisco, California. 

Dr. Maxwell Reade of Purdue University bas been promoted to an 
assistant professorship. 

Dr. L. A. Ringenberg of Ohio State University has been appointed 
to an assistant professorship at the University of Maryland. 

Dr. Max Shiffman of Princeton University has been appointed to 
an assistant professorship at New York University. 

Assistant Professor A. H. Smith of Purdue University has been 
promoted to an associate professorship. 

Professor M. H. Stone of Harvard University has been appointed 
to a distinguished service professorship at the University of Chicago. 

Mr. С. 5. Sutton of the University of Delaware has been appointed 
to an assistant professorship at The Citadel, Charleston, South 
Carolina. 

Professor J. L. Synge of Ohio State University bas been appointed 
to a professorship at Carnegie Institute of Technology. 

Dr. E. P. Vance of Oberlin College has been promoted to an assist- 
ant professorship. 

Dr. R. W. Wagner of Oberlin College has been promoted to an as- 
sistant professorship. 

Professor J. L. Walsh of Harvard University has been appointed 
to the Perkins professorship. 

Dr. L. F. Walton has been appointed lecturer at Santa Barbara 
College of the University of California. 

Dr. J. A. Ward has been appointed to an associate professorship at 
the University of Georgia. 

Associate Professor D. L. Webb of Texas Technological College has 
been appointed to an assistant professorship at the University of 
Arizona. 

Associate Professor Hassler Whitney of Harvard University has 
been promoted to a professorship. 

Dr. R. Н. Wilson has been appointed to an assistant professorship 
at Temple University. 

Associate Professor Jacob Wolfowitz of North Carolina State Col- 
lege has been appointed to an associate professorship of mathematical 
statistics at Columbia University. 

Dr. G. S. Young of Purdue University has been promoted to an 
assistant professorship. 

The following appointments to instructorships are announced: 


^+ 
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University of Buffalo: Mr. H. W. Baeumler, Miss Ruth A. Brendel, 
Miss Irene L. Fisher, Mrs. Magdalene M. Hettler, Mr. C. E. Maley, 
Miss Audrey L. Strabel, Mrs. Rosemary R. Trautman; College of 
the City of New York: Dr. Lee Lorch; Columbia University: Mr. 
G. N. Raney; University of Delaware: Mr. Russell Remage; Illinois 
Institute of Technology: Dr. A. B. Carson, Dr. Anatol Rapoport, 
Miss Beulah I. Shoesmith; Iowa State College: Mr. Ralph M. Robin- 
son; Michigan College of Mining and Technology: Mr. L. C. Dawson; 
University of Michigan: Dr. Samuel Kaplan; Montana State Uni- 
versity: Dr. Andrewa R. Noble; North Carolina State College: Mr. 
S. R. Baker; Northwestern University: Mr. R. S. Wolfe; School of 
Engineering, Pratt Institute, Brooklyn, New York: Mr. G. C. 
Helme; Purdue University: Dr. John Dyer-Bennet, Mr. H. L. Harter, 
Mr. G. L. Kinnett, Dr. Sam Perlis, Mr. G. C. Sipple, Mr. J. P. 
Wayne; University of Rochester: Mr. Norman Gunderson; Rutgers 
University: Mr. Simon Lopata; University of Southern California: 
Dr. P. J. Kelly; Syracuse University: Miss Frances M. Wright, Mr. 
H. (H.) Zatzkis; Temple University: Dr. Lowell Schoenfeld; Uni- 
versity of Tennessee: Mrs. May C. Blackstock; Tulane University: 
Mr. E. P. Miles; Yale University: Mr. P. T. Bateman; University of 
Washington: Dr. Fumio Yagi. 

Professor Leonida Tonelli of the University of Pisa died March 12, 
1946. He had been a member of the Society since 1932. 

Professor Emeritus A. К. Crathorne of the University of Illinois 
died March 7, 1946, at the age of seventy-two years. He had been a 
member of the Society since 1900. 

Dr. Josephine R. Roe died April 29, 1946, at the age of eighty-eight 
years. She had been a member of the Society since 1910. 

The information about Professor Emeritus E. E. Whitford which 
appeared in the May 1946 issue of the BULLETIN was in error. Pro- 
fessor Whitford died May 3, 1946, at the age of eighty-one years. 


ABSTRACTS OF PAPERS 


SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary and the 
Associate Secretaries of the Society for presentation at meetings of 
the Society. They are numbered serially throughout this volume. 
Cross references to them in the reports of the meetings will give the 
number of this volume, the number of this issue, and the serial num- 
ber of the abstract. 


ALGEBRA AND THEORY OF NUMBERS 


222. H. S. M. Coxeter: A ssmple proof of the esghi square theorem. 


It is shown, by direct comparison of terms, that the conjugates of Cayley numbers 
have the properties ab=54 and da-b=4-ab. Defining a1 (Na)^!4, it is deduced 
that b=a—1-ab and similarly ab: b7* a. As Ruth Moufang remarked, these relations 
imply bate (ab). One now has N(a5)w-ab:abwba-ab- Nb- Na-b71a71- ab 
= Na Nb. (Cf. Dickson, Ann. of Math. (2) vol. 20 (1919) p. 164.) (Received May 29, 
1946.) 


223. H. S. M. Coxeter: Integral Cayley numbers. 


The Cayley numbers a4,-F-aii--a4j а - (c4--ad 4-a4j - ask) &, where he 271($4-7 
--h --e) and the a's are arbitrary integers, are shown to be a set of integral elements 
in the sense of Dickson (Algebras and thetr aritkmetics, Chicago, 1923, pp. 141-142). 
The integral Cayley numbers of norm 1, 2 and 4 are represented by the vertices of the 
eight-dimensional polytopes 41, 2a and la. (Received May 29, 1946.) 


224. Roy Dubisch: On ihe direct product of raitonal generalized 
quaternion algebras. 

Utilizing the results of Albert (Bull. Amer. Math. Soc. vol. 40 (1934) pp. 164—176) 
on the integral domains of rational generalized quaternion algebras and the results of 
Latimer (Duke Math. J. vol. 1 (1935) pp. 433—435) on the fundamental number of 
. a rational generalized quaternicn algebra, the author proves that any finite num- 
ber of such algebras #1, : * - , © contain a common quadratic subfield B and 
0; (8, S, —d) ($—1,*--, ж) where d; is the fundamental number of O, Then 
ых сеге Хо, ~ (B, ©, єп). (Received May 27, 1946.) 


225. Orrin Frink: Complemented modular latices and projective 
spaces of 4nfimie dimension. 

Garrett Birkhoff (Ann. of Math. vol. 36 (1935) pp. 743—748) showed that every 
complemented modular lattice cf finite dimension is the direct union of the lattices 
of subspaces of projective geometries. In this paper complemented modular lattices 
in general, without restriction on the dimension, are characterized as subdirect unions 
of the subspace lattices of projective planes and irreducible projective coordinate 
spaces of possibly infinite dimension. It is shown that every complemented modular 
lattice determines a unique projective space whose points are the maximal dual Ideals 
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of the lattice. Conversely, the lattice of subspaces of every projective space is com- 
plete, atomic, complemented, and modular. Every irreducible projective space not a 
projective plane is a coordinate space, and is determined by a division ring and by a 
cardinal number which may be infinite, namely its dimension. In particular, pomts, 
lines, planes and hyperplanes may be added to continuous geometries by the use of 
lattice ideals. This may permit the introduction of coordinates into continuous geome- 
tries by the method of von Staudt. (Received May 11, 1946.) 


226. Irving Kaplansky: Topological rings. 

The paper is devoted to the study of (1) the radical (in the sense of Jacobson, 
Amer. J. Math. vol. 67 (1945)) of a topological ring, (ii) the structure of compact rings, 
(ш) rings of functions, (iv) rings of endomorphisms, The radical is closed if tbe quasi- 
regular elements are either open or closed, but an example is given of a ring whose 
radical is not closed. The radical of a compact ring is the union of all (topological) 
nil ideala, A compact semisimple ring is continuously isomorphic to a complete direct 
sum of finite simple rings. Compact integral domains are local rings—poesibly without 
chain condition, The ring of functions from a topological space S to a topological 
ring A is studied; results known when A is the reals or complexes are proved for any 
simple ring A provided S is totally disconnected. Ideal theory in the ring is also ex- 
amined. The regular representations of a topological ring and the structure of the 
ring of continuous endomarphiams of certain topological groupe comprise the final 
section. (Recetved May 31, 1946.) - 


227. J.C. C. McKinsey: On the representation problem for projective 
algebras. 


С. J. Everett and S. Ulam (Projecitoe algebra I, Amer. J. Math. vol. 68 (1946) 
pp. 77-88) have recently given postulates for projective algebras, and have solved the 
representation problem for all complete atomic projective algebras. The author shows 
that every projective algebra is isomorphic to a subalgebra of a complete atomic 
projective algebra; this result, combined with that of Everett and Ulam, provides в. 
solution of the representation problem for all projective algebras. The method of 
proof is similar to the method used by M. Н. Stone to establish a representation theo- 
rem for Boolean algebras. If A is an additive prime ideal, then A, is defined to be the 
additive prime ideal which contains all elements of the form a,, for a in A. If A and 
B are additive prime ideals, then ACIB is defined to be the clase of all additive prime 
ideals C which contain all elements of the form a[ ]b, where a is in A and b is in B. 
These definitions are extended in an obvious way so as to permit operations on classes 
of prime ideals, (Received April 29, 1946.) 


ANALYSIS 


228. Richard Bellman: Stability of difference equations. 


Using methods developed in the study of stability of differential equations (сї. 
the author's paper, The пару of solutions of linear differential equations, Duke Math. 
J. vol. 10 (1943)), the matrix difference equation Xa,:.—(A+5)X,, where B isa 
perturbetion matrix, is treated, and various hypotheses are made ав to the solutions 
of Xay= AX, and the nature of B. Analogues of results of Liapounoff for differential 
equations are also obtained. (Received April 10, 1946). 
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229. Stefan Bergman: On functions which satisfy certain systems of 
partial differenital equatsons. 

Using methods of previous papers, the author studies flows in the pseudo-log- 
arithmic (6, X)-plane. He introduces flows FU» (ф\(®,Ю®, 00.0) kei, 2, in which ¢ 
is the potential function and ¢ a fundamental solution of A¢—N(a¢e/8d) 0, 
y is the stream function and ¥“") а fundamental solution with singularity at (6s, М) 
of Ay (9/9) =0, The flows FED (e. 9, ye 9), s-i, Z,3,°°°3 km1, 2, yD 
m (Gy L.1) /д@в), $059 m (9035-9 /399, are infinite of the sth order at (6, М), have 
both components single-valued in the schlicht (0, X)-plane. By x —x(0, X), 4 (6, X) 
transition to the physical plane is defined. The author computes for the flows 709, 
7*9 pairs of numbers, (X&W, УС.) (Xe, Yw) respectively, called T-periods 
which depend only upon 64 and A». Let ў bea flow whose stream function is ay T^ + 
WIDHI where y is a regular function. The necessary and sufficient condi- 
tions that F represent in the physical plane a flow around a closed curve are aX 050-4 
BXG-D-L, Y (G9 z0 and aY U,2--BY G.0--3 YU.9 «0, (Received May 31, 1946.) 


230. R. P. Boas: The rate of growth of an analytic function deter- 
mined from tis growth on a sequence af potnis. 

Theorems of V. Bernstein and of Levinson (Gap and density theorams, New York, 
1940, chap. 7) are given simplified proofs and still further sharpened. The proofs 
depend on tbe following lemma of Phragmén-Lindeldf type: let ¢(s) be analytic in 
x20, |e(2| 5619, and |¢(re¥)| <А exp {r cos 6—r8(r)}+B for х/4 Җ|0| Sx/2, 
where 8(r) 20, 3(r)—0, and f, r-18(r)dr — œ. Then $(z) is bounded in x2;0. (Received 
April 2, 1946.) 


231. W. Е. Eberlein: Weak sequenisal compactness and regularity of 
Banach spaces. 


Although it is well known that the unit sphere of a reflextve Banach space is 
weakly sequentially compact, the converse theorem has been obtained only under 
such additional restrictions as separability (Banach), strict convexity (Milman), oc 
compactnese in the sense of directed systems (Goldstine and others). It is shown that 
these restrictions can be dropped: A Banach space is reflexive if and only if its unit 
sphere is weakly sequentially compact. The proof involves a theorem of Maxur and 
properties of the weak neighborhood topologies. (Received May 31, 1946.) 


232. Evelyn Frank: The real parts of the seros of a complex poly- 
nomial. 

Let P(x) be a polynomial of degree м with complex coefficients and P*(3) &P( —s), 
where P(s) is obtained by replacing the coefficients of P(s) by their complex conju- 
jugates. If E is a complex constant such that | P*(g)| »|P(2)], then the polynomial of 
order s —1, Pi(s) = [P*(£)P(s) - P(£)P*(s)]/(s—£), has one zero lese than P(s) with 
real part of the same sign as Re(£) and the same number of xeroe as P(s) with real 
parts of opposite sign to Re(£). By repetition of this reduction theorem, after м --1 
steps the number of zeros of P(s) with positive real.parts and the number with nega- 
tive real parts are found. By the use of this method and successive approximations, 
the real and imaginary parts of the тегов of P(z) may actually be computed, (Received 
May 31, 1946.) 
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233. M. R. Hestenes: An alternate suffictency proof for the normal 
problem of Bolsa. 


The purpose of the present paper is to show that a sufficiency theorem for the prob- 
lem of Bolza can be obtained from the sufficiency theorem for the simpler case in 
which there are no differential side conditions. More precisely it is shown that if an 
arc Ce is a normal arc satisfying the usual sufficient conditions for the problem of 
Bolza, one can add to the integrand of the function I(C) to be minimized a linear 
combination of the functions defining the differential side conditions so as to obtain 
а function J(C) such that C, satisfies the usual sufficient conditions for the problem 
of minimired J(C) without restricting the arcs to satisfy the differential side condi- 
tions, The arc Cs will afford a relative minimum to J(C) in the clase of all neighboring 
arcs satisfying the end conditions and therefore will minimize I(C) in case the arcs 
are restricted to satisfy the differential equations. (Received April 17, 1946.) 


234. William Karush: А semi-strong minimum for a double integral 
problem in the calculus of variations. 


The author considers the problem of minimizing an integral I(S) = f 4f(x, y, 5 
Ze %y)dxdy in a clase of surfaces S: sm s(x, y) defined by functions which are Lip- 
schitzian on A and its boundary, and which have common boundary values. Define 
D*(s) = f f 1(s34-; --25dxd y. The following theorem is proved. Let Se: s= ze(z, y) be 
a surface of class C” satisfying the conditions: (1) S» is an extremal surface, (ii) f 
E-dominates L«(1--3;--3))!/* near So (cf. Hestenes, Trans. Amer. Math. Soc. vol. 
60), (iii) there exista 6>0 such that Л({) 500*%({), where Г, is the second variation 
of I along Se, and f is an arbitrary variation vanishing on C. Then for every finite 
M0 there exists «>0 and a neighborhood U of Se in (z, 7, s)-epece such that 
I(S) —1(5а) >піп [6 «D*(s—34)] for every S in U coinciding with So on C and having 
[з„| |5,1 <M almost everywhere on A. It is shown that E-dominance is equivalent 
to nonsingularity and the Weterstrass condition IIx. For special integrands a strong 
relative minimum is obtained (cf. F. G. Myers, Duke Math. J. (1943)). The proof is 
based on a convergence theorem analogous to one of Morrey (Duke Math. J. (1940)). 
(Recerved May 29, 1946.) 


235. G. W. Mackey: On convex topological Wnear spaces. 


In this paper the theory of linear systems developed in an earlier article (Trans. 
Amer. Math. Soc. vol. 57 (1945) pp. 155—206) is applied to the study of convex topo- 
logical linear spaces. A linear system is associated with every convex topological 
linear space and the properties of the latter correlated with those of the linear system 
and with the strength of its topology relative to the strengths of the other convex 
topologies associated with the same linear system. A more detailed description of the 
contents of this paper will be found in Proc. Nat. Acad. Sci. U.S.A. vol. 29 (1943) 
pp. 315—319. (Received April 4, 1946.) 


236. С. R. MacLane: Concerning the unsformisation of certain Ris- 
mann surfaces алей to the tnverse-cosine and inverse-gamma surfaces. 
Any Riemann surface Fe obtained from the inverse-cosine surface by displacing 
the branch-points elong the real axis is ic. The corresponding entire function 
w= f(s) is such that f'(s) «^ -I- bs { (1 —яз/с„)өЧ% |, with а 20, b real, c, real, 
Cao as *— d. Conversely the image of the s-plane by any entire function of 
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this form is a distorted inverse-cosine surface. Analogous results are obtained for the 
surfaces “like” those defined by w=cos sY? and w= 1/T' (s). These results follow from 
a study of the polynomial surfaces analogous to the surface, in question. (Received 
May 23, 1946.) 


237. Harry Pollard: The mean convergence of orthogonal serses of 
polynomsals. 

The literature concerning series of orthogonal polynomialsis devoted chiefly to the 
questions of ordinary convergence or summability. In the present paper the problem 
of mean convergence is discussed for the classical polynomials. For example it is 
established that if f(*#)CL», its Legendre series converges to it in pth mean if 
4/3« p«4, but not necessarily otherwise. A more complete abstract appears in Proc. 
Nat. Acad. Sci. U.S.A. vol. 32 (1946) pp. 8-10. (Received April 8, 1946.) 


238. M. H. Protter: Generalized spherical harmonics. 


A class of solutions, {Ra (3, y, s)}, of the equation Lev {o:(z)n(y)0i(s) tu} s» 
(св) ray) aa(s) tty } yt (са) т (у) наз). } 7-0 ів considered which possesses the fol- 
lowing properties: (1) For each я and », Ra,»(s, у, s) is a solution of Ls 0 regular in 
the entire plane. (2) The functions Ё, ,(x, y, s) can be computed by quadratures. 
(3) Every solution of L« 0 can be expanded uniquely in an absolutely convergent 
series in terms of the functions Ё„ ,(x, y, ж) where the coefficients of the expansion are 
given by simple differential formulas. In the special case that Lw 0 reduces to the 
Laplace equation the functions R,,,(x, y, 3) become homogeneous, harmonic poly- 
nomials of degree м. Relations are found between these polynomials, Bessel functions, 
and aseociated Legendre functions. (Received May 10, 1946.) 


239. I. E. Segal: Irreducsble representations of operator algebras. 


It is chown that a uniformly closed self-adjoint algebra of bounded operators on a 
Hilbert space has a complete set of irreducible, adjoint-preserving, continuous repre- 
sentations by bounded operators on (not necessarily seperable) Hilbert spaces, irre- 
ducibility signifying that there exists no nontrivial closed invariant subspace. In the 
case of a certain operator algebra oa the space of complex-valued functions square- 
integrable relative to Haar measure over a locally compact group, such a representa- 
tion induces in a natural way an irreducible, stronglv continuous, unitary representa- 
tion of the group. A recent theorem of Gelfand and Rykov (Rec. Math. (Mat. Sbornik) 
N.S. vol. 13 (1943) pp. 301-316) is a corollary. The proofe exploit devices previously 
employed by Gelfand and Neumark (ibid. vol. 12 (1943) pp. 197-213), Gelfand and 
Rykov, and the author. (Received April 25, 1946.) 


240. Otto Szász: On ihe Möbius inversion formula and closed sets 
of funcisons. 


The author gives a generalization of the Móbius inversion formula and conditions 
for its validity. Application is made to establish completeness of certain sequences of 
functions of the type f(m), » 1,2, 3, - - - , where #20, and f(t) СГ, or f(é) is continu- 
ous in some interval Some particular results are: (1) f(t) = (віп 0° for 03132, 
f(—i) = —f() -f(2« —i). In this case the span of the sequence [f(ni)) is identical 
with the span of the sequence {sin st] in C(O, ж) for a» 1/3; for a 1/3 the sequence 

(f(x) ] is complete in L.(0, ж). (2) If JŒ mein (Уо. tin st and if Уа, 21, 
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then the sequence f(x) is complete in L.(0, ж). (3) Let f(t) =t— [1] 1/2, F(x) =0; the 
sequences CDE and {sin 2awt} have the same span in C(0, 1/2). (4) f(1) magn sin яті; 
the sequence [f(»;)] is complete in L,(0, 1) for all r>1. (5) Each of the sequences 
1, at, t/ (6*4 —1); 1, et, P/ (o! —1)3, 1, 2, 3, - - - , is complete in C(0, ©). (Re- 
ceived May 31, 1946.) 


241. Hing Tong: Ideals of normed rings associated with topological 
spaces. Preliminary report. 


Let R be a perfectly normal bicompact space, 8t the normed abelian ring of com- 
plex-valued functions continuous over R (for fER, ||| = шахк|/(х) |), 3 апу (closed) 
ideal іп 8t. Then 3 is a principal ideal. If [Ty = N (t; denotes the set of zeros of 
f) corresponds to Y, the correspondence is an isomorphism (that is, 3 €-N93) such that 
(ex) SU 9 Ng, 99, (a3) 79349, HN gy (03) RF {0}, (а) 324394 T TAN. 
(as) 12934 closure of 5 «№9, Conversely, let 8? be the normed ring of bounded 
complex-valued functions continuous over a topological space R. The conditions 
Si» Ns, (ау) holds, and every JER is principal imply that R is a perfectly normal 
bicompact space. If Risa T1 (a space 2 yCc 2-94 = 5) bicompact normal space, the 
above results hold providing “principal ideal” is replaced by *ideal.* The results also 
hold for bicompact normal spaces if isomorphism is relaxed to homomorphism. The 
ring of continuous mappings (continuous in the strong topology) of R into the ring of 
bounded linear operators over a Banach space with a basis leads to the same results 
if an ideal means a two-sided ideal. The results do not hold for non-separable Banach 
spaces. (Received April 10, 1946.) 


APPLIED MATHEMATICS 


242. Garrett Birkhoff: Symmetric Lagrangian systems. 


Let О be any Lagrangian dynamical system with no potential energy and kinetic 
energy function /,==2-1ЁЮ,уд,дь. Suppose that L is invariant under a simply transitive 
group G of rigid motions on its configuration space. Then the *generalized force" 
required to maintain motion along & one-parameter subgroup in the jth coordinate 
direction has the components Ome Ey, where the c" are the structure constants of G. 
It is a corollary that the d'Alembert paradox would take in non-Euclidean geometry 
the following form. A rigid body moving under translation, rotation, or screw motion 
along an axis in an incompressible, nonviscous fluid without circulation will experience 
no thrust along or torque about the axis, However cross-force is possible. (Received 
May 13, 1946.) 


243. R. J. Duffin: Nonlinear networks. III. 


A system of s nonlinear differential equations is shown to have a periodic solution. 
The interest of these equations is that they describe the vibrations of electrical net- 
works under a periodic impressed force. Consider an arbitrary linear network of in- 
ductors, resistors and capacitors which does have a solution for a given periodic 
impressed force. The main result of this note states that the existence of a periodic 
solution is still guaranteed if the linear resistors of such & network are replaced by 
quast-lHinear resistors. A quasi-linear resistor is one whose differential resistance lies 
between positive limits. No other sort of nonlinearity besides this type of nonlinear 
damping is considered. The proof rests on the closure properties of nonlinear trans- 
formations in Hilbert space. (Received May 7, 1946.) 
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244. С. F. McEwen: Difusion from an instantaneous circular area 
source. Preliminary report. 

Corresponding to an inititl concentration S, within a circular area of radius ri 
апі constant coefficient of diffusion aù, the partial differential equation 95/89 
at (815/0r1-]-r-1 8S/8r) has the formal solution S= Syr f; JAT) Ja(Ar)exp( -aad 
which reduces to S= S; [1 —exp(—72/4a*)] for r0. Differentiation of the formal 
solution with respect to r yields an expression whoee integral with respect to A, from 0 
to c, is known. The general solution in a form adapted to computation is found by in- 
tegrating this expression from 0 to r, f;h(rri/2as)exp( —r*/4a9)dr, and adding 
the solution for r=0. Repeated integration by parts in two ways reduces this 
integral to corresponding converging series and leads to the solutions: S=5,{1 
—exp [— (r—n)*/4a9t 2 77 (071) 7, (771/289) } for r Sri and S =S, exp [— (r—n)*/498] 
Dona (11/1) "fa(rri/2a%) for rèr, where f.(s)-el.(s) 51. For a diffusion co- 
efficient a'r the equation 85/0 m a*(r6*$5/àr!--28.5/0r) has, for the eame boundary 
conditions, the formal solution, 5 = 2 Sirr f. JAA rA YN) (27/9 )exp( а), 
which yields two solutions: SmS [1— (ri/r) exp | — (r91— (уу) 2)13/aX lf Q2 (rr) 42/08) 
—exp[— (r/1— (туну */aN T9». a(r f. (m)V/a9)), and SS, exp[-(r'* 
nonas reall R Na (Received May 10, 1940.) 


245. Н. E. Salzer: Alternative farmulas for direct interpolation of 8 
complex function tabulated along equidistant circular arcs. 


An improved method of complex Lagrangian interpolation for an analytic function 
that is tabulated along the arc of a circle at equidistant intervals is obtained by gen- 
eralixation of a scheme recently described by W. J. Taylor. In place of Taylor's 
кше ышк OT pore direct interpolation, auxiliary quantities AP? , where 
493,4, --, 1i and k= — [(—1)/2] to [n/2], are given as functions of the angular 
interval 6, io that lor айша шеп acne aed 6, they can be found as fixed com- 
plex numbers. In this method of complex interpolation the number of operations m- 
creases linearly with я, whereas in the author's previous method (which employed 
Lagrangian interpolation polynomials explicitly and was cumbersome even for the 
5-pomt case) the number of operations increased quadratically with я. Advantage is 
taken of the fact that, for each я, all the quantities AP? can be multiplied by any 
nonzero factor in order to simplify their It is proved that for odd я, 
AS, equals conjugate of A>”, and for even я, Ар, = —exp(s6 (&(2—x) —8/24-1]) A4" ,. 
(Received May 14, 1946.) 


246. S. A. Schaaf: On the superposition of a keai source and a contact 
resistance. 

The Laplace transform is used to determine the temperature distributions Т (ж, й 
(+=1, 2) in two semi-infinite heat conductors, initially at rero temperature and in 
contact along the interface plane x*0 where there is superposed a heat source of 
strength .S(f) and a contact resistance. It is shown that such a superposition leads in 
many cases (including thoes in which the heat source is caused by friction as the two 
solids slide against each other along the interface) to a boundary condition at x0 
ance constant, X, the heat conductivity and С; a constant whose interpretation de- 
pends on the physical model of the interface. (Received May 16, 1946.) 
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247. А. C. Sugar: An elementary exposition of the relaxation method. 


This is, as labeled, an elementary exposition. The purpose of this paper is to ex- 
hibit the simplicity and power of the relaxation method, to complete and explain pre- 
vious sketchy or obscure discussions of this subject. It is also mtended to direct 
attention to some mathematical, physical, and philosophical questions that may be 
, raised in connection with this method. (Received May 29, 1946.) 


248. A. C. Sugar: On the relaxation-mairsx method of solving bound- 
ary value problems. 


This is a continuation of the study of the use of relaxation and iterative methods 
of inverting the matrices of the systems of equations obtamed from boundary value 
problems by finite difference methods. In a previous paper, entitled The изв of txvars- 
ant 1xwerled matrices for the approxemate solution of classes of boundary value problems, 
the writer inverted matrices by relaxation methods and applied them to the solution 
of simple illustrative problems. In the present paper, this work is continued and ap- 
plications are made to some of the typical boundary value problems of mechanics. 
(Received May 29, 1946.) 


249. A. C. Sugar: T he use of invariant inverted matrices for the simul- 
taneous approximate solution of classes of boundary value problems. Pre- 
liminary report. 


The writer considers the simultaneous approximate solution of clasees of boundary 
v&lue problems. Each clase consists of the totality of boundary value problems having 
the same differential equation and the same boundary but different boundary condi- 
tions. Using finite difference methods it is shown that the derived system of equations 
will have an inverse matrix M, invariant over the class, which may be determined by 
relaxation methods. A solution of any member of the class may then be obtained by 
multiplying M by a column matrix defined by the corresponding boundary values. 
This paper will be primarily concerned with the application of this method to La- 
place’s equation. The effect of modifications of the boundary on M will be considered. 
This technique may be applied to many other types of differential equations. This is 
true, in particular, of Poisson's equation and of nonlinear equations containing the 
Laplace operator, since, as far as the algebraic treatment is concerned, these two types 
may be treated as Laplace equations with altered boundary conditions. Finally, the 
possibility of considering M as an approximation or an analogue of Green's function is 
studied. (Received April 16, 1946.) 


GEOMETRY 


250. L. M. Blumenthal: Superposabsisty tn (ирис spaces. 


Two subsets of a metric space M are superposable provided a congruent (that is, 
one-to-one, distance-preserving) mapping of M onto itself exists which maps one sub- 
set onto the other. In spaces most studied (euclidean, spherical, and so on) congruence 
of subsets implies that they are superposeble, but this is not the case in elliptic spaces 
Е. for #>1, and hence this property cannot be expressed in metric terms alone. 
This paper shows that congruent but not superpoeable subsets of Б. „ fall into two 
classes (a) congruent subsets contained irreducibly in different dimensional subspaces 
and (b) those contained irreducibly in subspaces of the same dimension. By means of 
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attaching to each elliptic m-tuple a class of equivalent matrices, necessary and sufh- 
clent conditions for superposability of elliptic subsets are obtained in terms of equiva- 
lence of the corresponding classes of attached matrices, These conditions are applied 
to yleld new properties of elliptic spaces and quadratic forms. (Received April 16, 
1946.) 


251. Herbert Busemann: Intrinsic area. 


Recent examples of Besicovitch have turned the attention to the geometric con- 
cept of area. Although the requirement that area should be intrinsic (that is, depend 
only on the geodesic distances on the surface and not on the way the surface is im- 
bedded) is fundamental for all applications in geometry, it has never entered the mod- 
ern investigations on area. Ап intrinsic area can be defined for a general class of 
surfaces in metric spaces in such a way that it has the standard value for euclidean 
polyhedra and smooth surfaces in Riemann spaces. Moreover the definition at- 
tributes an area to surfaces in Finsler spaces, This value is for smooth surfaces the 
only area which coincides with the customary area for elementary surfaces, and for 
which the surface with the greater intrinsic distances has always the greater area. 
The paper will appear in the Annals of Mathematica. (Received May 27, 1946.) 


252. N. A. Court: On the biraiso of the alistudes of a tetrahedron. 


The three pairs of opposite edges a, a’; b, b’; c, c' of a tetrabedron (Т) are the 
axes of three orthogonal hyperboloida (aa^), (b5, (сс) belonging to the same pencil 
of quadrics which also includes the hyperboloid (Н) formed by the altitudes of (T) 
(Bull. Amer. Math. Soc. vol. 51 (1945) р. 663; Duke Math. J. vol. 13 (1946) pp. 123— 
128). The biratio (that ia, the anharmonic ratio) of the four hyperboloids considered is 
equal to the biratio з of tbe four altitudes ої (T). If the three vertices of (T) are fixed, 
for a given value of y, the fourth vertex lies in a plane perpendicular to the plane 
formed by the fixed vertices. The biratio of the tetrad of points in which an altitude 
of (T) meets the faces of the tetrahedron formed by the orthocenters of the faces of 
(T) is equal to s. (Received May 29, 1946.) 


253. Tibor Кааб: The isoperimeirsc inequality and the Lebesgue defi- 
миоп of surface area. 1. 


Let U* denote the solid unit sphere «!--y1--:! 31, and let p= T(p*), p*c U*, 
be a topological mapping from U* into Euclidean three-space, 5, D will denote the 
images, under Т, of the boundary and of the interior of U*, and |$], | D| will denote 
the three-dimensional measures of S, D. Let A be the Lebesgue area of 5, and consider 
the isoperimetric inequality (*) V3 4*/36r, where V is the volume enclosed by 5. 
In case | S| >0, a decision must be made whether the interior volume V,=| D] or 
the exterior volume V,=|D|-+|5S| is to be used in the inequality (*). An example of 
Besicovitch shows that (*) generally fails to hold for V, In this paper, it is shown that 
(*) holds in the Besicovitch example for Vi, and further examples, based on an obser- 
vation of Gedcze made in 1913, are given which indicate that beyond the elementary 
level the concept of “enclosed” volume must be properly defined if the isoperimetric 
inequality is to hold. (Recetved May 27, 1946.) 


254. Tibor Radó: The isoperimetric inequality and the Lebesgue defi- 
nition of surface area. II. 
Let S* denote the unit sphere «!--st--w!« 1, and let p= T(p*), p* ES", be a con- 
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tinuous mapping from 5* into Euclidean sys space. Then T determines а (not neces- 
sarily simple) closed surface S. Define an index-function » (x, y, s) as follows: if the 
point (x, y, s) lies on S, then #=0; if (x, y, з) does not lie on 5, then и is equal to the 
topological index of the point (x, у, ғ) with respect to S. Then s(s, у, х) vanishes out- 
side of a sufficiently large ephere K. Define V(S), the volume enclosed by S, as the 
integral of | s(x, у, s)| in K if this integral exista, and let V(S) == otherwise. The pur- 
рове of the paper is to establish the isoperimetric inequality V(5)3 3.4 (S)3/36v, where 
A (S) is the Lebesgue area of S, as a generalization of previous results of Tonelli and 
Bonnesen. (Received May 29, 1946.) 


STATISTICS AND PROBABILITY 


255. Z. W. Birnbaum: T shebysheff inequality for two dimensions. 


Fe or independent random variables е4 with expectations rero and variances 
et, c^ the trivial inequality P(X*4- Y1& T) S(oy-oy)/T? i is replaced by & sharp in- 
equality. (Received April 5, 1946) ' 


256. Mark Кас: A discussion of the Ehrenfest model. Preliminary 
report. 


A particle moves along a straight line in steps A, the duration of each step being r. 
The probabilities that the particle at kA will move to the right or left are (1/2) (1 —k/ R) 
and (1/2) (1--k/R) respectively. R and k are integers and |а| SR. M. C. Wang and 
С. E. Uhlenbeck in their paper On ihe theory of Brownian motion. II (Review of 
Modern Physics vol. 17 (1945) pp. 323-342) discuss this random walk problem and 
state several unsolved problems. In answer to some of the questions raised the follow- 
ing results are obtained: Let (1 —s)&(1-F-s) H =) Cy ti an integer), then the prob- 
ability P(x, m|3) that a particle starting from mA will come to wA after time f=sr is 
equal to 27%Ё( — ан ^ (/ R CE CE) a where the summation is extended over all f 
such that | j| 5 К. Also, i P ineven the probability РЕ. 0| з) that the particle starting 
from #A will come to 0 at /* sr for the first time is calculated. For #=0 this gives a 
solution of the so-called recurrence time problem first studied on simpler models by 
Smoluchowski. Through a limiting procees in which r—0, A—0, A*/27—D, 1/ Rr, 
nA-+xy, 7A —x, бта, one is led to fundamental distributions concerning the velocity 
of a free Brownian particle. In particular, P(s, m| s) approaches the well known 
Ornstein-Ühlenbeck distribution. (Received May 23, 1946.) 


257. Howard Levene: A test of randomness in two dimensions. 


A square of side N is divided into N? unit cells, and each cell takes on the charac- 
teristics A or B with probabilities P and q 1—p respectively, independently of the 
other cells. A cell is an “upper left corner" if it is A and the cell above and cell to the 
left are not A. Let Vi be the total number of upper left corners and let Vs, Vi, Va be 
the number of similarly defined upper right, lower right, and lower left corners respec- 
tively. Let V» (У-У У V4)/4. It is proved that V is normally distributed in 
the limit with E(V) = (Nq--2)* and e*(V) = N'pgt(2 —10$ 4-221! —1327) /2. The con- 
ditional limit distribution of V, when f is estimated from the data, and the limit dis- 
tribution of a related quadratic form are also obtained. These statistics are in a sense 
a generalization of the run statistics used for testing randomness in one dimension. 


(Received May 28, 1946.) 
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TOPOLOGY 


258. К. F. Arens and J. L. Kelley: Charactertszatson- of the space of 
continuous functions. 

If B is a Banach space then either of the following sets of conditions is necessary 
and sufficient that B be the space of contimiaus real-valued functions over some com- 
pact Hausdorff space. I: (a) И E is the unit sphere of B Шеп E hasat least one extreme 
point. (b) Lf Cis a maximal, convex subeet of the surface S of E, then Cand — C span, 
that is, if fc E, then f —if;i-- (1-1) 02121, fu fac C. (c) If a set ef of maximal 
convex subeets of S has a void set theoretic intersection, then опе may find directed 
sets C,, C, inc/T, such that for each JEE, dist (f, С.) dist (f, C,)—2. II: (a) If Z 
is the unit sphere in B*, then there is an fin B such that for any extreme point fof Z, 
| &()] =1. (b) Ке is any collection of extreme points of Z, and if, in the topology for 
B* determined by the elements of B,c/Í hasno pair of diametric limit pointa, then there 
is an f in B such that, for ёс, р - 1. (Received May 27, 1946.) . 


259. Felix Bernstein: A new four-color problem. 


Let S be a partial eet of the eet of all points of the lattice whose coordinates are 
all the positive and negative integers, and T the complementary set. Two points of 
S, A and B, are called neighbors if the circle over the diameter AB in its interior 
(or in its interior and on its periphery) does not contain a point of the set T. It is 
asked how many colors are needed, coloring all points of S so that no two neighbors 
have the same color. The answer for T'sa0 obviously is four. It is suggested that four 
is the general answer. It seams impossible to prove the theorem by complete induction 
from я to x-+1 unless the definition of neighborhood is much weakened. In order to 
clarify this further, the inequality (1--a)*> »5*71-- (и (и —1)/2)x*714- - - - +1 is dis- 
cussed as an example of a theorem whos direct proof by complete induction seems 
not possible while the more Inclusive binamial theorem itself from which this inequal- 
ity follows can be derived by complete induction. By analogy the four-color theorem 
may be a simple consequence of a more inclusive theorem which сап be proved by 
complete induction. (Recetved May 17, 1946.) 


260. W. Н. Gottschalk and С. A. Hedlund: Recursive properises of 
transformaiton groups. 


Let the mapping f: X XT—X define a transformation group, where X is a topo- 
logical space and T' is an additive abelian locally compact topological group. Let there 
be distinguished in T certain nonvacuous sets, called adeséssitle, which satisfy this 
condition: If A is an admissible set and if В is a set in T such that for some compact 
æt Cin T we have аЄ A implies B(\(a+-C) 427, then B is an admissible set. If se X 
and if S isa set in Т, then x is eaid to be recursses with respect to S provided that if U 
is a neighborhood of s, then there exists an admissible set A such that AC .S and 
f(x, AJC О. Let G be a subgroup of T such that T= F-+-G for some compact set F 
in T. Define Н to be the set of all elements ¢ of T such that xc f (x, §+G). It is proved 
that if Н is a group and if x 1s recursive with respect to T, then s is recursive with re- 
spect to G. Twelve results concerning almost periodic, recurrent and strongly recur- 
rent points follow immediately. (Received April 9, 1946.) 

\ 
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261. R. H. Sorgenfrey: On the topological product of paracompact 
Spaces. 

A space 5 is defined by Jean Dieudonné (J. Math. Pures Appl. vol. 23 (1944) 
рр. 65-76) to be paracompact provided that every covering of S by open sets has a 
neighborhood-finite refinement which covers S. In this note a negative answer is given 
to the question: If 5 is paracompact, is SX. S paracompact? The example given also 
provides a simple instance of a normal Hausdorff space S such that SXS is not 
normal. (Recerved April 16, 1946.) 
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A GEOMETRICAL CHARACTERIZATI HE AFFINE 
DIFFERENTIAL INVARIANTS OF A SPACE CURVE 


L. A. SANTALO 


1. Introduction. Let x = (5) be the vector equation of a space curve 
C with the affine arc length s as parameter. It is known that x(s) satis- 
fies a differential equation of the following form [1, p. 73; 3, p. 76]! 


(1.1) т!” 4. ha! 4- dx! = O, 


where the primes represent derivatives with respect to s. The vec- 
tor x’ is the tangent vector and the vectors x’’ and x°’ are called the 
affine principal normal and the affine binormal, respectively, of the 
curve C at the point considered. The vectors x’, x”, x’’’ with the 
initial point at the point x of the curve C constitute the affine funda- 
mental trikedral at x and they satisfy the following relation [1, p. 72; 
3, p. 78] 


(1.2) (z^, z", 0") = 1, 


The plane determined by the point x and the edges x’, x’’ of the 
affine fundamental trihedral is the osculating plane at x; the plane 
determined by x and the edges x'', x’’’ ів the affine normal plane and 
the plane determined by x and the edges x’, х''' is the affine rectifying 
plane of the curve C at the point x. 

Sometimes it is convenient to use the vector kx'/4-1-x'/' which is 
called the binormal of Wintermiiz |1, p. 76]. The invariants & and [ 
(functions of the affine arc length s) are called the affine curvature and 
the affine torston respectively. 

For the affine fundamental trihedral and for k and t some geomet- 
rical characterizations have been given by Blaschke [1, chap. 3], 
Salkowski [3, p. 76] and Haack [2]. The purpose of the present paper 
is to give a new geometrical construction for the mentioned elements, 
which we believe is simpler than those previously obtained. 

2. Geometrical elements associated to an ordinary point of a space 
curve. Let us consider the space curve C represented by the vector 
equation x-:x(s) (s* affine arc length) in the neighborhood of the 
point xo-x(0). If we denote by x,‘ the derivatives d'?x/ds* at the 
point s=0, since xd, xà , xó” are not coplanar (by (1.2)), any point y 
of the space can be expreseed in the form 


Received by the editors January 17, 1946. 
1 Numbers in brackets refer to the references cited at the end of the paper. 
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(2.1) y — tot з + bag’ + xz 
where ѓу, &, & may be considered as the coordinates of the point y 
with respect to the апе fundamental trihedral. 
For the points x(s) af the curve C we have 
1 1 1 
z(s) = #0 + х0 + — stag’ + — stag! + — stag’! oce 
2 3l 4l 
and taking into account the relation (1.1) we obtain 


1 1 
Hess Bos a 


51 
(2.2) Bebo quoc QE Ns. 
2 41 51 
be йы ME 
3l 51 


where k’ e dk/ds, і =з. 

Let us now consider the following geometrical elements associated 
to the curve C at the point x»: 

(а) The quadric cone K. By K we denote the quadric cone deter- 
mined by the tangent of C at the point x» and the parallel lines 
through x; to the tangents of C at four neighboring points as each of 
these points independently approaches x, along C. This quadric cone 
K has been considered by Haack |2] and its equation in terms of the 
coordinates Ё; is [2, p. 159] 


(2.3) t+ kB — 2hts = 0. 


(b) The osculating cubical parabola О. A twisted cubic which has the 
plane at infinity as osculating plane is called a cubical parabola. The 
parametric equations of a cubical parabola have the following form 


(2.4) Ё = a, + bow + cn? + da! (¢ = 1, 2, 3). 


In order to find the cubical parabola which has contact of the high- 
est order with the curve C at the point xo, Jet us put 


(2.5) з = u + mu? + mau! + mutt 5 
in the equations (2.2). We obtain 


1 
певт ma! (m 0) а. 
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ba att mt + (ma toi — В) 
2 ° 2-8 i 


1 1 
RU N EAR . 
If we take the values 


1 
mı = 0), ma = — Б, m; = — t 
i 4l a Al 


we see that the cubical parabola 


1 1 1 
= Вар gee succ gp ТЕБЕТ. 
(2.6) $i рт Es а Ёз 3 | 
is the only cubical parabola which has a fourth order contact with the 
curve C at the point хе. Consequently the equations (2.6) are the 
parametric equations of the osculating cubical parabola Q of C at xp. 

The quadric cone К and the twisted cubic Q are affinely connected 
to the curve C at the point xo. We shall use also the following cone K* 
which is projectively connected with C. 

(c) The osculating quadric cone K*. With K* we denote the unique 
quadric cone with its vertex at the point xy which has seven-point 
contact with C at the point x». In order to find the equation of K* 
let us substitute the expansions (2.2) in the general quadratic equa- 
tion 


(2.7) Ati + Bh + Cb + Dit + Ebt + Fists = 0 


and then, demanding that this equation be satisfied identically in s as 
far as the terms іп s°, we find 


Aw П = Е = (), 3B + 2E = 0, 10C — 15kB — ЗЕЕ = 0. 
Hence, the osculating quadric cone К* is given by the equation 


(2:8) 208 + 2105 — ЗОБ, = 0. 


3. Geometrical characterization of the affine fundamental trihedral 
of a space curve at an ordinary point. From (2.6) we deduce that 
the straight line which connects the point x» of the curve C with the 
point at infinity of the osculating cubical parabola Q at хо has the 
direction of the vector 


1 
qM min, 
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that is, coincides with the binormal of Winternitz ($1). 

The plane determined by this binormal and the tangent line of C 
at хо is the affine rectifying plane and the polar line of this affine 
rectifying plane with respect to the cone K turns out to be the affine 
principal normal line. 

If we let &=0 in the equation (2.3) we find that the intersection 
of the affine rectifying plane with the quadric cone K is composed of 
the tangent line and of the straight line given by the equations ё 0, 
kh—2t,-0, that is, the line which has the direction of the vector 
kxo/ 2-1- x9. 

Since the vectors xd, kg /A--x4" and kxd /2--xi", xv" аге har- 
monically separated it turns out that the affine АК is the line 
harmonic conjugate to the intersection line (different from the tan- 
gent) of the cone K with the affine rectifying plane with respect to the 
tangent line and the binormal of Winternitz. The plane determined 
by the affine binormal and the affine principal normal is the affine 
normal plane. Thus the following theorem is established: 


At an ordinary point xo of a space curva C lei us consider the osculating 
cubical parabola Q and the cone K defined in 52. The direction of the 
point at infinity of Q gives the binormal of Wanternats of C ai xo. This 
binormal determines with the tangent line the affine rectifying plane, 
whose polar line with respect to ihe cone K is the affine principal normal 
of C at xe. The harmonic conjugate of the intersection line (different from 
the tangent) of K with the affine rectifying plane with respect to the pair 
formed by the tangent line and the binormal of Winterniiz is the affine 
binormal line of C at xp. 


Instead of the cone K and the cubical parabola Q in order to give 
a geometrical characterization of the affine fundamental trihedral 
connected with the space curve C at the point xo, we can use only 
the cones K and K* (52). For this purpose let us seek the straight line 
which passes through the point xo and has the same polar plane with 
respect to both cones К and К". If we use the coordinates &, ёз, & 
of (2.1) the polar plane with respect to K of the line which connects x» 
with the point $°, $°, $° is given by the equation 


(3.1) ва — bh — (b — b) = 0 
and the polar plane of the eame line with respect to the cone K* is 
(3.2) 1585 — 2056 — (2146 — 15004 = 0. 


In order that the planes (3.1) and (3.2) coincide, we must have 
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either £9 = £9 0 or Ё0 = £3? 0. The first solution corresponds to the 
tangent line whose common polar plane with respect to the cones K 
and K* is the osculating plane. The second solution corresponds to 
the affine principal normal whose polar plane with respect to the cones 
K and K* is the affine rectifying plane. Then, upon excluding the 
tangent line, the affine principal normal is the only line which has the 
same polar plane with respect to the quadric cones K and K*. 

We have seen that the affine rectifying plane intersects the cone К, 
excluding the tangent line, in the line R of the vector kæd /24-x$''. 
Analogously we find that the affine rectifying plane intersects the 
cone K* besides the tangent in the line R* of the vector Tkæd +102’ '. 
Consequently the cross ratio of the tangent T, affine binormal B and 
the lines R and R* has the value 


1 7 7 
\ = (TBRR*) = (». eh e =; 
2 '10 5 


Thus we have obtained: 


Lei K and K* be the quadric cones attached to the space curve C at the 
poini xo defined in §2. The affine principal normal of C ai xo is the 
only line which has the same polar plane with respect to both cones K and 
K*; sts common polar plane ts the affine rectifying plane. Let R and R" 
be the intersection lines, the tangents excluded, of the rectifying plane with 
the cones K and K* respectsvely; the affine binormal is the line B such 
that the cross ratio (TBRR*) has the value 7/5. 


4. Geometrical interpretation of the affine curvature. If we sub- 
stitute the expressions (2.6) in (2.3) we find that the cubical parabola 
О has with the сопе K four coincident points in x) and two other 
intersection points corresponding to the values of к satisfying the 
equation 
(4.1) ku? = 6. 

Let us put 


Суу 


The corresponding intersection points of Q with К will be the points 
1 1 


- l3 1 a 
(4.3) Abe =+ hor = ) (5 = 1, 2). 


The straight line which connects А, and 4, cuts the osculating 


4 
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plane in the point & = = 0, з 3&7. That gives the following new 
characterization of the affine principal normal: the affine principal 
normal is the line which connects the point xo of the curve with the 
intersection point of the osculating plane with the straight line 4143. 
The osculating plane of Q at Ai, taking into account (4.1), is 


(4.4) бим — 1264, + За — 24 = 0 
and it cuts the edges of the affine fundamental trihedral in the follow- 
ing points 
1, i dou 2 d 
Jic зс еш, “йы a T , imag эши. 


The absolute value of the volume of the tetrahedron whose vertices 
are the points xo, Уз, ys, Уз, taking into account (4.1) and (1.2), is 


1 4 
(4.5) Ves (urn gioia Ши emt UN 


/ 

Then we have the theorem: 

Let us consider the points A; (¢=1, 2) in which the osculating cubical 
parabola Q intersects the cone K. The osculating plane of Q at any one 
of the points A, determines with the affine fundamental irthedral a tetra- 
hedron whose volume V із related to the affine curvature k by (4.5). 


5. Geometrical interpretation of the affine torsion. We now give 
a geometrical interpretation of the affine torsion і. For this purpose 
let us seek the intersection line of two consecutive affine normal 
planes. The vector equation of the affine normal plane of C at xo is 


(5.1) yA, и) == zo + Aad! + дд”, 


and the analogous equation for the affine normal plane at the point 
x(s), taking into account the relation (1.1), takes the form 


IA, д) = a(s) + Az" (s) + na" (s) 


= sot] (= ms emer ds 
2 
(5.2) + [R= и += a= ge ones [un 


1 
fete Lane Ja 


1946] AFFINE DIFFERENTIAL INVARIANTS OF A SPACE CURVE 631 


In order to find the intersection line of the planes (5.1) and (5.2) 
we must write 


1 
1-0 sd 0, 
1 
K— bas +-(1— № Eso mA 


1 
Dco M qerev en 
and by elimination of À and д we find 
1 
Vere E dee e = 0. 


For s=0 we have д==1/; hence the intersection line of two con- 
secutive affine normal planes is the line У(Х) =x_e-+Axd’ +i xg ’. 
Then, the intersection point of the affine binormal at the point xo 
with the consecutive affine normal plane or, what is the same, the in- 
tersection peint of the affine binormal with the developable surface 
enveloped by the affine normal planes, is the point В нахо |-ѓ1х0''. 

Let us now trace through the point В the parallel line to the tangent 
of C at the point xo; if we call E its intersection point with the quadric 
cone K we find that it is 


1 
Е = ао = Mad + ag 


Taking into account (1.2) for the volume of the tetrahedron whose 
vertices are the points xo, B, A; (or 44) and E we have the expression 


0 0 0 1 

1 0 0 I 1 

dip ü bs & 1 
1 

oT a Mo 1 


where the values of Ё, ($21, 2, 3) are given by (4.3) and (4.2). Conse- 
quently we have 


1 
5.3 = — 13, 
(5.3) ес 


Hence we have obtained the following geometrical interpretation 
for the affine torsion ѓ of a space curve: 
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Through the intersection poini B of the affine binormal ai the poini xo 
of a space curve C with the developable surface enveloped by the affine 
normal planes, we trace the parallel line io the tangent of C at xo. Let 
E be ihe poini in which tess parallel line tntersects tho quadric cone K. 
If А; is any one of the points in which the osculating cubical parabola 
О sniersocis the cone K, the volume of the tetrahedron whose vertices are 
the points xo, B, Ai, E ts related to the affine torsion of C at x, by tho 
relation (5.3). 
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ALMOST PERIODICITY, EQUI-CONTINUITY AND 
TOTAL BOUNDEDNESS 


W. H. GOTTSCHALK 


Let X be a uniform space; that is to say, let X be a space provided 
with a system of indexed neighborhoods U(x) (x € X, a=index), sub- 
ject to the conditions (A. Weil): (1) If x € X and if a is an index, then 
хЄ U.(x); (2) If a and B are indices, then there exists an index y 
such that x€X implies U,(x) С Ual) U(x); (3) If a is an index, 
then there exists an index В such that x, y, СХ with x, y€ Us(s) 
implies x € (у). Let Т be a topological group with identity с and 
let f be a transformation of X XT into X. We agree to write f'(x) 
or f,(é) in place of f(x, f) (x X, iC T), whenever we wish. Further- 
more, let f define a transformation group; that is to say, suppose 
(х) = and f'f'(x)-—f'"(x) (x€X; t, sc T). We impose continuity 
conditiona on f as the needa arise. 

A subset E of T is said to be relatively dense provided there exists 
а compact set A іп T auch that each left translate of A intersects E. 
A point x of X is called ajmost periodic provided that if U is a neigh- 
borhood of x, then there exists a relatively dense set E in T for which 
f(x, E) CU. We observe that the notion of almost periodic point de- 
pends on the topology in 7, the strongest type of almost periodicity 
occurring when T ia provided with the discrete topology. It is easily 
proved that a set E in T is relatively dense if and only if there exists 
a compact set B in T such that T = EB. The set f(x, T) is called the 
orbit of the point x. 


THEOREM 1. If the family [F iC T] is equi-continuous at x, if f, 
45 continuous on Т, and tf x is almost pertodtc, then the orbi of x 4s 
totally bounded. Conversely, if the family |f tC T] is equi-untformly 
continuous and sf the orbit of x is totaly bounded, then x ss almost 

Proor. Suppose the hypotheses of the first statement hold. Let a 
be an index. There exists an index 8 such that the 8-neighborhood 
of each compact set in X is contained in the union of finitely many 
a-neighborhoods. By hypothesis we can find an index у such that 
f'(CU4(x)) C U)(f!(x)) GET). There are sets E and A in T such that 
T = EA, A is compact, and f(x, E) CU; (x). Hence, f(x, T) Cf(Us(x), 4) 
C Ug(f(x, A)). Since f(x, 4) із compact, Us(f(x, A)) is contained in 
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the union of finitely many a-neighborhoods. Thus the orbit of x is 
totally bounded. 

Suppose the hypotheses of the second statement hold. Let a be an 
index. By hypothesis there exists an index B such that f'(Us(y)) 
C U.(f'(x)) (9 & X, 1€ T). Choose finitely many elements h, >, А 
of T so that f(x, T) CUL У, where У, = (у(х, &)). If ET, then 
for some $, f(x, 4) C V; whence f(x, #4) C U.(x). Hence, x is almost 
periodic. 

COROLLARY 1. If the family [f tC T] ts equi-uniformly continuous, 
tf f, ts continuous on Т, and tf x 45 almost periodic, then x 35 almost 
periodic with respect to the discrete topology sn Т. 


COROLLARY 2 (BOCHNER’s THEOREM), If x(r), —o «Tr «--o,4s5a 
complex-valued continuous funcion, then x(r) is an almost periodic 
funcison in the sense of Bohr sf and only sf each sequence of translates 
of х(т) contains a uniformly convergent subsequence. 


Proor. Define Y to be the collection of all complex-valued continu- 
ous functiona y(r) —»<r<+o, and define indexed neighbor- 
hoods in Y so that yCU,(y) if and only if |y(r) —»«(7)] <1/ 
(— © <т<- œ) where the index я is a positive integer. Construct a 
transformation group р in Y by translation of the functions in Y, 
taking T to be the additive group of reals with ita natural topology. 
Now x is an almost periodic point if and only if x(r) is an almost peri- 
odic function. Clearly, the family [g*|; € T] is equi-uniformly continu- 
ous. Also if x(r) is an almost periodic function, then x(r) is uniformly 
continuous whence g, is continuous on T. Hence, by Theorem 1, x is 
an almost periodic point if and only if the orbit of x is totally bounded. 
The conclusion followa. 

We point out that A. Weil [2, pp. 130-133]! has essentially taken 
Theorem 1 aa the definitian of an almost periodic point with respect 
to a transformation group. 

If X is an arbitrary set, if Y is a uniform space, and if Ф is a non- 
vacuous collection of functions on X to Y, then we consider to be 
a uniform space in the following manner: If « is an index belonging 
to Y and if $ €, then the a-neighborhood U,.(¢) of ¢ is taken to be 
the set of all elements y of such that y(x) Є U.(¢(x)) for every ele 
ment x of X. 

The following lemma will be recognized as a generalization of 
Ascoli’s theorem and its converse. 


LEMMA 1. Lei X and Y be uniform spaces and lei Ф be a nonvacuous 
1 Numbers in brackets refer to the Bibliography at the end of the paper. 
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collection of functions on X io Y. If X and Y are totally bounded and if 
the famsly Ф 45 equi-untformly conisnuous, then the space Ф is totally 
bounded. Conversely, tf the individual functions in Ф are untformly con- 
tinuous and tf the space Ф 45 totally bounded, then the family Ф ts equi- 
untformly continuous. 


PROOF. Suppose X and Y are totally bounded and Ф is equi-uni- 
formly continuous. Let a be an index belonging to Ф and, hence, to Y. 
Choose an index В belonging to Y so that a, b, cC Y with a, b C Us(c) 
implies a € U,(6). We can find an index y belonging to Y and finitely 
many points y; · * * , Ya of Y so that УЄ Y implies U,(y) C Us(y;) 
for some integer ј, 1S7 Sn. There exists an index ô belonging to X 
such that $(Ui(x)) С О,(ф(х)), (ФСФ, xc X). Choose finitely many 
points x1, · - - , x. of X во that X -Ur 17,(х,). Hence if $ € 6, then 
to each integer 4, 1$ S m, there corresponds at least one integer 
j1is$jzn,such that $(U,(x)) С Us(yj). Letting I, J denote the first 
m,n positive integers, each element ф of Ф defines in the obvious maon- 
ner a class С(ф) of transformations of I into J. Choose finitely many 
elements di, · - - , 9. of Ф so that the class Uj_,C(¢,) is maximal. It 
follows that ® = Ui. Ual). Hence, Ф is totally bounded. 

Suppose now that the functions in are uniformly continuous and 
Ф is totally bounded. Let a be an index belonging to Y. There exists 
an index y belonging to Y so that a U,(c), bE U,(d) and cE U,(d) 
— implies a € U,(b). Choose finitely many elements di, · - - , da of Ф so 
that $—UL,U.($.. Select indices B(s) ($21,---, н) belonging 
to X which have the property that $:(Us@)(x)) CU7(¢.(@@)) (sCX; 
$—1,--:-, n). There exista an index B belonging to X for which 
Us(x) Cfi-1Usqy (x) (EX). We conclude that $(Us(x)) C U.(ó(x)) 
(ФЄФ, xc X). Hence, Ф is equi-uniformly continuous and the proof 
is completed. 

We gay that the tranaformation group f is almost periodic provided 
that if о is an index, then there exists a relatively dense set E in Т 
for which x@X implies f(x, Е) С 07.(х). It may be verified that in 
order for f to be almost periodic it is both necessary and sufficient 
that if æ is an index, then there exists a compact set А in T auch that 
to each element £ in T there corresponds an element s in A for which 
х) Є U.(P(x)) (xc X). If T has the discrete topology, this charac- 
terization reduces essentially to Montgomery's definition [1, p. 323] 
of an almost periodic transformation group. 

In the following theorem we denote inier ] by G and, eomewhat 
improperly, call G the transformation group. 


THEOREM 2. If X ts compact and sf f is continuous on X XT, then 
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the following statements are pairwise equscaleni: (1) The transformaiton 
group G ts almost periodic; (2) The family G ts equt-umformly continu- 
ous; (3) The space G ts totally bounded. 


Proor. By Lemma 1, (2) is equivalent to (3). 

Suppoee (1) їз satisfied. Let а be an index. There exists an index у 
such that aC U,(c), bE U,(d) and cE U,(d) implies ac U.(b). It is 
possible to find a compact set A in T auch that if ЄТ, then 
f'(x) E U,(f*(x)) (x EX), for some element s in A. Since f is uniformly 
continuous on X XA, we can choose an index 8 for which f*(Us(x)) 
СО, (р(х) (EX, sca). It follows that f'(Ug(x)) C U.(f'(x)) 
(x CX, tC T). Hence, (2) Ів satisfied. 

Suppose (2) is satisfied. Let а be an index. There exists an index В 
such that f'(U&(x))CU.(f (x) EX, ET). Since С is totally 
bounded, we can select finitely many elements h, - - - , 4 in T so 
that Ge Ut, Us(ft). Let ё be an element of T. Then for some $, 
f(x, HEU sf (ex, &)) (x € X), whence f(x, t!) € Us(x) (x X). Thus 
(1) is satisfied and the proof is completed. 


COROLLARY 3. If X is compac, 4f f is continuous on X XT, and tf f 
45 almost periodic, then f is almost periodic with respect to the discrete 
topology sn T. 


COROLLARY 4 (SHARPENED DIRICHLET-KRONECKER THEOREM). If 
і Ga, + - > , Ga GTE nonzero real numbers and tf essa positive number, thon 
there exists a relaitualy densa set N of integers such ihat nCN smpltes 
the existence of integers ті, , ть for whick | ni — mao; <е 
(+ = 1, ttg k). 


Proor. Let Xi, - - - , Xa denote pairwise disjoint circle boundaries 
in the plane with circumferences |ai], - - - , |as|. Take X= UX: 
with the natural uniformity. Define the uniformity-preserving home- 
omorphism $ of X onto X by rotating each circle X; through 
arc length ;. The transformation group generated by the integral 
powers of ¢ satisfies (2) of Theorem 2 and, hence, is almost periodic. 
The conclusion follows from the definition of almoet periodicity, 
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RECURSIVE PROPERTIES OF TRANSFORMATION GROUPS 
W. H. GOTTSCHALK AND GUSTAV A. HEDLUND 


Introduction. If a continuous flow, the transformations of which 
are denoted by f*, ia defined in a topological space X, a point x of the 
space can be classified according to the behavior of the continuous 
orbit of the point. Ámong the types of points which have been con- 
sidered are the periodic points, almost periodic points and recurrent 
points. If we fix the value of the parameter і, we obtain a transforma- 
tion of the space .X into itself. This transformation and its iterates 
determine a “discrete” flow and the “discrete” orbit of a point. Again 
a point of the space can be classified according to the behavior of the 
discrete orbit of the point. The question then arises as to whether a 
point belongs to the same class in the two cages. 

Since the continuous orbit of a point contains the discrete orbit, 
many properties are retained when we pass from the discrete flow to 
the continuous flow. For example, if a point is periodic with respect 
to the discrete flow, it ia clearly periodic with respect to the continu- 
ous flow. It is in the passage from the continuous to the discrete flow 
that the results are more difficult to predict. 

In this note, the problem is generalized by replacing the parameter 
space of reals’ by an additive, abelian, locally compact, topological 
group. The action of such a transformation group T on a point and 
the action of certain subgroups G on the point are then related. Itis 
shown that a general recursive property of T carries over to G (Theo- 
rem 1). It follows immediately that in the case of a continuous flow, 
if a point is either almost periodic, recurrent, or strongly recurrent 
with respect to the continuous flow, it retains this property with 
respect to the discrete flow determined by fixing the parameter і. It 
also follows that these properties carry over from a discrete flow to a 
sub-discrete flow. (For recurrence and almost periodicity, this was 
first proved by Gottschalk [2]! and subsequently extended to discrete 
semi-flows by Erdós and Stone [1].) 


Theorem on recursive points. Let X be a topological space and let 
T be an additive abelian locally compact topological group. Let f be 
a continuous transformation of X X T into X. We agree to write f'(x) 
in place of f(x, t) (x & X, iC T) whenever we wish. Furthermore, let f 
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define a transformation group; that is to say, suppose f°(x) =x and 
Рух) =ftte(x) (xc X; ЄТ). 

Let there be distinguished in T certain nonvacuous sets, called ad- 
misstble, which satisfy this condition: If A is an admissible set and 
if B is a set in T such that for some compact set C in Т we havea € A 
implies BA(a+ ©) ғ Ø, then В is an admissible set. If x € X and if S 
is a set in T, then x is said to be recursive with respect to S provided 
that if U 18 a neighborhood of x, then there exists an admissible set 
A auch that 4 CS and f(x, A) C U. 

We suppose throughout that.x isa fixed point of X and that G isa 
fixed topologically closed subgroup of T such that T = F+G for some 
compact set Fin T. We define H to be the set of all elements і of T 
such that xCf(x, 14-6), where f(x, 4-С) denotes the closure of 
f(x, #+G). 


LEMMA 1. H 4s a topologically closed sems-group (H+HCH) which 
contains G. 


PROOF. Suppose ?, 5Є Н and U is a neighborhood of x. There exists 
an element p in G such that f(x, t-+p) C U. Select a neighborhood V 
of x for which (У, р) C U. For some element q in G, f(x, s+q) € V. 
Hence, f(x, t+s+p+Q EU. Thus H is a semi-group. Obviously, 
GCA. 

Suppose #С Ӯ and U is a neighborhood of x. Choose neighborhoods 
V of x and W of 0 for which W=—W and f(V, W)CU. Let 
sEG+W)O\H. For some element p in G, f(x, s+p)CV. Now 
f(x, t+-p) =f'-f(x, s+p) &f**(V) CU. Thus H is topologically closed 
and the proof is completed. 


LEMMA 2. There exists a compact set Ein Н such thai H=E+G. 


Рвооғ. There exists a compact set Fin T such that T 2 F--G. De- 
fine E = FAH. Using Lemma 1, we aee'that the set E has the required 
properties. 


LEMMA 3. If H ss a group and if U is a neighborhood of x, then there 
extsts a compact set C in H such that f(x, C) CU and tCH tmpkes 
G+ С)УГ\С < Ø. 


Proor. By Lemma 2, there exists a compact set E in H such that 
H=E+G, Define D=—E. Now ЄН implies (+0) (С < Ø. For 
each element d in D, there exists an element f, in G so that f(x, d --i) 
Є U and, hence, there exists a compact closed neighborhood Wa of d 
for which f(x, W,--4) C U. Cover D by finitely many neighborhoods 
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Wa, :::, Wa, Define С= НМА, (Watta). The set C has the re- 
quired properties. 

ТЕММА 4. If H 4s a group and з} x 35 recurssve with respect to Н, then 
x ts recursive with respect to С. 


Pnoor. Let U be a neighborhood of x. By Lemma 3, there exists 
a compact set C in H such that f(x, COCU and іЄН implies 
(14- С)Г\С уќ £j. Choose a neighborhood V of x for which (У, C) CU. 
There exists an admissible set A such that ACH and f(x, A)C V. 
Hence, f(x, 4 4- C) CU. Define В‹= (А +С) С. The set B is admissi- 
ble and contained in G. Also f(x, B) C U. The proof is completed. 


LEMMA 5. If M, N are subsets of T such that M is compact and 
xCjf(x, M--N), then there exists an element m in M for which x 
Ef (x, m+). 


PROOF. Suppose the contrary. Then for each element m in M we can 
find a neighborhood Uw of x such that f(x, m +N) VU, = 5; select- 
ing neighborhoods Va of x and W, of 0 so that И. = —– И. and 
f(V., Wa) C Un, we have f(x, m+ Wa tN) Va = Ø. Choose finitely 
many neighborhoods m-+-W,, covering M and let V be a neighbor- 
hood of x contained in each of the corresponding Vw- It follows that 
f(x, M+4N)OV= Ø. This is a contradiction. 


LEMMA 6. If His a group and sf tC T ~H (t belongs to T but not to H}, . 
then x &f(x, +H). - 


Proor. Suppose x Cf(x, РН). By Lemma 2, there exists a compact 
set E in Н such that H=#+G. By Lemma 5, there exists an element 
s in E for which x€J(x, t-+s+G). Hence, t+sCH and £€ H. This is 
a contradiction. 


LEkwMA 7. If H is a group and tf tCT~H, then there exist netghbor- 
hoods V of x and W of t such thai f(x, ИБН) ЛУ = Ø. 


Proor. By Lemma 6, there exists a neighborhood U of x for which 
f(x, t-H)/'AU = 2. Choose neighborhoods V of x and Wo of 0 во 
that Wo=—W, and f(V, Wo) CU. Take W 2 Wi-Ft. The proof is 
completed. 


LEMMA 8. If Hts a group and sf x is recursive with respect to T, then 
x 4s recursive with respect to H. 
Proor. Let U be a neighborhood of x. Choose neighborhoods V 


of x and W of 0 so that W^ —W, W is compact and f(V, W)C U. 
Since we may suppose Н » T, we may also suppose that W+H »5T. 
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There exists a compact set F in T such that Ге Е-+- Н. Define 
Ex FA[T—(W--H)]. Now T~(W+H)=E+H. By Lemma 7, to 
each element e in E there correspond neighborhoods V, of x and W, 
of eso that f(x, W, +A V, =Ø. Hence, there exists a neighborhood 
V* of x such that f(x, E--H)'MV*» 9. We may suppose VC Р”, 
whence f(x, E-d-H)/MV 2 27. There exists an admissible set А in T 
such that f(x, A).C V. Hence, A ANZ 4-H) = @ and А СИН. Define 
B=H(\(A+W). Now f(x, A+W)CU. Since B is an admissible set 
contained in H and f(x, B) С U, the proof ia completed. 


THEOREM 1. If His a group and sf x is recursive with respect to T, 
then x is recurssve wiih respect to G. 


Proor. The conclusion follows immediately from Lemmas 4 and 8. 


Applications. Now let T denote the additive group of either the in- 
tegers or the reals with ita natural topology. Then G is either T or the 
group of all multiples of a nonzero number. It is clear from Lemma 1 
that in this case H is a group. 

We consider. the following six interpretations of admissibility. A 
set A in T is said to be admissible provided that: 

(1) A contains a sequence marching to + ©; 

(2) A contains a sequence marching to + © and a sequence march- 
ing to — œ; 

(3) There exists a positive number ф such that each interval of 
non-negative numbers of length ф contains a point of А; 

(4) There exists a posittve number p such that each interval of 
length p contains a point of A; 

(5) For each positive number e, lim вир! LULCA)CW(, з) } 
>0, where U,(A) is the «neighborhood of 4 in Т, ж is an integer, 
(0, я) is the open interval with end points 0 and s, and u denotes the 
usual measure of a set in Т; 

(6) For each positive number e, lim 8UPs «571p { UA), я) } 
>0 and lim вир». uÍ UA 5,0) 1 >0. 

Wil aoe nity done dae 3, 4, 5 or 6, then the term “re- 
cursive” ia replaced by “positively recurrent,” “recurrent,” *poei- 
tively almost periodic,” “almost periodic,” “positively strongly recur- 
rent” or “strongly recurrent,” respectively. 

Theorem 1 now yields immediately the following statement. 


THEOREM 2. If x is posttively recurrent, recurrent, розноеју almost 
periodic, almost periodic, positively strongly recurrent or strongly recur- 
reni with respect to T, then x has ihe same property with respect to С. 
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A REMARK ON DENSITY CHARACTERS 
EDWIN HEWITT! 


Let X be an arbitrary topological space satisfying the То-верагайоп 
axiom [1, Chap. 1, $4, p. 58].* We recall the following definition 
[3, p. 329]. 


DEFINITION 1. The least cardinal number of a dense subset of the 
space X ts said to be ihe density character of X. It is denoted by the 
symbol E(X). 


We denote the cardinal number of a set A by lal. 
Pospíšil has pointed out [4] that if X is a Hausdorff space, then 


(1) ix aor, 


This inequality is easily established. Let D be a dense subset of the 
Hausdorff space X such that | D| = Z(X). For an arbitrary point 
pEX and an arbitrary complete neighborhood system VU, at p, let 
D, be the family of all sets Г/Р, where UEU, Thus to every point 
of X, a certain family of subsets of D is assigned. Since X is a Haus- 
dorf space, D,»*D, whenever pq, and the correspondence assigning 
each point p to the family D, is one-to-one, Since X is in one-to-one 
correspondence with a sub-hierarchy of the hierarchy of all families 
of subsets of D, the inequality (1) follows. 

It may be remarked in passing that the inequality (1) does not 
obtain for all T;-spaces. Let m be a cardinal number greater than 2, 
where с= №. Let Z be a Т\-врасе of cardinal number m and with 
the property that the only closed proper subsets of Z are finite or 
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void. Then it is obvious that E(Z) = о, and that (1) does not obtain 


for the space Z. 
For some Hausdorff spaces, the equality 
(2) х [ео 


obtains. Pospísil [4] has constructed а large family of such Haus- 
dorff spaces, and has shown [5] that the Stone-Cech £ for any discrete 
infinite space satisfies it as well. It is the purpose of this note to 
exhibit another class of Hausdorff spaces for which (2) holds. 


THEOREM. Let A be an index class such that |A| =2= where m is an 
infinite cardinal number. Let {Xhe be a family of Hausdorff 
spaces such that |X| 22 and E(X) ím for ай ACA. Then 
са | =22 and. E(Sh 4X3) =т. 


Proor. We first consider the set А ав a topological space itself. 
Clearly, it may be put into one-to-one correspondence with the 
Cartesian product S,c xA,, where each A, is a Hausdorff space con- 
taining exactly two points and the index class M has cardinal num- 
ber m. As is well known, this Cartesian product is a bicompact 
Hausdorff space with cardinal number 2™ and a basis of open sets 
with cardinal number її. We may consequently regard А as being a 
Hausdorff space with a basis ® of open sets such that |B| =m. 

Let Уу = loe] be a fixed point їп the space PyeiX,. Let D, be a 
dense subset in X, such that |Di| = (0) S m. If os is the least 
ordinal number with corresponding cardinal number m, then each 
set D, can be во well ordered that 


Delgado х < о. 


If |D,| «m, then the elements фу* may be all taken identical from а 
certain point on. Of course, if || =m, no repetitions need occur. 

Let {Ai,---, Aw} be an arbitrary family of disjoint sets in 8, 
and let {an - - ·, o4] be arbitrary ordinal numbers all less than ap. 
Let x(Ài ---, Aaj о, о) = {ту} be the point in Bea such 
that n=pf," for all AGA, ¢=1, 2, 3,---, n, and nmg? for 
AGA ( 2 4-1). Let W be the set of all pointe x(ÀAj °>, As; 
«+++ ,о„) ав {Aiy,---, As} anc {о, - - , aa} assume all possible 
values. It is clear that | W| = enm” *—N,m-mn. Furthermore, 
W is dense in = АХ. Let С be an arbitrary non-void open set in 
= аА. By the definition of oven sets and neighborhoods in a 
Cartesian product (вее, for example, [2, pp. 829—830 ]), there exist a 
finite subset [s y Amd of A and sets Un · • •, “ay, where VA, is 
an open set in Xy, with the property that G contains all points fa} 
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of Фе „Ху such that $, € UA, for $&1, 2, 3, ^ - - , m. The sets D, being 
dense in the spaces X, there is a point фу € у, such that «Є U, 
($—1,2,3,--- , m). Since A is a Hausdorff space under the topology 
defined by B, there are sets А}, -+ - , Am іп B such that АА; =0 
for $»£j and such that MEA, for all 4 = 1, 2, 3, · · * , m. It is obvious 
that the point 2(А;, - • , Ån; а, °° > , Qa) isin the set WG. Having 
a nonvoid intersection with an arbitrary nonvoid open set in 
Pre X, W ig dense in АХ). | 

It follows from the definition of (ФАХ) and the equality 
| W| =m that (Фел) Sm. On the other hand, we have 


(3) са | 2: mi^! = 2, 

Hence, by virtue of the inequality (1), it follows that 
(4) | Pea | = 27" 

and 

(5) E(PreaXa) = m. 

This completes the proof. 


For a result similar to this, see [6]. 
The foregoing theorem, applied to various well known spaces, 
yields curious results. 


COROLLARY 1. The space of ail real-valued functions of a real variable 
with the Cartestan product topology contasns a countable dense subset. 


COROLLARY 2. The space of all characteristic funcisons defined on a 
set of cardinal number Xe coniains a countable dense subset under the 
Cartesian product topology. 


BIBLIOGRAPHY 


1. P. Alexandroff and H. Hopf, Topologie, vol. 1, Springer, Berlin, 1935. 

2. Eduard Cech, Ож bicompact spaces, Ann. of Math. vol. 38 (1937) pp. 823—844. 

3. Edwin Hewitt, A problem of set-theoretic topology, Duke Math. J. vol. 10 (1943) 
pp. 309—333. Е 

4. Bedřich Pospfifil, Sur la puissance d'un espace contenant une фатив dense de 
puissance donnée, Casopis pro pěstování Matematiky a Fysiky vol. 67 (1937-1938) 
pp. 89-96. | 

5. , Remark on bicompacd spaces, Ann. of Math. vol. 38 (1937) pp. 845—846. 

б. E. S. Pondiczery, Power problems in abstract spaces, Duke Math. J. vol. 11 
(1944) pp. 835—837. 





THE INSTITUTE FoR ADVANCED STUDY AND 
PurNCETOM UNIVERBITY 


THE KLINE SPHERE CHARACTERIZATION PROBLEM 
R. H. BING 


The object of this paper is to give a solution to the following prob- 
lem proposed by J. R. Kline: Is a nondegenerate, locally connected, 
compact continuum which is separated by each of its simple closed 
curves but by no pair of ita points homeomorphic with the eurface of 
a sphere? The answer is in the affirmative. 

A solution to the Kline problem gives a characterization of a simple 
closed surface. Partial solutions of this problem have been made by 
Hall [1, 2]! and Jones’[3]. Other characterizations of a simple closed 
surface have been given by Kuratowaki [4], Zippin [5, 6], Wilder 
[7] and Claytor [8]. Previous to the giving of theae characterizations, 
Moore gave [9] two sets of axioms, each set of which characterized a 
eet topologically equivalent to a plane. 

DEFINITION. We say that M disrupts X from Y in D if there is an 
arc from X to Yin D but each such arc contains a point of M. 

We shall make use of the following lemma. 


. LEMMA. Suppose that space ss locally connected and cannot be sepa- 

raled by ihe omission of any фа of tts points, that the boundary of the 
connected domain D is equal to the sum of the mutually exclusive sets 
М, N and E, each of which coniatns a point which is accessible from D, 
and that D’ 1s a connected subdomain of D such that no point of D esther 
disrupts D' from E+ M tn D+E+M or disrupts D’ from E+N in 
D+E+N. Then there ts an open arc from M to N in D that does not 
disrupt D' from E sn DHE. 


Proor. Consider the arc AB in D+B from a point A of D’ toa 
point B of E. Let W, be the set of all points P of AB such that there 
is an open arc from P to E in D that does not intersect some open arc 
from M to N in D. Ássume that the first point А of AB in the order 
from A to B on the closure of И, does not belong to D’. 

If R disrupts D’ from E in D--E, there are an arc from D’ to M 
in D-- M —R and an arc from D’ to N in DN —R. In the sum of 
these two arcs plus D” there is an open arc from M to N in D which 
does not intersect RB. This is contrary to the definition of R. Hence, 
R does not-disrupt D’ from E in D-- E. 

Let A'B’ be an arc in D+B’—R from a point A’ of D’ to a point 
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1 Numbers in brackets refer to the references cited at the end of the paper. 
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В' of E. Since D' is connected and does not contain R, we may sup- 
pose that A’ is A. Let X be the last point of A’B’ in the order from 
A’ to B' on AR and let Y be a point of AB between R and B such 
that RY contains no point of XB’. 

Choose a metric for X B'4- X Y. Let P, be a point of И: X Y such 
that no point of W; at a distance of more than 1 from Р, is between 
Р; and X on XY. Denote by Vi the set of all points P of XB’ such 
that there are in D an open arc from P to E and an open arc from ХР; 
to E such that the sum of these two open arcs does not intersect some 
open arc from M to N in D. Let О, be a point of Vi such that no point 
of Vi at a distance of more than 1 from (i is between Q, and X 
on ХВ’. 

Denote by WA the set of all points P of X Y such that there are in 
D an open arc from P to E and an open arc from XQ, to E such that 
the sum of these open arcs does not intersect some open arc from М 
to Nin D. Let P, be a point of W4A- ХР; such that no point of W, at 
a distance of more than 1/2 from P4 is between P, and X on X Y. 

In general, let W, (or Va) be the set of all points P of X Y (or XB’) 
such that there are an open arc from P to E in D and an open arc 
from XQ, (or XP.) to E in D such that the sum of these open arca 
does not intersect some open arc from M to N in D. Let P, (or Qa) 
be a point of W, (or V.) on ХР. (or XQ.) such that no point of 
W, (or Va) at a distance of more than 1/n from P, (ог Q,) is between 
P, (or О.) and X on XY (or XB’). 

Let Po and Qo be the limit points of P1, Pa, · · · and Qi, О... 
respectively. We note that for no integer я is P, between X and Py 
on X Y or is О, between X and Qo on XB’. 

Since no pair of points separates space, there is an arc from A to 
E in space that contains neither Р, nor Qo. Let A" B" be a subset of 
this arc irreducible from АХ 4- X Po-- X Qo to E. We shall suppose that 
A” ia a point of AX 4- XP, since the argument to follow may be ad- 
justed to take care of the case where it belongs to AX + ХО». 

There ig an integer 4 such that AA’’ contains no point of W; and 
A'B” intersects neither P&P, nor QoQ;. There is an arc M'N’ in 
D 4- M' 4- N' from a point M’ of M to a point N’ of N such that there 
are open arca (P’B,) and (Q'B4) in D—(M'N^), where P’ and Q’ are 
points óf Р,Р, and 00, respectively and В; (j=1, 2) is a point of E. 
Denote by, P” the first point of XP’ in the order from X to P' on 
P'B,--Q'B, and denote by Q” the first point of XQ’ in the order from 
X to Q' on P'Bi43- Q'B,. Let P''B4 and Q"B, be arcs in P'B,J-Q'B, 
where B, and B, are points of B44- Ba. 

Denote the set AX --XP''J- XQ'' by T. Since no point of AX is a 
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point of W;, P''B4-- Q"B, does not intersect AX. Then P''B4--Q" B, 
intersects T only at P'' -Q''. 

Now M'N' intersects T or else there is an open arc from A to E 
in T -P''B, and R is not as assumed. Also, M’N’ does not intersect 
T in only one point, for if it did, there would be an open arc from X 
to E in T--P''B,-4-Q" B, which would not intersect M'N’. But X is 
not a point of W,. 

Let M” and N” be the first and last points of M’N’ in the order 
from № to N’ on T. Replace the part of M'N’ between M” and N” 
by an arc а from M” to N” in T. Now one of the points M", N” 
belongs to XP”, for if neither were a point of XP”, there would be 
an open arc from X to E in XP’’+P’’B, which would not intersect 
M' M'' --a- м" №’. This contradicts the fact that X is not a point 
of W. Also, one of M'', N'' isa point of X Q''. Since A”’ is not a point 
of Wi, it is not between P” and M''-- N'' on XP”. 

Let C be the first point of A" B" in the order from A" to B” on 
M+ M' M''-- NN" N'! 3- E-4-P''Bs3--Q"'B,. Now C is not a point of 
E-- P'' B4-4- Q"B,, for if it were, there would be an open arc from 4A" 
to E in A'"C--P"B,--Q'B, that would not intersect M' M" +a 
+N” №", But A” is not a point of Wi. 

Assume that C ia a point of M+ M' M''. Consider an arc B from M 
to N in A" C+ M' M''-- T -- N" N' containing A"'C. We note that 8 
does not contain M”. Now A” is not a point of XP”, for if it were, 
there would be an open arc from A” to E in P" B4--Q"B,-4- T which 
would not intersect В. Also, A’’ is not a point of AX or else there 
would be an open arc from X to E in P''By--Q'"'B,-- T which would 
not intersect.8. But X is not a point of W;. Hence, C is not a point 
of M+ M' M". Likewise, we find that C is not a point of N+N’’N’. 

This establishes the lemma. The assumption that R is not a point 
of D’ leads to the contradiction that the point C of M4+-M' M” 4N 
TN"N'-€-E--P'B,4-Q"B, belongs to neither E-4-P''B,-2- Q''B,, 
M-- M' M" nor NAN” N'. 


THEOREM. Suppose that S ts a nondegenerate, compact continuous 
curve such thai no pair of points but every simple closed curve of S sepa- 
rates Н. Then S is topologically equivaleni to the surface of a sphere. 


Proor. Regard S as space. It is known [6, 10] that S is a simple 
closed surface if no arc separates it. We shall show that no arc sepa- 
rates S. 

Before giving the details of the proof, we shall briefly outline what 
we intend to do. On the assumption that some arc separates space, 
we shall get a finite collection H; of connected domains such that 
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their sum does not separate space and such that the sum of any two 
nonintersecting elements of Н, separates the sum of the elements of 
Hi. Collections H3, Ha, - - - are defined which satisfy corresponding 
conditions and which are such that the closure of each element of 
H „+ is a subset of the sum of the elements of H,. See the figure. There 





Кө. 1 


are actually many more elements in М, and Нз than are shown in the 
figure. The collections Hı, Ha, - - - are described in such a way that 
the common part of their sums is a simple closed curve not separating 
space. Hence, we shall show that the assumption that some arc sepa- 
rates space leads to the contradiction that some simple closed curve 
does not. We now conaider the details of the proof. 

Assume that an arc separates the point X from the point Y. Then 
there is an arc AB that separates X from Y such that no proper sub- 
arc of 4B separates X from Y. Let Dy and Dr be the complementary 
domains of 4B containing X and Y respectively. 


Description of collection H. Asaume that a metric has been chosen 
for S and let є be a positive number less than one one-hundredth of 
the distance from A to B. We shall describe a collection A, of con- 
nected domains. The sum of the elements of Н, will be denoted by Н. 


648 R. EL BING [August 


The collection Hı of connected domains Жил, Аз, © -> , M (05100) 
will satisfy the following conditions: 

(1) kı, intersects Ау; only if ¢ is equal to either j—1, j or j+1 
(hi ciim тд and him); 

(2) 5 — Н is connected; 

(3) some point of S— А is accessible from Ат; 

(4) the diameter of kı, is less than 4; 

(5) no connected subset of Н" that intersects hı, and А: „а is of 
diameter less than «,/4. 

Denote by Dı, Ds, · · ·, D, the elements of a finite collection of 
connected domains covering S such that the diameter of each is less 
than &«/100. Suppose that each of the domains Dj, D, - -- , D, 
intersects the Mn uuo of Dry+Dy, each of the domains 
Dias, Раз, - ++, Dy із a subset of Dy and each of the domains 
Da Рыа, · · ‘Ds is a subset of Dy. 

Let œ, оз, · · ·, ау be a collection of arcs in the compleet of 
Dx4-Dy 4-A +В such that a, (#=1,---, ў) intersects D; and AB. 

Let A' and B' be points of the ac AB such that 4A’ and B'B are 
arcs that do not intersect a,-+as-+ - - - +a; each of the arcs 44’ 
and B’B is covered by an element of Dj, Ds, - - - , Da, some point of 
A'B' is accessible from Ds(Z=X, Y) and if D, is an element of 
Di, Dy, «++, D, in Dy, then no point of Dy either disrupts D, from 
AB’ іп Р: АВ’ or disrupts D, from A’B in Dg+A’B. 

Considering Dr, Din, Рк: (44' — A^), Dr- (B'B — B^) and Dy-A’B’ 
as D, D', M, N and E of the preceding lemma, we find that there is 
an arc ay. from A’B’ to Р, m Dx -A'B! that does not disrupt 
АА'—А' from B'B —B'! in Dx --AB —A'B'. Let D’ be a component 
of Dx —Dr-.a5,1 that contains an open arc from a point of AA’—A’ 
to a point of B'B — B'. If Djs ia not a subset of D’, let адз be an arc 
in Dx —D'-- A'B' from A’B’ to a point of Рз. If Dus is a subset 
of D’, we shall apply the lemma to get an arc apa from Dya to A’B’ 
in Dy-+A’B’ such that o5,4--a,,3 does not disrupt AA’—A’ from 
B'B — B! in Dr 3-AB —A'B'. The procedure is described in the fol- 
lowing paragraph. 

Let R be a point of D’. Sincé no point of Dy disrupts Djs from 
AB’ in Рх АВ’, there is an arc B from Djs to AB’ in Dx --AB'! —R. 
A subarc of B in D'--AB'-Fag4 № intersects D,,4 and 4АВ’+оді. 
Hence, R does not disrupt D ps from A B' --a,,4in D’+D’-(AB’+a,41). 
Also, R does not disrupt D,,4 from 4’B+ay1.in D’+D’-(A’Btayy). 
Applying the lemma, we find that there is an arc from Dy, to 
А'В'+арі in D'+A’B’+ay1 that does not disrupt 44’—A’ from 
B'B — B! in D'--AB —A'B'. Then there is an arc Otis in Dy+A’B’ 
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from Djs to A'B’ such that aj,1-4-o;,. does not disrupt 4A’—A’ 
from B'B —B'in Dy+AB—A’B’. 

Likewise, we find that there is an arc анз from D4 to 4'В' in 
Dx 4-A'B' such that а, н Баз +a does not disrupt 4A’—A’ from 
B’B-B' in Рх+АВ-А'В'. A continuation of this process gives 
that there are arcs оды, сы, · ·, xy in Dy+A’B’ whose sum does 
not disrupt AA’—A’ from B’B—B’ in Dx -AB —A'B' and such that 
a (p=i+1,:--, k) intersects D, and A'B'. Also, there are arcs 
O41, O13, сс , G4 In Dy+A’B’ whose sum does not disrupt AA’—A’ 
from B'B — B' in Dg--AB —A'B' and such that a, (p=k+1,---,n) 
intersects D, and A'B'. 

Let G be the collection of all domains g such that g is a component 
of the common part of the complement of AB+am+tm+--- Faa 
and some domain of Di, Da, - - - , Da. If P is a point of D,, there is 
an arc in D, from P to a;. Hence, if g is an element of G, some point 
of AB-+-a1+as-+ + · - +a, is accessible from g. 

Let g4 and gs be domains of diameters less than «/100 that cover 
AA'—A’ and B'B —B' respectively but no point of A’B’ tata 
Fs os,. There exists a finite collection Gy of domains of G such 
that this collection but no collection of fewer elements of G satisfies 
the condition that the sum of the elements of Gy is a connected sub- 
set of Dy and intersects both g4 and gs. Denote the elements of Gr 
by ga, En ^ ^ ^, £r, Where ра intersects gs, р; ($—2,- · - , r— 1) inter- 
sects р... and: g, intersects gs. Denote ра by р: and gs by ркы. 

Also, there exists a finite collection Gy of domains of G such that 
this collection but no collection of fewer elements of G satisfies the 
condition that the sum of the elements of Gy is a connected subset 
of Dy and intersects both g4 and gs. Denote the elements of Gy by 
ria, Er ^ c Rs where g (t,=7+1, ---,s—1) intersects gı and g, 
intersects £i. ' 

Let E denote +з ----+g, plus all points that it separates 
from A'B’. Each component of the common part of E and an element 
of G intersects an element of gi, gs, · · - , g,. However, it is to be noted 
that no such component intersects two g,’s that do not belong to a 
consecutive set of three domains of gi, gs, · · ·, Eas £1, £x. Denote by 
gi the sum of g, and all such components that intersect g,. We note 
that g/ is a diameter less than &/33. 

If three is a factor of s, denote the sum of the firat three elements 
of gi, 63, - ``, g: by №, the sum of the next three elements by 
hy, -- + and the sum of the last three elements by A,. If three is a 
factor of 7+1, then kı, Аз, - - - and А, are defined as before except 
that A, is the sum of the last four elements of gi, g$, <*>, g; instead 
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of the last three. If three is a factor of s+2, each of А, 4 and А, is 
the sum of four elements of 21, gi, · · , gi. Since each A, contains 
either ра, gp or an element р of G which does not intersect g4--gs and 
since a point of AB++ai+as;-+ +++ +a, is accessible from g, then a 
point of A’B’+ait+a,+ · · - +a, is accessible from й,. Now А; is of 
diameter less than є/8 and the collection kı, fx, - - - , A, satisfies 
conditions analogous to conditions (1), (2) and (3) to be satisfied by 
hi, his, E ELO Ay. 

Let Ат be the sum of hı, Аз, - © © , h, where some connected sub- 
set of Aithy+--- +A, of diameter less than «/4 intersects 
hi, hs, +> and A, but no such subset intersects both A; and hays; 
let Ais be the sum of Aas, Anya, © >, Am Where some connected subset 
of ki +A,-+ - - - +A, of diameter less than є /4 intersects ha+1, Aaya, `` 
and A, but no such subset intersects both А... and basi; - · · ; and let 
hi, be the sum of Agii, Apys, -, А, where some connected subset 
of А-А РА, of diameter less than 36/4 intersects Api, 
Ар, +: and А, but no subset of hithit +--+: +h, of diameter 
less than €/4 intersects both 5,,; and Ау. We use 36/4 in the last 
case instead of &/4 in order to insure that no connected set in 
hi hd- --- +A, of diameter less than &/4 intersects both 4,4; and 
hy. The collection Н; satisfies conditions (1), (2), (3), (4) and (5). 


Description of collection H4. Choose a positive number єз less than 
one one-hundredth of the diameter of any connected set in Hi* that 
intersects A;,, and Ai,;-3. We shall describe a collection Н; of connected 
domains Аз 1, 5h33, ©- >, Аз, such that: 

(1) Аз, intersects A4, only if ¢ is equal to either j—1, j or j+1 
(5,419531 and faa ms); 

(2) 5 — Hs* is connected; 

(3) some point of 5 — H;* is accessible from №, ;; 

(4) the diameter of h4, is lese than e; 

(5) no connected subset of H,” that intersects Аз ; and Аз {н is of 
diameter less than 6/4; 

(6) each Ах, contains 98 consecutive elements of has, Aas, · · ·, Aas} 

(7) if H(n; 4, 7) denotes ha 100 ++ Finat РА | 
+HAn 100 and ki and hi, intersect hs, and Аз, respectively, then 
either H(1; +, 7) covers the closure of H(2; m, k) and H(1;7, 4) covers 
the closure of H(2; k, m) or H(1; 4, 7) covers the closure of H(2; k, m) 
and Н(1;7, +4) covers the closure of H(2; m, k). 

Denote by C the component that contains А; 4-1, of the common 
part of Ais-+Aist+ · · · +A, and the complement of the closure of 
аА ло We shall show that if Р isa point of hi s +A, and Risa 
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point of C — P, then R does not disrupt P from S— Ht in S—H* +C. 
Let РО be an arc in S—R from P to a point Q of S —H*. Let Q'be 
the first point of PQ in the order from P to Q on SS — C. If PQ’ inter- 
sects 5:5, then there is an arc from PQ' —Q' to S— Hi* in S— Н+: 
because a point of 5 — Hi* is accessible from 41,3. Also, if PQ’ intersects 
hi,s, R does not disrupt P from S— Н+ in S— Н - C. If PQ’ inter- 
sects neither 51,4 пог Ai,s, then Q’ is a point of S— HF. This demon- 
strates that R does not disrupt P from S— Hi* in S — HF 3- C. 

Let С be a finite collection of connected domains covering J,44-51,4 
such that each intersects /4,44-hi,. and is of diameter less than 
6/1200. No point of C disrupts an element of G from S~—H* in 
S — Hi! - C. Repeated applications of the preceding lemma give that 
there is a continuum К in S~H*+C that intersects A’B’ and each 
element of С but does not disrupt Ауу from Ало in Ay -5ad- ccc 
+hiio. Let G’ be the set of all domains g’ such that g’ ia either the 
common part of Aia+Aiat ++ №, the complement of K and an 
element of С, or the common part of the complement of K and A, 
for з equal to 2, 3, 4, 7, 8 or 9. 

There exists a finite collection G'' of elements of G’ such that the 
sum of the elements of G” is a connected domain intersecting Ж 
and №. ло but the sum of no subcollection of G’ having fewer elements 
than G'' is a connected domain intersecting №: 1 and А; ло. Assume that 
gı of G” intersects hy, gi (¢==1,---, r—1) intersects g.41 and g, in- 
tersects hy до. 

There exists a collection ғу, 03, - - - , g/ of connected domains such 
that g/ intersects А1, g, intersects рі,1, р; intersects hi зо and the 
closure of ру (В =1, · · ·, ғ) isa subset of ga. 

Let E denote hatg t +--+ +g that +41 plus all 
points that it separates from A’B’. Each component of the common 
part of E and an element of С’ intersects one of the domains Ал, 
gi,’ £5, kino but no such component intersects two of these 
domains that do not belong to a consecutive set of three of these 
domains. Add such components to the ones of №. д, g/ , № ло that they 
intersect to form the sets Ay, gi’, hi. We note that the diameter of 
each p. not intersecting hiat had haut huh hse is less than 
«/400. 

Consecutive elements of g{’, gi’, ---, gf’ may be combined by 
threes and fours in a manner previously described so as to get 
a collection £15, £13, ^ ^ ^ , £1,« such that the collection А, £13, · · ·, 
Ёз», Mo, P, -> , hi satisfies conditions analogous to conditions 
(1), (2) and (3) to be satisfied by Азд, Bas, © © - , А... We note that the 
closure of £1,; (2 $$ <u) is a subset of hin thia ©- +10. 
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In a manner similar to that in which /i3-F-51a-- ло was 
replaced by hi 3-2£1,d- бтз + gi, x +40, we replace Ay uit Tet | № дә 


by An-+guat +- Бап. Бо, сс and kat Б OSm 
S18) by hia tga t ++ + + tm the. 
Let р; о be the fourth element of gi, 2.3, °° `, £u. which follows 


all of these elements that intersect №1 (уз. We note that р; о, the three 
domains immediately preceding р, о, and the three domains immedi- 
ately following gio are each a subset of А. а of diameter less than 
&/100. 

In the manner described above, replace got · · © +AiotAut+-:: 
gu, by giotAas+ БА, guo; replace guot <- Ба, by 
укы "БА, tens: >: and replace #01 ° +g, by 
hist ccc БА Баа. The closure of &$a4- - +h, is a subset of 
hac ELE А. 3, LUN and the closure of haat rm Mucha 18 a 
subset of hiewt ccc Ало. Consecutive elements of А21, А2, 
-+ +, Agu may be combined in a manner previously described во as 
to form a collection Нз of connected domains 74,4, Ass, © · -© , Йа, Batis- 
fying conditions (1), (2), (3), (4), (5), (6) and (7). 


Description of simple closed curve J. For each positive integer 2 
greater than one, we define a collection H; of connected domains 
hes, Кез, > e +, Б» satisfying conditions analogous to those satisfied 
by H, where e; is a positive number less than one one-hundredth the 
diameter of any connected set in Hi, intersecting hy1,, and ^, 3,53. 
We shall show that the common part J of Hi*, Hy, - - - is a simple 
closed curve that does not separate S. 

Аз the closure of Hi, is a connected subset of H,* (condition 7) 
and as each й; ; contains an element of H,,1 (condition 6), then J is a 
nondegenerate continuum. This continuum does not separate space 
because the complement of each Н,* is connected. 

To show that J is a aimple closed curve, we shall show that any 
pair of points P, Q of J separates it. Suppose that А, р, and А, о; аге 
elements of д; 1, - - - , bu. that contain P and Q respectively. For con- 
venience in notation, we shall assume that it is H(s; Pi, Q,) that 
covers the closure of H($--1; Piss, Qiu) and that it is H(s; О„ P.) 
that covers the closure of H(4+1; Ои, Psi). If Jpg із the 
common part of H(1; Pj, Qi), H(2; Ps, Qs), - - - , we find that J is 
the sum of two continua Jpg and Jep which have only P and Q in 
common. 

Hence, the assumption that an arc separates S leads to the conclu- 
sion that some simple closed curve does not. 
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ON THE EXTENSION OF HOMEOMORPHISMS ON THE 
INTERIOR OF A TWO CELL 


E. E. FLOYD 


The subject under discussion in this paper is the study of the exist- 
ence and properties of extensions of homeomorphisms of the interior 7 
of a two cell with boundary C onto a plane bounded region. Particu- 
lar emphasis will be placed on the action of the extension on C. 
Application of the topological results will then be made to conformal 
mape on the interior of the unit circle. 

The hypothesis that f(7) =R is a homeomorphism of the interior I 
of a two cell with boundary C onto a plane bounded region R with 
boundary F(R) will be assumed throughout the paper. The usual 
terminology of transformation theory will be used: the transforma- 
Чоп g(4) = B is said to be light if each f(x), x CB, is totally dis- 
connected, and non-alternating if for each x, y CB, fx) does not 
separate f—1(y).! 

1. Action of extensions on the boundary. 


THEOREM 1. Suppose f is unsformly continuous. Then there exists a 
continuous extension g of f such thai g(T) =R and g=f on I. Moreover 
E(C) = F(R) is а non-alternating transformation. 


Paoor. The existence of the extension is well known, since f is 
uniformly continuous. Moreover g(C) = F(R). To prove this, we no- 
tice that g(7) is compact and must contain Ё. Since g(I) = К, then 
g(C) 2 F(R). Suppose g(C) + F(R); then there is a point хЄ С such 
that g(x) CR. Let (xj), x, CI; then (f(x))-—g(x). Since g(x) CR, 
then (xj)—f-!g(x)CI. This is a contradiction and g(C) = F(R). 

Suppose g(C) = F(R) is not non-alternating; then there exist points 
х1, Xa, 312a € C such that g(x) = (аа), g1) = (9а), g(1) vg), and 
х зз separates yi+5, оп C. Let A, and А; be interiors of arca xa 
and уч respectively, where xix C Гә аз, yuys CI +y +492, аа ys 
= pm AA: Both g(xix») and g(yiy4) are simple closed curves and 
g(x1xa) - g (yix) =f). Moreover points of gya) are contained both 
in the interior and exterior of g(x). For А; separates A, into two 
parts, one in each component of 1— A; then f(41) separates: f(41) 
into two parts, one in each component of К —f(41). But one compo- 

Presented to the Society, April 27, 1946; received by the editors April 3, 1946. 

1 See G. T. Whyburn, Analytic topology, Amer. Math. Soc. Colloquium Publica- 
Чопа, vol. 28, New York, 1942, рр. 127-129, 138—140, 165—170 for properties of non- 
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nent of К — (4) is contained in the interior of f(A1) + g(x), the other 
in the exterior. This furnishes a contradiction, since f(p) would then 
be a cut point of (ууз), and the theorem is proved. 

DEFINITION. Let К be a plane region with boundary F(R); we say 
that А is a cut into Rif A CR and if there exists a point x € F(R) such 
that A +z is an arc. We shall call x the end of the cut A. 

DEFINITION. We say that f possesses property P if 

(1) A is a cut into R implies f-!(A4) is a cut into J, and if 

(2) А; and А, being cuts into R with distinct ends implies f-!(.43) 
and f3(A4) are cuts into J with distinct ends. 


LEMMA 1. A necessary and suffictent condition that the boundary 
F(R) of a bounded simply connected plane region R be locally connected ts 
that for each sequence (x,), х,Є К, such that (x:) converges to x, x C F(R), 
there exists an infinite subsequence (y,) of (x,) and an arc ах, ayx CLR +x, 
such that ax (y). 


Proor. Let R be a bounded simply connected plane region with 
locally connected boundary F(R). To show the necessity portion of 
the lemma, we proceed to show two preliminary statements. 

(1) There exists a sequence (R,) of regions contained in R such that 
RiiCk,, each R, possesses property S,? each R, contains an infinite 
number of points of (x,), and the diameter of R; goes to 0 with 1/5. 

To prove (1), we note first that R possesses property S, since F(R) 
is locally connected? Then R may be decomposed into a finite number 
of regions, each with property S and each of diameter less than 1/2. 
One of these, say Ri, contains an infinite number of points of (x,). 
Then R, possesses property S and hence may be decomposed into a 
finite number of regions possessing property S and of diameter less 
than 1/4. One of these, say Rs, contains an infinite number of points 
of (xj). By continuing the process, we obtain the required (R,). 

(2 Let A=pg—p be a cut into a region R: of (1), pc R- F(R), 
qCR,. Let R,CR, be such that R,-A —0, and let rc Ry. Then there 
exists an arc qr, qr C(R,—4) -q, such that gr- F(R,) consists of a 
single point, where F(R.) is used to denote the boundary of Ra.. 

To prove (2) we note first that R,—A is connected, since a cut 
into a region does not disconnect it. Furthermore q is accessible from 
R,—A since a sufficiently small neighborhood of q is contained in 
R,—A except for points of the arc pq. Let qs be an arc contained in 

з: R. L. Moore, Concerning connectedness im kleinen and a related property, Fund. 
Math. vol. 3 (1922) pp. 232-237. . 

! R. L. Moore, loc. cit. p. 235. 
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. (К,А) +9, where C R,. Let у be the first point of qe- F(R,) in the 
order д, ғ. Then gy C(R, — Rj- Ё,) +y, yC F(Rj). Since R, possesses 
property S, each boundary point is accessible from R.* Then let yr 
be an arc, yr СК;+у. Then gr=qy+yr is the desired arc, and (2) is 
justified. 

We now proceed to show the necessity portion of the lemma. Let 
A4 €R (x). Let № be such that Ry is a member of the sequence (Ri) 
and yi& Ry. Such an № exists since R; is arbitrarily close to x C F(R) 
for + sufficiently large. Let 44€ R4 - (x). Let 3134 —4 be an arc con- 
tained in R and such that A-F(Ry) consists of a single point. Such 
an arc may be constructed by an argument similar to the one used 
in (2). Let R{ be such that Rj is a member of (R,) and уу: Ri =0; 
let 34€ Rf -(x,). Since Ré - 9494 is a cut into R4 we may use (2) to 
obtain an arc уу; contained in (Ry — R4 -31*3) уз and intersecting 
F(Ri) in a single point. Let R/ be a member of (R,) such that 
К. (ууз Бууз) =0, let y,CC RA - (x), and continue the process indefi- 
nitely. We thus obtain a sequence (у; 1У,) of arcs, y, 3X. СР, Y. € (x4), 
4.51 Intersects Hya tyit c c c уау in the single point 7; 1, 
and y, 17у, approaches х as a limit. Let A = У уу, 1y,4-x. Then everv 
point of A except yı and x are cut points. Moreover, A is compact, 
since the arcs y, 3y, approach x as limit. Then А is an arc satisfying 
all the conditions, and the necesaity is shown. 

Suppose for each sequence the condition of the lemma is satisfied 
and suppose F(R) is not locally connected. Then there is a point 
xE F(R) such that x is not regularly accessible from R.* That is, for 
some e 0 there exists a sequence (x,), x, C R and (x,)—x, such that 
x, may not be joined to x by an arc of diameter less than e in Ах. 
By hypothesis, there exists an arc aix C R4 -x such that aix contains 
an infinite subsequence of (x;). This arc may be supposed to be of di- 
ameter less than e. This is a contradiction and the theorem is proved. 


LEMMA 2. If F(R) ts locally connected and f possesses property Р, 
then f 35 uniformly continuous. 


PROOF. Suppose f is not uniformly continuous. Then for some e>0 
and each d; of a sequence (d,)—0, there exist x,, y,GJ such that 
р(х, у) «d, and p(f(x), f(y)) ze. We may suppose that (х,)-эх; 
then (4,)—z and хЄС. We may also suppose that (f(x,))—5 and 
(f(y))5. Then z, з. Moreover z; C F(R) and С F(R). For sup- 
pose sz CR; then (xj)—f-!(s)CI. But this is impossible; thus 
п, С F(R). By Lemma 1 there exist cuts A; and 4А, which con- 


8 G. T. Whyburn, loc. cit. p. 111. 
t С. T. Whyburn, loc. cit. p. 112. 
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tain infinite subsequences of (f(x;)) and (f(y,)) respectively and which 
have z; and 5 as ends. By property P, f-'(4;) and / (ДА+) are cuts 
into I with different ends. Since each of them must have x as an end, 
this ів a contradiction and the lemma is established. 


THEOREM 2. Let F(R) be locally connected. Then a necessary and sufi- 
cieni condition that f have property P is that there exist an exienston g 
of f, where g(I) =R, gef on І, and g(C) - F(R) is light and non- 
alternating. 


PRoor. Suppose f has property P. Then by Lemma 2 and Theorem 
1, g exists and g(C) = F(R) is non-alternating. Suppose g(C) = F(R) 
is not light; let x€ F(R) be such that g^!(x) is not totally discon- 
nected. Let M be a nondegenerate component of g^!(x). Since I4-C 
is a two cell, there exists a set NCJ which is homeomorphic to the 
graph of the equation y sin 1/х, 0 «x &1, and such that = + M. 
Then f(N) is a cut into R with end x. Since f-!1f(N) =N is not a cut 
into Г, then f does not possess property P, and we have a contra- 
diction. This shows the necessity of the theorem. 

Suppose f may be extended to g, where g(7) = R, g —f on I, and 
g( C) = F(R) is light and non-alternating. Let A be a cut into R with 
end x. Suppose 4 =@х—х. Let (xj)—z, where x;CA and where x; 
precedes x4 on the arc ax ordered from a; to x. We may also sup- 
pose that (f-1(x.)) converges to a point y. Let А, = хи be the sub- 
arc of A joining x, to хы. Then lim sup f !(A,)) Cg (x) by the con- 
tinuity of g. Since lim inf FHA.) 5s, then lim inf f-!(4,) #0 and 
lim sup f-!(A,) is connected.’ Let B —f-!(A). Then lim sup f-'(A,) 
= В B. Then B—B is both connected and totally disconnected, and 
hence is a single point. Then B —f-!(4) is a cut into I. 

Suppose A; and A; are cuts into R with ends x; and x4 respectively, 
x1 7533, while f-1(41) and f-!(A4) are cuts into J, both with end y. Then 
gf- (A1)) 2 41 and g(f^1(44)) = Аз are cuts into I, both with end g(y). 
This is a contradiction and the theorem is established. 


2. Application to conformal maps. 


THEOREM 3. Let I be the interior of the unii circle, and let f be a one-to- 
one conformal map. Then f possesses property P.* 


COROLLARY 3.1. Let f(T) =R be a one-to-one conformal map of the 
_tntersor I of the unit circle C onto a bounded plane region R with bound- 


т G. T. Whyburn, loc. cit. p. 14. 
t For proof, see C. Carathéodory, Conformal representation, London, 1932, pp. 82— 
85. 
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ary F(R). Then a necessary and sufficient condition that f be extensible 
to g on I is that F(R) be locally connected. In case F(R) is locally con- 
nected, and tf g denotes the extension, then the mapping g(C) = F(R) is 
light and non-alternating. 


ProoF. The sufficiency follows from Theorem 3 and Theorem 2. If f 
is extensible to g on T, then g(C) = F(R) gives a continuous map of 
the locally connected continuum C onto F(R). Then F(R) itself must 
be locally connected. 


COROLLARY 3.2. Let f(I)- К be а one-to-one conformal map of the 
interior I of the unii circle onio a bounded plane region R with boundary 
F(R). Then a necessary and sufficient condition thai f be uniformly con- 
tinuous $5 that F(R) be locally connected. 


Proor. If f is uniformly continuous, then f is extensible to g on T 
and F(R) is locally connected by 3.1. If F(R) is locally connected, 
then f is extensible to р on 7 by 3.1. Then g is uniformly continuous 
and so 1s f. 


COROLLARY 3.3. Тнв Oscoop-CagaATHÉODORY THEOREM. Lei 
f(D =R be a one-to-one conformal map of the interior I of the unit circle 
C onto the tntertor R of a simple closed curve J. Then f may be extended 
to g on Т such that g(T) = R is a homeomorphism. 


Proor. The mapping g(C) = J is light and non-alternating; the only 
light and non-alternating transformation of one simple closed curve 
onto another is a homeomorphism.’ Hence g(T) = R is a homeomor- 
phism. | 

Note. Another example of a map with property P is the inverse of 
the relative distance transformation” on a plane bounded region with 
property S. The following topological! theorem is usually proven by 
means of this transformation ;!! 4f B 4s any boundary curve, there extsis 
a light and non-alternating transformation g( C) =B, where C is a simple 
closed curve. If B is restricted to a boundary curve which contains at 
least one simple closed curve, we may prove the theorem by means of 
conformal maps as follows. We may suppose that B is the boundary 
of a bounded plane region R. Then there exists a 1-1 conformal map f 
of the interior of the unit circle onto R, since R is simply connected. 
Then f is extensible to g on Тапа g(C) = В is light and non-alternating. 
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NOTE ON THE KUROSCH-ORE THEOREM 
R. P. DILWORTH 


1. Introduction. The Kurosch-Ore theorem! asserts that if an ele- 
ment of a modular lattice has two decompositions into irreducibles, 
then each irreducible of one decomposition may be replaced by a 
suitably chosen irreducible from the other decomposition. It follows 
that the number of irreducibles in the two decompositions is the same. 

The purpose of the present note is to study the manner in which the 
irreducibles of two decompositions can replace one another. Now from 
the Kurosch-Ore theorem it is not even clear that each irreducible of 
one decomposition is suitable for replacing some irreducible of the 
other decomposition. However, this follows from the following precise 
theorem: 


THEOREM р ee ек dA ert ee е ен 
а= Ф · (Хе = ( - - - (M be too reduced decompostitons inio 
srreductbles. Then the q's may be renumbered in such a way that 


a= Ф О ХХ «++ Oda, jen 


Along the same line of ideas, the following theorem on simultaneous 
replacement is also proved. 


THEOREM 2. Lei a be an element of a modular latice and let 
а= Ф · (Mymqi( V: (My be two reduced decompositions into 
irreducibles. Then for each q,, there exists q! such that qf} can replace 
q, $n the first decomposition and q, can replace q} in the second decom- 
postition. 

On the other hand, an example is given which shows that, in gen- 
eral, it is impossible to renumber the q’s in such a way that simultane- - 
ously 9; may replace q; and q; replace qi. 

As the principal tool in the investigation we introduce the concept 
of a superd4visor r of an element a. r has the fundamental property 
that its crosscut with any proper divisor of a is never equal to a. 
"The superdivisors of a are closed under crosscut and indeed form a 
dual-ideal т. which properly divides a. 

A surprising by-product of the investigation is the fact that in a 
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modular lattice satisfying the ascending chain condition, t, can be 
used to prove the existence of covering ideals. Thus, in this case, the 
customary use of transfinite induction can be avoided. 


2. Properties of superdivisors. Let M denote a modular lattice of 
elements a, b, c,: +--+. a2b will denote ordinary lattice inclusion 
while а ЭФ will denote proper inclusion. We recall that an element q 
of M is (crosscut) irreducible if g=x\y implies either q=x or q—y. 

DEFINITION 1. А divisor r of a is a superdsotsor of a if rOx =a im- 
plies х=@ for all x in M. 


The following lemmas give the basic propérties of superdivisors.* 


LEMMA 1. If r $5 а superdivssor of a and sr, then s is a superdsoisor 


of a. 
For 3 \х —a implies r(x =a implies x —a. 


LEMMA 2. Jf r and s are superdsvisors of a, then rs 1s a superdivisor 
of a. 


For (rOs)Ox=a implies r/WMs/w)«a implies s/x-a implies 
x=. 


COROLLARY. The superdivisors of a form a dual-ideal т. of М. 


LEMMA 3. If q is an irreducible divisor of a and xq, then x is a super- 
divisor of a. 


For if х(\у =а, еп g=qUa=qU (eM y) -x(WMqWUy) by the modu- 
lar law. Since q ia irreducible and g £x, it follows that g=q\/y. Hence 
у = q( \у = д M Ww-g( Wa. Thus x is a superdivisor of a. 

Now if а= ФГ · - · (gs is a reduced decomposition of a into ir- 
reducibles, we shall set О, qi - - - Ag, a Mal V: Oqa. Clearly 
a cq Qi and О; 7 1. 


LEMMA 4. Let с = Ф(\ - - · (M, be a reduced decompossiton tnto tr- 
reducibles. Then if r 4s a superdivisor of a, а, (r\Q,) 45 also a super- 
divisor of a. 


By Lemma 3 if g¢,U (rQ@,) is not a superdivisor of a, then q,r Qi. 
But then r\Q, =rNq:\Q, =a. Hence Q, =a which contradicts О; xa. 


LEMMA 5. Let а= Ф - - - (Aq, be a reduced decomposstion snio sr- 
1 Jf the descending chain condition holds, it is easy to show that r is a superdivisor 


if and only if r s, where # is the union of the elements covering a. Cf. Dilworth [2, 
p. 288]. 
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reducthles and let x Ori MQy АСМА, °°, né where r,- rare 
superdivtsors of a. Then xr wa "(My where r ts a super- 
divisor of a. 


Now clearly x 2r/Wua( · - - (Ag, for any superdivisor r of a. Let k 
be maximal such that x2rf\q,f\ · - - (^q, for some superdivisor f. 
Suppose k 514. Then by the hypothesis of the lemma xri \О,. Let 
f'arÜW, Then D'ARO -° OLIO) =r’ Г\дьа Ус: 
Cg. (9,0270 70). But ga (r’\Qy) is a superdivisor of a by 
Lemma 4. Hence r'/ Mg, (r'/AQ4)) =r” is a euperdivisor of a by 
Lemma 2. But then x Or'' Maga - - - (Aq, contrary to the maximal 
property of k. Thus k>+ and the conclusion of the lemma follows. 


3. Decomposition theory. The application of superdivigors to de- 
composition problems rests on the following lemma: 


LEMMA 6. Lefazqu/Y- - - (Aq, bea reduced decomposition of a. Then 
q may be replaced by an йн dsoisor q of a if and only з] 22" \0, 
is false for every superdtotsor r of a. 


Let us suppose that q can replace 9,. Then a=qf\Q;. Hence if 
92" 0, for some superdivisor r, then r/ YQ; —r( M Que r(Ya =e and 
О, =a which is impossible. Thus 9227/0, fails for every superdivisor 
r. Conversely suppose q2r( YQ, holds for no superdivisors r. Then 


(2900; = (0070) О (a NA) = [У (4 С\ О,)] AQ. 


Hence q,U/(q(\Q,) is not a superdivisor of а and by Lemma 3 we have 
9:229 \Q;. Thus qf\Q, =@Г\ф,Г\О,=а and q can replace q: in the de- 
composition. 

The theorems stated in the introduction can now be proved. 

PROOF OF THEOREM 1. Let S,’ denote the set of irreducibles of the 
second decomposition which can replace q; in the first decomposition. 
Now suppose that there are k of the sets S/ which together contain 
less than & irreducibles. Renumbering if necessary, we can suppose 
that.S/, - - -, Sá are composed of the irreducibles q/ , - - - , q/ where 
I « k. It follows that д, cannot replace q, if j>} and s Sk. Hence by 
Lemma б, 9; 27.0, for some superdivisor r4 of a if j>} and $ Sk. 
From Lemma 5 we conclude that 9; 2" Maaf \ - Aq, for some 
superdivisor r; of a if ; 51. Thus gli -° Oa, илда: Nar 
where r =f -Orfa іва SEN of a. But then 


aeq o Oqi Wl Oqir own Ci Mal) fl MOZ29. 
Hence а= O - - Oqi ü Aqua - - + qa. Since r is a superdivi- 
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gor of a, we have 
а= @ Г\ "m Nar deat? aise Y du 


Since 1 «k, the number of components in this decomposition is less 
than я, contrary to the Kurosch-Ore theorem. Thus every k of the 
sets S, contain at least k irreducibles. It follows from the Radó-Hall 
. theorem on representatives of sets that there exists a distinct set of 
representatives for the sets 51, · - - , Sx. Renumbering if necessary, 
we may suppose that these representatives are q/, · · - , qa . But then 
д, can replace q; and the theorem is proved. 

PROOF OF THEOREM 2. Renumbering if necessary, we may suppose 
that gi, - - - , ді can replace q; while the othera cannot. According 
to Lemma 6, gf >r,«.\Q;, j=i+1, - ++, я, where r; ia 8 superdivisor 
of a: Now suppose that gq: can replace none of the irreducibles 
Q,---, ЧЇ in the second decomposition. Again by Lemma 6 we 
have 9:227 (Q7, j=1,---, 1. From Lemma 5 we conclude that 
gar’ gla +--+ wg for some superdivisor r'. Now gi. 
Nae Dri > (ХТО; ГО; where r is a superdivisor of a. 
Hence qg2r’(\r(\Q; where r'r is a superdivisor of a. But then 
r'Cr(AQizr'Cw(WMQu Wa. and Q;=a contrary to hypothesis. 
Hence qf can be replaced by q, for some ј S/. Thus q; and д} сап re- 
place one another. 

In order to see that a sharper theorem on simultaneous replacement 
cannot be proved in general, consider the lattice of subspaces of the 
seven-point projective plane. If 1, - - - , 7 denote the points, let the 
lines (and the points they contain) be denoted by 4(124), 4(235), 
h(346), 1,(457), 5(156), (267), h(137). h, - - - , hare the irreducibles 
of the lattice. Let us consider the decompositions of the null space s. 
We have 


z= LOLOL = ВХА (А. 


Now the possible sets of replacements of h, А, h respectively are 
(ls, be, 1r), (Le, А, і), and (le, dy, А). But h, h, h is a possible set of replace- 
ments only for (Д, Is, le), (Is, А е), and (И, И, А). Hence it is not poesi- 
ble in thia case to renumber the irreducibles in such a way that corre- 
sponding irreducibles can replace one another. 


4. Existence of covering ideals. It is well known that the lattice 
of dual-ideala of a lattice M contains M as the sublattice of principal 
ideals.* Hence if а is a dual-ideal, by aa we shall mean а (a) where 


SERRE сыш 
! For the general properties of dual-ideals used in this paper see Dilworth [3, pp. 
329-331]. 
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(a) is the principal ideal generated by a. Also aa (a “covers” a) 
means à 2G and no ideal exists which properly contains a and is 
properly contained in (а). We give a proof of the existence of covering 
ideals which does not require transfinite induction. 


THEOREM 3. Let an element a of a modular lattice M have a decom- 
positon inio trreductbles. Then if a 2a, there exists a dual-1deal p such 
that а2р>а. 


Proor. Let a' -a/^t, where т. is the dual-ideal of all superdivisors 
of a. Then a’ x (a). For if a^ = (a), then zr =a where x€a and ris 
a superdivisor of a. But then x=a and a=(a) contrary to ада. 
Now let aq - - + Oqa be a reduced decomposition of a into ir- 
reducibles. Clearly zr, Wa - - - (Mata Ma + ++ Mq Suppose 
т. $ e Alia ru 0qQs Then Man: Oqu 
(Mia Y: Oda =G and hence r(Y1Q,—a where r is a superdivisor 
of a. Thus Q,=a contrary to assumption. Next suppose that 
t \al\: +: Ogu bor Mn: CM. Then since the lattice of 
dual-ideals is modular we have bet. Wai: C\qial\(bUgq,). Let 
bc b. If д, 25, then qb and b— t, Way +. Oca, contrary to 
hypothesis. Hence q, b із a proper divisor of 0, for every bc b. By 
Lemma 3, q, Jb із a superdivisor of a for every bc b. Hence q, Ub Cr, 
for every bc b. Thus q, Ub 2r,. But then b =t, AOAO - + Oqim con- 
` trary to assumption. Thus NOQA +: + Moa» t MY: Od. 
But then t,» rM» +++ DAQQA Maa is a finite com- 
plete chain joining т, to a. By the general theory of modular lattices 
(Birkhoff [1]) it follows that the quotient lattice r,/a is of finite 
dimension. Since a’ C t,/a we have a’>p>a for some dual-ideal p and 
the theorem is proved. 

Now if the ascending chain condition holds in a modular lattice M, 
then every element has a decomposition into irreducibles and hence, 
by Theorem 3, there exist dual-ideals covering a for every a not the 
unit of M. 
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DERIVATIVES OF COMPOSITE FUNCTIONS 


JOHN RIORDAN 


1. Introduction. The object of this note is to show the relation of 
the Y polynomials of E. T. Bell [1],! first to the formula of diBruno 
for the nth derivative of a function of a function, then to the more 
general case of a function of many functions. The subject belongs to 
the algebra of analysis in the sense of Menger [4]; all that is asked is 
the relation of the derivative of the composite function to the derivà- 
tives of its component functions when they exist and no questions of 
analysis are examined. 


2. Function of a single function. Following Dresden [3], take the 
composite function in the form: 


(1) F(x) = flg(z)]; 
and for convenience write: 
DR(a) = Р,  [D.faM)]-4» = fo Daglas) = t. 
with D,=d/dx. 
Then, the first few derivatives of F(x) are as follows: 
Е. = fgn Faa figa t fagu Ра figa + Sfan + fagi- 
If these are generalized to 


(2) Fa = $ Fate 
. =] 
the coefficients F,,; are dependent only on the derivatives ру to gi, 


and hence may be determined by specialization of f. A convenient 
choice used by Schlimilch [6] is f(g) =exp (ag), so that 


f, = af exp ag 
and 
(3) e "Fa ме e Du кз УЕ» (д, 5, ga, 
1 


a generating identity for the Ё, ;, closely related to the definition 
equation of the Y polynomials (Bell, loc. cit. p. 269), namely 


Received by the editors February 15, 1946. 
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e Dee = Уу, у), Ya = Dey. 
Indeed 


(4) Y.(0g5 -© , Of.) = "NS Se ЭГУ 


and, by combination of this with (2), 
(5) Fa = У, (аб, Oga), (af vef). 
For concreteness, the first few Y’s are listed as follows: 
Yo = 1, Yı уу == 261, Mees жей ЕЙ bis 


Yi; = у, + Зузу + yı = 6g; + За pfi + a p. 


Recurrence and other relations for the F,—before the identifica- 
tion af f;—may then be taken from Bell with slight changes for the 
change in arguments, The more important ones are as follows: 


Pasi ™ (ag: + DF, 


(6) = ag(F + g)* = Y osu 
fond \ 1 


= (ces + Sg) Pa 
sml др; 
(7) exp iF = exp alexp ig — до], 
where the last is symbolic and equivalent to 
Fo + 4. + 82/21 +--+ = exp aligi + fgs/21+--- ], 


and to .diBruno’s formula 


nla (= п, (£y 
8 Fa om — «+ э а —— 
(8) 2 Sil--- Sal E] | 


with summation over all non-negative integral solutions of я =} 4s, 


and =) уз, 
Instances of (7) with special choices of g may be used for verifica- 
tion of the numerical coefficients of F,. Thus, with g;--1, all $, 
exp Ё = exp afet — 1), 
and 
(9) F, = 2. 54,06, 5. =” 1, 
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with S,.=A‘0*/s! the Stirling number of the second kind, showing 
that the sum of numerical coefficients of Fa, ів 5;,,. Again with р 0, 
gi71,$»1, 


exp 4 m exp ale — 1 — Ù, 
and 


(10) Е, = Cif, = 0, =1,3> 1, 
with C;,, an associated Stirling number with recurrence 
Сєзї zx; {С т + nC, 1-1 


These numbers have a combinatorial interpretation similar to that 
for Sin, namely, Ci, is the number of rhyme schemes of я verses 
with + rhymes, such that each rhyme appears at least twice. This 
kind of verification of course may be extended at will. These results 
are in agreement with results of Wall [8] and Opatowski [5]. 


3. Function of many functions. The essentials of the general case 
are in the two function case 


(11) F(x) = f[g(z), k(z)]. 


lf we write 
ði à! 
=| — —— f(s, 9 
fam | 209 


the first two derivatives are 
| Fi we fogs + Јо, 
Fy = fai -+ 2/1: + forks -+ frogs + forks, 
and in general 


F, = 2, D hPa urap ДЫ, БВ). 


lu 


Then as before the generating function for coefficients F,,;; is 
exp (—ag+0h)D,* exp (ag--bh) and 


(12) Fa - Y,.(agi + bhi, Е + bha), ath? = Jih 
(13)  expiF = exp [o(exp ig — go) + b(exp th — ko)]. 
The last shows that (cf. Bell [1, equations 4.9 and 7.5]) 


(14) Е. = (G+ Н)" = У; ("oan 
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with f 
Gs =з Y.(agi, EO Gf); H, = V(b, ку bha). 


The numerical coefficients associated with Y, then reappear here and 
in the general case, as noted by Opatowski [5], who used the generali- 
zation of diBruno's formula given by Teixeira [7]; compare also 
Dederick [2]. 

The extension of (12) and (14) to the general case is purely a 
matter of notation, which should be sufficiently evident. 


4. Function of a function of a function. For completeness, we note 
briefly another extension to a function of a function of a function, 
which contains the essence of a general extension. Take 


(15) Е = f|[g(5(2))]. 
Then 

F, = Y, -++ Йу), ез fi, 
as diii). MuR 
with 

En = Valghi- ++, Б), BE р, 


Г, = Ү„(/кз, e ‚ JEn), y вз f, 


. The last two expressions exemplify a kind of associative equality 
which permits writing the general reault in a variety of ways. 
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BELL TELEPHONE LABORATORIES 


A SECOND NOTE ON WEAK DIFFERENTIABILITY OF 
PETTIS INTEGRALS 


M. E. MUNROE 


In a recent paper! the author proved that if Q is any compact 
metric space containing non-denumerably many points and C(Q) is 
the Banach space of all continuous functionals over Q, then there is a 
Pettis integrable function from the unit interval to C(Q) whose in- 
tegral fails to be weakly differentiable on a set of positive measure. 
The purpose of this note is to obtain the same result, assuming only 
that Q contains infinitely many points. This leads to a certain neces- 
sary and sufficient condition for weak differentiability of Pettis in- 
tegrals. 

The author's previous paper (cited above) will be referred to here- 
after aa Note I. It will be assumed that the reader is familiar with the 
notation, terminology, and results of that paper. 

Let B be the non-dense perfect set described in Note I, and let B 
be its complement. Let the intervals of B be arranged in a sequence 
1, Ia, 1, +++ in such a way that if the order of J; is greater than the 
order of Г, then j >k. For each positive integer &, let (E) be the order 
of I, As in Note I, we now define a function ф(х, t) over the unit 
square so that for each x, ф(х, £) is continuous in і. This will serve to 
define a function from the unit interval to the apace C. 

For xc B, let ф(х, t)=0; for xc, let d(x, £) =0; for x CI, and 
benl/k (k=2, 3, 4,---), let d(x, 0) -21!*0?/n(k); for xc, and 
t=1/(k4+1/2) (Ё©=2, 3, 4, - - - ), let ф(х, Р) 20; for 120 or 1, let 
ф(х, £) 40. Now for each х, let ф(х, t) be extended linearly as a func- 
tion of ¢ between successive points already determined. We now de- 
note by ф(х) the function whose values are the elements of C deter- 
mined by ф(х, Й. 


THEOREM 1. ф(х) 1s Pettis sniegrable. Its integral 45 the element of C 
&a(i) = f бй. 
A 
That @,(f) is defined and continuous in і is obvious. For 
t=1/k, P,.()-|E.ID|21O9/n(E) =| E-I,] /| 1] 900) 51/908); for 
Presented to the Society, April 27, 1946; received by the editors April 15, 1946. 
1 М. E. Munroe, A nois on weak differentiability of Pattts integrals, Bull. Amer. 
Math. Soc. vol. 52 (1946) pp. 167-174. 
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t=1/(k4+1/2), Ba(t)=0. da(I) is linear between successive points 
in this sequence, and Фт(0) =0. 
To show that Py(#) is the integral of ф(х), we introduce the func- 


tions , 


$lx, for tz 1/(k+ 1/2), 


0 otherwise. 


$910 = d 


For each x, (x, t)-+d(x, £) uniformly in Ё Furthermore, the func- 
tions $(? (x) determined by ф%® (2, Ё) are step functions, hence Pettis 
integrable. Therefore,’ their integrals are the elements of C 
by (i) = [ Ф (s, йй. 
A 
Now 


| &x() — 2) | = f [00,9 — e P (s, 0 ]a 


_ m fo #$1/(k+ 1/2) 
0 for £t» i/(h-- 1/2) 
< 1/n(k) forall 4 


Thus Фу (i) > @y(#) uniformly in t, and Theorem 1 follows from a the- 
orem of Pettis.? 


THEOREM 2. The funciton 
sq = | 4098 
a 


15 not weakly dafferenisable at any роті of B. 


Let %ЄВ, and let J, be an interval having xo as its center and con- 
taining an interval of B of order s. This may be done with 


| J.| a 21 G.| = 2(1/2* + 1/272) < 1/27 


where С, is a gap of order я (see Note I). Let I, be the interval of B 
of order я contained in J,; then 


107.) | Ф070 |. 1/» , 27*- 
ER | J | || om 








1 See Note I, footnote 5. 
з В. J. Pettis, Ом integration in vector spaces, Trans. Amer. Math. Soc. voL 44 
(1938) pp. 277-304. See Theorem 4.1. 
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Thus the norm of the difference quotient is unbounded for each xo C B, 
and the failure of weak differentiability follows from a theorem of 
Banach.* 


THEOREM 3. If Q is a compact metric space containing infinitely 
many points and +f C(Q) $s the space of all continuous funcitonals de- 
fined over Q, then there ts a Petits integrable function from the unt 
interval to C(Q) whose integral fails to be weakly differentiable on a set 
of positive measure. 


In this case @ contains a homeomorph of the sequence {1/k}. Th 
argument used in Theorem 4.1 of Note I now applies to the з 
theorem. We shall not bother to repeat it here. 


THEOREM 4. If M is an absiraci M-space with иту! a necessary 
and sufficient condiiton that every Petits integral defined to М be almost 
everywhere weakly differentiable ts that M be fintte-dsmenstonal. 


Obviously finite-dimensionality is sufficient. If M is infinite-di- 
mensional, it contains an infinite-dimensional separable subspace 
which, by a theorem of Kakutani,® is equivalent to the space C(Q) 
of Theorem 3. Hence, finite-dimensionality is also necessary. 


UNIVERSITY OF ILLINOIS 


* S, Banach, Théorts des optrations Имѓазгез, Monografje Matematyczne, vol. 1, 
Warsaw, 1932. See p. 224, Theorem 8. 

5 For a definition of this, вее S. Kakutani, Comcrele representaitons of abstrad 
(M)-spaces, Ann. of Math. vol, 42 (1941) pp. 994-1024. 

* Loc. cit. Theorem 2, p. 998. 


A THEOREM ON ARBITRARY J-FRACTIONS 


H. S. WALL 
1. Introduction. We consider a J-fraction 
1 
2 (2, 7 0), 

bite AE 

1 San, fo ca ee S TNT Se 1 

1.1 дз 
(1.1) jhe 


В + 5 —– 


іп which the coefficients a, and b, are any complex numbers, the a, 
being different from zero, and s is a complex parameter. The system 
of linear equations 


— Gy 12,5 1 (5, + х), — a,2541 = 0, 


1.2 
( р = 1,2,3, ::.; а ч 1, 


can be solved for аз, x3, x4, - - - uniquely in terms of arbitrarily 
chosen initial values xe and x, We denote by X,(s) and Y,(s) the 
solutions corresponding to x»=—1, = and xo-0, xi-1, re- 
spectively: X,(z) =— 1, Xı(s) = 0, Yo(z) = 0, Yi(s) = 1. Then 
X 9ii(8)/Vpii(s) із the pth approximant of the J-fraction, and we 
have the determinant formula 


(1.3) X »+1(8) ¥,(s) a X ,(s)Y „+1(в) um 1/85, P = Q, 1, ee 

The following theorem holds. 

THEOREM OF INVARIABILITY. If the series 
(1.4) 2»4xQ09 Ere | 

peli pel 

converge for a single value of the parameter s, then these sertes converge 
unsformly over every bounded domasn of s. 

This theorem was proved by Hellinger and Wall [3].! The uniform- 
ity of the convergence was not explicitly mentioned, but is contained 


Presented to the Society, September 17, 1945; received by the editors December 
26, 1945. 
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671 


672 Н. 8, WALL [August 


in the fact that the sums У^ „||? of [3, p. 121] are uniformly 
bounded over every finite domain of s*. 
In the present note we have derived some consequences of the 
above theorem. It will be convenient to make the following definition. 
DEFINITION. The determinate case or the indeterminate case is said 
to hold for the J-fraction (1.1) according as at least one of the series 


(1.5) | X,(0) |*, 2; | Y,(0) |? 


diverges, or both of these series converge, respectively. 

We shall prove that if the indeterminate case holds for the J-frac- 
tion, and if the J-fraction converges for a single value of z, then it 
represents a meromorphic function of s and converges except at the 
poles of this function. Hamburger [2] proved this theorem for J-frac- 
tions with real coefficients, and closely related theorems were proved 
by Hellinger and Wall [3] for J-fractions in which the a, are real and 
I(b,) 2,0, and by Dennis and Wall [1] for positive definite J-fractions. 


If, in particular, b,=0, p=1, 2, 3, · · ·, then, if we drop the factor s, 
the J-fraction can be thrown into the form 
1 
(w = #1), 
kis: + i 
(1.6) hi + 1 
es ka + | 
We show that if the series 
(1.7) $5 Raptr, 2,65 + ha +++ + Bay)? 
are absolutely convergent and 
(1.8) lim |+ kat +++ + A, = о, 
pum 


then the continued fraction (1.6) converges to a meromorphic func- 
tion of w or else diverges to œ for every w. If the series (1.7) are 
absolutely convergent and (1.8) fails to hold, then the continued frac- 
tion diverges by oscillation for every w. This theorem was proved by 
Hamburger [2] for the case where the k, are real, &, 740, and ksp > 0. 


2. Four entire functions. We define four polynomials U,(z), V.(z) 
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P,(8), Qa(s) by means of the following formulas: 
U,(z) = в„[ї„(0)Х„+ц() xk Y ,4:(0) X. (2) |, 
Vals) = a,[Y.(0) Y (8) — У.1(0) У, (ж) |, 
Р) = а, ЇХ. (0) (0) — Х„ы(0)Х,()], 
Q.(s) = as X (0) Y (в) — Х..1(0)У,(ғ)], 
We find with the aid of the determinant formula (1.3) that these 
polynomials satisfy the identity 
(2.2) P.(s)V«(s) — Q.(s)U,(s) m 1. 
We now put x, X4(s), p=n-+1, in (1.2), and get 
Onti X mals) = (bayi + s) X«(s) — а„Х„(ж). 
We multiply both members of this identity by X,,1(0), subtract 
GatiXais(0)Xa41(2) from both members, and obtain 
Gy Xsa(0) Хаж) — Xapa(0) X cis) | 
= [{„ыХ»ы(0) — oaXa(0)] + &Х„(0)]Х„ь(%) 
— G X u41(0) X«(g) 
= а„[Х„(0)Х„(в) — Х„+1(0).Х„(в) | + &Х„(0) X mls). 
Hence, by (2.1), we have the first of the following relations: 
Pails) = Р„(в) + £X ny0) X (в), 
Qeii(£) = О„(в) F 5Х„(0)/„ a, 
Umils) = Unle) + ЖУ, 1(0) Xale), 
Vasals) = Vals) + sY«(0)Y is). 


The others may be obtained in a similar way. From these relations 
we now obtain immediately the following formulaa, 


(2.1) пе 1,2,3, 


"T1 
Р„ү\(в) = СР ЭЗ X ,(0) X «(s), 
„1 
Onii(s) = — 1 + s2, X,(0)Y,(s), 
(2.3) g 


atl 
Uses) = 1+8))Y,(0)X,(s), 
>—3 A 


Vea(s) = s +s), Y,(0)Y,(z). 
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By the theorem of invariability ($1) and formulas (2.2), (2.3) we 
find at once by Schwarz's inequality that the following theorem is 
true. 


THEOREM 2.1. Let the indeterminate case hold for the J-fraction (1.1). 
Then there exssi four entire functions u(2), o(s), p(z), q(s) such that 


(2.4) f(s)v(sz) — g(s)u{s) = 1, 
and such that 
lim (в) = w(s), lim V,(s) = (з), 
2. Md 
i К Р„(в) = p(s), lim Q«(s) = q(x), 


unsformiy over every bounded regton of the z-plane. 


3. Convergence theorem for J-fractiong. By means of (2.1) and 
(1.3) we find that 


Х»+1(®) = Xa41(0)Un(s) — У„1(0).Р„(8), 
Fails) = X«a(0)V«(s) — У„1(0)О,„(»). 


Let s,— X441(0)/ У„1(0). If Ша, „5а =S, a finite number, and if the 
indeterminate case holds for the J-fraction, it then follows from Theo- 
rem 2.1 and the relations (3.1) that 


_ Xes) „ кыз) 
(3.2) ш оу su(s) — p(s), иу (б) 
uniformly over every finite region. Since, by (2.4), 

[so(s) — q(s) ]w(s) — [sw(s) — p(s) |0(8) = 1, 
it follows that the limits (3.2) cannot vanish for one and the same 
value of z. Therefore, for every value of s, 
X a41(2) " su(s) — p(z) 
sma Уыз) 0) — g0) 


which is a meromorphic function of s, or else is © for every s. If 
lim peeSa = ©, then, for every value of s, 


lim Хь„+1(8) s(s) | 
ame Vori(s) 5(з) 


which again is a meromorphic function of s or else is © for every s. 
If the sequence {sa} has more then one limit-point, let lima Sa 7 s^, 


(3.1) 








m sv(s) x g(s), 
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Mpa 75's! x£5'', Then, if s' and s” are both finite, 
Kaila) (з) — p(s) 
mime You) уй — g(s) 
Х,"+л1(5) _ suls) — p(s) | 
s'ma Yarga) —s"v(s) — q(s) 
These are unequal for every g inasmuch as 
(ш — ф)( б — q) — (s'u — pY(so — q) = s — s" 0, 


and therefore the J-fraction diverges by oscillation for every s. The 
same evidently holds if one of the limita s’, s” ia о. From these con- 
siderations we conclude that the following theorem is true. 


THEOREM 3.1. Lei the indeterminate case hold for the J-fractton (1.1). 
If the J-fracthton converges for a single value of s, then t represents a 
meromorphic funcison of z and converges except œ the poles of that func- 
ноп. In terms of the enisre functions of $2, 

Xati(s) su(s) — p(s) w(z) 
lim -= ————————— or 
ame Y.u(s) — sv(s) — q(s) (з) 








accordsng as 
Х„(0) 
ane Y.u(0) 
respechively. If there is a single value of 2 for which neither the J-fractson 
nor #5 reciprocal converges, then the J-fractton diverges by oscillation 
for every value of s. 
4. Convergence theorem for S-fractlons. A J-fraction (1.1) in 


which the coefficients b, are all equal to zero is called a Siselijes frac- 
tion or S-fractton: 





= $ (finite) or œ, 


1 
Sep 
g’ 
$ — ny 
дз 
(4.1) s — 


This has the property that its even part ia a J-fraction in the varia- 
ble s?, multiplied by the factor z, namely, 
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2 2 (ааз)? 
g == dm 


(4.2) | s — (a+ a) — 


(a384)? 


a? — (a, + a4) — 


If we divide both (4.1) and (4.2) by z, and then make the change of 
variable s*» 17, these take the form 


1 
a1 
(4.3) = EN 
= 
and 
1 
ей = = 

(4.4) w — (a: + a3) — (a04)? 

| w — (a, + аў) = 


respectively. We shall apply Theorem 3.1 to the J-fraction (4.4) in 
order to obtain a convergence theorem for the S-fraction (4.3). 

Let G,(w) and H,(w) denote the pth numerator and denominator 
of (4.3), and let A,(w) and B,(w) denote the pth numerator and de- 
nominator of (4.4). Then we have 


(4.5) Gap) e Au), Н.2(%) = B,(w), Р = 0, 1, 2, dE QE 
Let 


01 ™ 0103, ду = — Gy, 
з 
034 = 0384, 83 = — 04 — Gs, 
(4.6) 2 2 
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во that (4.4) becomes 
1 


$+ п | 
R M e c зына 
(4.7) | - 25 
w 
| 83 + 0 — 


From (4.6) we readily find by mathematical induction that 
B0) sop By (0) 


2 
4.8 Е ? ? = 1,2,3,:°-, 
ш Gee gy Б; BO '! 
and 
(4.9) B,(0) = 0, $712,3-- 


Conversely, if (4.7) ів а J-fraction such that (4.9) holds, then it is 
the even part of an S-fraction (4.3) whose partial numerators are 
given by (4.8). 

The odd numeratora and denominators of the S-fraction (4.3) can 
be expressed in terms of the numerators and denominators of (4.7) by 
means of the formulas 


By_1(0)A p(w) — By(0)A pif) 


Grpa(w) ш - 

(4.10) В„_1(0) КО 
Hay (в) = 2100809) — ВОВ, (в) 

t By-1(0) 


These may be verified immediately by means of the recurrence for- 
mula G3, (10) £33 1 (10).— 035 1303 a (t0), and the like relation for 
Hy, (t0), if we use (4.5) and (4.8). It will be observed that the first two 
polynomials (2.1), formed for the J-fraction (4.7), differ from (4.10) 
only by a constant factor: 


Сз» 1 (10) U (w) 





(4.11) =. EEE 
me we © 
If we make the substitution 
(4.12) {ле ‚ p-12,3,--:;he1, 





b, kun 
in (4.3), the latter becomes 
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(4.13) ks + 


The pth numerator and denominator of (4.13) are 


kika- Ёб„(ш) and Айз... kpH,(w), 


respectively. 

We shall now prove the following theorem. 

THEOREM 4.1. Let ki, ks, ky, - - - be complex numbers different from 
sero such that the series 


(4.1) Хь DD Raptr Ba hob oh 
are absolutely convergent, and lei 
(4.15) lim (za + Ra + -+ ky) = «©, 

э n 


Then, for each value of w, the S-fraction (4.13) converges, or else sis 
reciprocal converges to the value 0. If the series (4.14) converge absolutely 
and (4.15) fasis to hold, then neither the S-fractton nor tts reciprocal 
converges for a single value of tw. If the S-fraciton converges for one value 
of w, then tts value is a meromorphic function of w to which 4i converges 
unsformly over every bounded closed repion containing none of the poles 
of the function. 

Proor. The polynomials X,,1(tv) and Yy.1(w) for the J-fraction 
(4.7) are given by 

A,(w) B,(w) 


Xpii(w) = —  Y,ua(w)-— 
0103 ' * '* Oy» 01037 °° 0, 


By (4.5), (4.6) and (4.12) we then obtain 
| 5,100) |! = | С,(0): kika ++ ult | вн |, 
[»ы(0) |? = | ESQ) hh kapl +| heal. 


Since kik, - + · kyG,(w) and kie - - - kpH,(w) are the pth numerator 
and denominator, respectively, of (4.13), we readily find by mathe- 
matical induction that 


Gaz(0)-Riks-- + hap = kat ha Б + Bay, Hap(0)- Fibs: Ае 1, 


1946) A THEOREM ON ARBITRARY J-FRACTIONS 679 


and consequently 
| Xp41(0) |з - | з»ы( + 54 + hay)*|, 
| Y »+:(0) |з т" | bil. 


From Theorem 3.1 we therefore conclude that when the series (4.14) 
converge absolutely, then, by (4.11): 


бзш) _ wm) 
pu e Hia) o(w) 


(4.16) 





where #(w) and v(tr) are entire functions, provided o(w) 0. Inasmuch 
as ч (т) +0 when o(w) —0, we conclude that for any w, the sequence of 
odd approximants of the S-fraction, or else the sequence of reciprocals 
of these approximants, must converge. By Theorem 3.1 and (4.5), 


Grp(t) _ s) 

pe» Hy,(w)  o(w) 
if and only if Him, „| 4,(0)/B,(0) | -lim, | Xp13(0)/¥p12(0)| = =. 

But, by (4.16), 

| X »+1(0) 
Y +100) 
Therefore, if (4.15) holds, then the S-fraction or its reciprocal con- 
verges. If (4.15) fails to hold, then the S-fraction and its reciprocal 
diverge for every w. If the S-fraction converges for a single value of w, 
then its value is the meromorphic function u(w)/o(w). The conver- 


gence is clearly uniform over every closed bounded region containing 
none of the poles of this function. 





om | ket het: Б, |. 


BIBLIOGRAPHY 


1. J. J. Dennis and H. S. Wall, The Iime1-circle case for a positive definite J-fraction, 
Duke Math. J. vol. 12 (1945) pp. 255-273. 

2. H. Hamburger, Über cine Erweiterung des Sttelijasschon Momenienproblems, 
Math. Ann. vol. 81 (1920) pp. 235—319; vol. 82 (1921) pp. 120—164 and 168—187. 

3. E. D. Hellinger and Н. S. Wall, Contributions іо the analytic theory of continued 
fractions and infinite matrices, Ann. of Math. (2) vol. 44 (1943) pp. 103-127. 


ILLINOIS INSTITUTE OF TECHNOLOGY 


RECIPROCALS OF J-MATRICES 
H. S. WALL 
1. Introduction. We consider J-matrices 
J= (4), ја= 0 for |]p-aq|EA frp = 
Joris = jrm — @у © 0, | 


such that 
(1.1) ID(s, ®)] = У 105) | x |* — 27 I(ay (x5, + £524) & 0 


for all x, for which the sums converge. These are the J-matrices as- 
sociated with a positive definite J-fraction [4, 5, 1] Let X,(s) and 
Y,(s) denote the solutions of the system of linear equations 


(1.2) — a4 1251 + (bp + s)z, — Gpp е 0, $  1,2,3, - - ao 1, 


under the initial conditions xs —1, x; *0 and хо=0, x11, respec- 
tively. We shall prove that when at least one of the series 


(1.3) 2; X (0) |, 2| Y,(0) |? 


diverges, then the matrix J+szI has a unique bounded reciprocal for 
I(s)>0, and that when both the series (1.3) converge then the matrix 
J-+sI has infinitely many different bounded reciprocals. This theo- 
rem was proved by Hellinger [2] for the case where the coefficients 
a, and b, are all real. 


2. Reciprocals of an arbitrary J-matrix. The general right recipro- 
cal of J-+sI is (Pp) where M,e g=1, 2, 3, - + - , are arbitrary func- 
tions of s, and [3, p. 116] 

pi (3) Y (£), P 1; 2, 3, 140; 

(2.1) pss) "= ee + Xq(s)¥y(s) — X,(s)¥,(s), 
= 4+1,9+ 2,913, :. 
We ahall say that the determinate case or the indeterminate case holds 


for the J-matrix according as at least one of the series (1.3) diverges 


or both of these series converge, respectively. In the indeterminate 
case, both of the series 


Received by the editors December 26, 1945. 
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(2.2) Z| x |+, 21 Fal) " 


converge for every value of s [3, p. 120]. Hence if the functions 
P, e(£) are chosen such that the series >| Pt, ¢(8) |? converges, it fol- 
lows by (2.1) and Schwarz’s inequality that the double series 
>] p»e(s)|? converges and therefore the matrix (p,,(z)) is bounded. 
If, in particular, 


Pias) = Fels) f(s) — Х,(в), 


then 
Xs 
Y ,(z) ¥,(s) (х9 E oe) ; ? m 13 2 tt 5,0, 
(2.3) Prl?) = X,(s) 
гу 9 (1) – FA), peat hat aon, 


so that the matrix (p,,) is symmetric. If, for example, f(s) is an entire 
function, then the matrix (p,,) given by (2.3) is bounded in the inde- 
terminate case for all values of s. Hence we have the following theo- 
rem. 


THEOREM 2.1. In the indeterminate case, the J-mairax J-+sI has 
infinitely many different reciprocals (p,,(2)) which are bounded for all 
values of s. 


We have not used the condition (1.1), so that this theorem holds 
for arbitrary J-matrices. 


3. The determinate cage. We suppose now that (1.1) holds. Then 
(3.1) В, = I(b,) & 9, $= i,2,3,---, 
and there exist constants gp such that if а» = I (ap) then 
(3.2) а,=б,8,ы(1— 50» 05151, ре 1,2,3,--°. 


Conversely, if (3.1) and (3.2) hold, then (1.1) holds [5, p. 91]. 

For a fixed positive integer я, let А, &, - - - , & be arbitrary real 
numbers. Let (Ppa be any right reciprocal of J-+sJ, во that, if we now 
take 8970, 


— G,-ips-—i,« t (Dp + S)pp.q — Prila ™ бр, 


350 
( ) $3)5712,3,.---, 


where 8,,,=0 or 1 according as p =q or р =q, respectively. On multi- 
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plying (3.3) by £, and summing over g from 1 to n we obtain 


(3.4) — Gp ipic (5, 2H 2)7» — öpp ™ $p 
where l 
(3.5) 7» — 7, Prete: 


We now suppose (Ppa) is symmetric, so that (2.3) holds for some func- 
tion f(s). We note that 





00.4 
w ca 
Patig 
is independent of q for q=1,2,3,---, 2: 
Gu saa I = EAD) _ СЕС 400 
Ү„+1(5)/(®) — Xati(s) Vuiils) 0 — nY a(s) 


For a fixed z with Į(s)>0, the transformation 
T Х.н) 0 — aX.) 
Ү,+1(5)0 — ФҮ.(ғ) 
maps the half-plane [(w)e@ pagn upon a circular region K,(s) (cf. 
[1]). Hence we see by (3.6) that the value of the function f(s) isin 


K,(s) if and only if Iw) 2 Baga. If the latter inequality holds then 
[1, р. 261] 


2 
a+ 9-1(=)2 erty, where у = I(s) > 0, 
Or 
(3.7) I (=) = B. (1 Dm £2—1)- 
Now 
3 
Os 


EnPutlie "" —— Dag. 
w 


On multiplying this by £, and summing over g from 1 to n, we get 
1 


De 
(3.8) Gaüsi = — T 
тр 
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We now multiply (3.4) by 5,, sum over р from 1 to я, and eliminate 
the quantity 8.9.4154 by (3.8). This gives immediately the relation 


1 
A a1 ‘ Oy L1 
25 (b, тй 5) | Vp |: ad У; Op Np ptt + #,7»+1) == | Qn |: НЕ 2; UP 
pel p= w p-i 


If we consider only the imaginary part and make use of the inequality 
(3.7) and the relations (3.2) we then obtain (cf. [1, p. 258]) 


»2.| 2, |! + 2| (8,(1 — gp-1))* np — (85:35) n.i |! 


(3.9) | 
+ >) pl (ny) & 0. 


Hence, in particular, 
(3.10) 2i + ЖЫ) 30 
This holds under the assumption that the value of the function f(s) 


is in the circular region K,(s). 
Turning now to the quadratic form 


К.(&, £) = 25 ps (S) Epl, = У; әл», 
pel »—1 
we have, by Schwarz’s inequality and (3.10), 


* 1 1 я в 
| Ralf, ЗӘРЕ SLL a? 





1 № 1 п 
ay lb (- Dest) 
- 5% (= IIR., £ D. 
Therefore, 
1% хх 
0а Vee -| RE OI, 
or 


1 A: 
(3.11) | R(E 5 | 5-56 
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This holda for any particular values of я апа я, I(z)>0, such that 
the value of f(s) isin K,(z). Now [1, $3], Ki(s) DK1(s) DKi(s)D ---, 
and there is at least one function f(s) which is analytic for I(s) >0 
whose values are in aH the circles K,(s). Hence we conclude that the 
following theorem is true. 


THEOREM 3.1. If (1.1) holds, then the matrix J+] has at least one 
reciprocal which +s bounded for I(z) 70. 


We shall now prove the following theorem. 


THEOREM 3.2. If (1.1) holds, then, tn the delerminate case, the matrix 
J+sI has just one reciprocal which is bounded for ail s for which 
I{s)>0. 


ProoF. In the determinate case at least one of the series (2.2) di- 
verges; and since [1, p. 262, formula (3.4) | 


X ,(s) 1 
Ү,(5)1 Уу 


it follows that the second of the series (2.2) diverges for I(s)>0. 
Therefore [1, p. 263, formula (3.12)], the radius r,(s) of the circle 
K,(s) tends to 0 as p tends to Œœ. This implies that there is only one 
function fo(s) which for I(s)>0 has its values in all the circles K,(s). 
The reciprocal (ppo of J+sI given by (2.3) with f(s) = (ғ) is bounded 
for I(s)>0. It is required to show that any other reciprocal is un- 
bounded for at least опе s in F(s) » 0. 

We consider an arbitrary reciprocal of J+sI in I(s) »0. This must 
be given by (2.3). If f(s) (5) for I(z) 50, there must exist a value 
g= 80, (50) >0, such that 


(3.12) 





for y = I(s) > 0, 








X Yo) 
Y ,(zo) 


for all sufficiently large values of 5, k being a positive constant. This 
follows from the fact that X (so) / Y,(#e) is in the circle К, (жб). Hence 
by (2.3), | ose (£9) | > | У (жо) | 3р2. EAN 23 for each д and for all 
sufficiently large values of p. Since | ¥,(s0)| >0 by (3.12), and since 
the sees | Y (£0) |? is divergent, it follows that the series 





Јо) с £g В, 





24 | Dye (50) |: 


$ 


is divergent. Therefore the matrix (p,,(#0)) ia unbounded. 
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BOUNDED J-FRACTIONS 


Н. 8. WALL 
1. Introduction. A J-fraction 
1 

4 

ay 
4 

(1-1) bp owe PESE NS 

by + ®— 


+ 
$ 


in which the coefficients a, and b, are complex constants and s is a 
complex parameter, is said to be bounded if there exists a constant M 
such that 


(1.2) | [a| $8 M/3, |b,| s M/3, ф= 1,2,3,:-:. 


This condition can be formulated in terms of J-forms in accordance 
with the following theorem. 

THEOREM 1.1. The J-fractton (1.1) ts bounded if and only if there 
exists a constant N such that 





* al 
> 4,7, — У Gy(S 5911 F 9510) 
gap. ees dis 


1/2 
2 
, 


s (Zlel-ZlsP) 


for all values of the variables u, and vp, the constant N being tndependent 
of the variables and of n. 


In fact, if (1.3) holds then we find, on specializing the values of 
the u, and v, that |5,| SN, |0, SN, p—1,2,3,-- - ; and if (1.2) 
holds then, by Schwarz’s inequality, (1.3) holda with N= M. 

If (1.3) holds, then the J-form P buys, —2 GplupDp tupp) is 
said to be bounded, and the least value of N which can be used in that 
inequality is called the norm of the J-form. We shall also call this 
number the norm of the J-fraction. When (1.2) holds then, aa pointed 
out above, (1.3) holds with N= M. Hence the norm of the J-fraciton 
does noi exceed the least number М which can be used $n (1.2). 


# = 1,2,3,-°°, 
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THEOREM 1.2. If (1.2) holds, then the J-fractton converges uniformly 
for |z| 2 M. 


For if the J-fraction is transformed by an equivalence transforma- 
tion so that all the partial denominators are equal to unity, then the 
mth partial numerator is 


1 


ва 
(2.1 + s)(5. + 8) 
If |в|2; M, and (1.2) holds, this has modulus not greater than 1/4. 
Hence it follows by a well known theorem that the J-fraction con- 
verges uniformly for |s| z M. 
In the case of the J-fraction 


the least number M which can be used in (1.2) is M —3. Hence the 
J-fraction converges uniformly for |s] = 3. It diverges if 2 is real, posi- 
tive, and less than 3. On the other hand, for the J-fraction 
1 
(1/4) 
9 


g — 


the least value of M which can be used in (1.2) is M == 3/2. The norm 
of this J-fraction is N 21, and it converges for |s| 21. In fact, it con- 
verges if 2 is not on the real interval —1 «x < +1. 

The principal object of this note is to show that a J-fraction with 
norm № converges if s is not in a certain convex set contained in the 
circle |s| =N. Moreover, if the partial numerators a,* are different 
from zero, the corresponding J-matrix has a unique bounded recipro- 
‘cal for all g not in this convex set. It was shown by Hellinger and 
Toeplitz [3]! that there is a unique bounded reciprocal for |s| > №. 


1 Numbers in brackets refer to the Bibliography at the end of the peper. 
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2. Convergence of bounded J-fractions. Let a=e" be a complex 
number with modulus unity. Then the J-fractions (1.1) and 


a 
Z = Gs, 


7 3 
E ed эи 
(2.1) bo +Z — (аза)? 
буа +4 вы 


are equivalent in the sense that their sth approximants аге identical 


with one another for n=1, 2, 3, - - - . Also, they obviously have one 
and the same norm. 

Let 
(2.2) ay (0) E I(a,a), В,(9) = I(b,a), pe 1, 2, dit eoa 


Then, if (1.1) is bounded, it follows from (1.3) that there exists a 
finite constant Y(0) such that 


a #—l1 
(2.3) 2: [8,(0) Р Y(6)]z; =, 12, apb) xpi 2 0, я = 1, 2, О 
Pi p-1 


for all real values of x1, 23, x3, - - - . If Yo(6) is the least value of Y(0) 
which can be used in (2.3), then we must have 
| v«(6)| SN, 056 < 2x, 


where N is the norm of the J-fraction. 

From (2.3) it follows that if we put Z=+Y(6)-+¢ in (2.1), then (2.1) 
is a positive definite J-fraction in the variable {. Therefore, if c is a 
positive constant, the sth approximant of (1.1), which is the same as 
the nth approximant of (2.1), satisfies the inequality [1] 











A,(s) 1 
В„(х) с 
provided ГО) 2; с, that is, provided 
(2.4) x Sin 0 + y cos 8 > Ү(8) + с, where s = z + iy; 


апа B,(s) 0 when (2.4) holds. This can be interpreted geometrically 
as follows. Let K denote the set of all points s=x-++ty such that 


x sin 0 + ycosé < Y (0) {ого 3 0 < 2r. 
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Then, К is a convex set of which the straight lines x sin 0+y cos 0 
= Y(0) are the supporting lines; the zeros of all the denominators 
B,(s) of the J-fraction (1.1) are in K; the approximants of the J-frac- 
tion are uniformly bounded over any domain whose distance from K 
is positive. We shall let К, denote the convex set determined in this 
way corresponding to the function Yo(@) defined above. 

By Theorem 1.2, the J-fraction converges if |s| is sufficiently large. 
We may then conclude immediately by a theorem of Stieltjes [6] 
that the following theorem 1s true. 


THEOREM 2.1. A bounded J-fractton converges unsformly over every 
bounded closed region whose distance from the convex set Ko ts postive. 
In particular, the J-fraction converges if |s| > М, where N ts the norm 
of the J-fractton. 


We note the following special cases. If the coefficients a, and b, 
are all real, then У,(0) = Үо(я) =0, so that Кє reduces to an interval 
of the real axis contained in the interval — N Sx S +N. If the a, are 
pure imaginary and the b, are real and positive, then the set Ko is 
contained in the left half-plane, х = R(s) 50. 


3. Bounds for the zeros of a polynomial. The preceding considera- 
tions furnish a method for determining bounds for the zeros of a 
polynomial. Let P(s) be a polynomial of degree n, 571, and let Q(s) 
be any polynomial of degree я —1 such that there is a continued frac- 
tion expanaion of the form 





Q(s) C 

b — 

P(g a 

(s) Bs a eps 
(3.1) a a 
2 
- On—1 
NES 

where a, ~0, p=1, 2, 3, --+,2#—1, and c0. This expansion can be 


easily obtained by applying the euclidean algorithm for the greatest 
common divisor to Q(s) and P(z). Let Ко be the convex set which is 
associated with thia J-fraction in the manner indicated in $2. Then 
the zeros of P(s) are all contained in Ko. 

One may readily obtain a rectangle containing the set Ko. In fact, 
if we use the notation of §2, such a rectangle is given by 


y & Y(0), х5 Ү(ж/2), 
уе —Y(r) 22 — Ү(3ж/2). 
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This rectangle is obtained by minimizing four real quadratic forms. 
By way of illustration, let P(s) —43!-- (24-3)! 4- (3 4-5) + (2s 4-2), 
and take Q(s) = 214-4-+2. Then, 


D MEN RR 
idE 72 o T ЭО. 
| Dou ANI 
' TEF 


We require lower bounds — Y(@) for the quadratic form 


(2 sin 8 + (1/2) сов 0) х1 — (1/6) cos 023 + (2/3) cos 023 
— 3 cos 02143 — (25/2/3) cos 62223, 
under the condition zxi!-4-z3!4-x,!—1, and for 0-0, 4/2, т, 34/2. 
Easily determined lower bounds are given by 
Y(0) = 19/6,  Y(xr/2 = 0, Ү(ж) = 11/3,  Y(3x/2) = 2. 

Therefore, the zeros of P(s) are contained in the rectangle 

у < 19/6, zs 0, 

у> — 11/3, gg. 
The zeros of P(s) are actually equal to 

—1—7UN — 14 71/35 


— 1-1, ———— J 


2 2 


The size of the rectangle depends upon the choice of the polyno- 
mial Q(s). In fact, it is easy to show that the zeros of Q(s) also lie in 
the convex set Ko. Furthermore, the computational difficulties are 
less for some choices of Q(s) than they are for other choices. Let 


P(s) = 3% + (pı + й)" + (fa + igs + + (0, + iQ). 
Then, if 
Q(s) — fut + 1735"? + fut? + ig,s" 1 + e., 
the eomputation involved in obtaining the J-fraction expansion for 
Q(s)/ P(z) is especially simple. Moreover, from this expansion one can 
determine immediately the number of zeros of P(s) in each of the 


half-planes R(s)<0 and R(z)>0. For details, we refer the reader to 
a recent paper of Frank [2]. 


4. The bounded reciprocal of a bounded J-matrix. We suppose 
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that (1.1) is bounded, that a, 540, p=1, 2, 3, - - - , and consider the 
J-matrix 
bi + $, — бї, 0, 0, 0, 
~~ 81, by Г 5, — ба, 0, 0, 
4.1) J+al = 
0, — 03, bs + 5, — &, 0, 


* + >» è э эб э э э = е э э э эз è э е = э 


If the norm of (1.1) is N, and |s| >N, then the matrix J+sI basa 
unique bounded reciprocal which is given by 


I J.J? 
а 


g? g? 


This is a matrix whose elements are power series in 1/s, convergent 
for |s| >N. In particular, the element in the first row and first column 
is the power series expansion of the J-fraction, and its sum is the value 
of the J-fraction (Hellinger and Toeplitz [3]). 

We can now show that J--zI has a unique bounded reciprocal for 
апу s not in the set Ko defined in $2. In fact, if we put Z =$ У,(6) + 
in (2.1), then, as we have seen, the J-fraction is a positive definite 
J-fraction in the variable {. The corresponding J-matrix is 


(4.2) aJ + 4iY«()I + tH. 


Inasmuch as the series ? (1/|aa,|) is divergent, the determinate 
case holds for the J-fraction [1] and consequently [7] the matrix 
(4.2) has a unique bounded reciprocal for I({)>0. We therefore con- 
clude immediately that the J-mairix J+-sI has a unique bounded recipro- 
cal for any s noit sn the set Ko defined tn 52. 


5. Functions represented by J-fractions. Every infinite subse- 
quence of approximants of a positive definite J-fraction contains an 
infinite subsequence which converges for I(s)>0 to a function which 
is analytic and has a negative imaginary part in this domain, and 
which has the form 


+ 
(5.1) Де) е [ 0. 





where $(#) is bounded and nondecreasing. There are functions which 
are analytic and have negative imaginary parts for I(z) » 0 which are 
not limits of sequences of approximants of positive J-fractions. In 
fact, the most general function of this description has the form 
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+ 1 | 
о 
u 





—w yc 


T * 1 
- f ( + уа) + — in 
wo \itwW r- 


(5.2) 








where a and b are real, b 2,0, and $(s) is bounded and nondecreasing. 
This can be seen as follows. F. Riesz [5] and Herglotz [4] showed 
that a function f(w) is analytic and has a positive real part for [| <1 
if and only if it has the form 





fe) = [= sold is 


et — w 


where a is real and c(t) is bounded and nondecreasing. If we multiply 
this integral by —% and make the substitution 


1+ 4% 


1 — is 





(5.3) w= 


mapping the unit circle upon the upper half-plane, we obtain after 
simple transformations 
tr 1 — s tan (1/2) 
J tan (1/2) -- s 
This can be transformed into (5.2) if we put u —tan (1/2). 


del + a. 


We take this occasion to point out that there exists an identical 
continued fraction transformation of the integral (5.2). We have the 
following theorem. 


THEOREM 5.1. A necessary and suffictent condsiton for a function to 
be analytic and have a negative $magsnary pari for I(z) 50 4s that i have 
a conisnued fraciton expansion of ihe form 


C 


— gi(1 + ж) 
— (1 — giga (1 + 27) 
(5.4 : (1 — gs)ga(1 + s?) 
i Se 


E —f3-- 


therec 5 0,0«g, «1, — о <7,1< | 0,p—1,2,3, +--+ or a terminat- 
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ing continued fraction expansion of this form $n which the last g, which 
appears may be equal to unity. The continued fracison converges unt- 
formly over every bounded closed region within the half-plane I(s)>0, 
and 45 uniquely determined by the function expanded. 


To prove this, it is only necessary to make the substitution 
410 
g = ——————— 
(1— w)’ 


in the continued fraction (3.14) of [8], multiply the resulting con- 
tinued fraction by —$, and then make the substitution (5.3) above. 
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ILLINOIS INstTrruTre oF TECHNOLOGY 


ON ANALYTIC FUNCTIONS WITH BOUNDED 
CHARACTERISTIC 


HANS FRIED! 
A function f(re*), regular within the unit circle, is called a function 
with bounded characteristic if 
ir 
im f teg | fret) | de 
т» 0 
is bounded, where logt |f(re'*)| = шах (log|f(re'9)], 0). If f(s) is a 
function with bounded characteristic, then 
lim f(re'*) = f(e'*) 
f—1 
exists almost everywhere [1].1 
In the first part of this paper we prove the following: 
THEOREM I. Let 1.1 (n1, 2, 3, - - - ) and f(z) be funcisons 
with bounded characteristics, let 
ir 
log A, = lim [ log* | Falret) | d$, 
r—1 0 


(1) : 
log A m= tim | logt | (re | da, 


and 

(2) |f(e*) — f.(e!9) | Xm, for pEEn and let ta be the measure of En. 
If 

(3) lim s." = 0, 


na 


and for every positive с there exists a positiive snieger n, such thai 


(4) А, < ma” for n > te, 


then the sequence {f,(s)} tends uniformly to f(s) in any closed domain 
interior to the unt circle. 
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Special cases of this theorem are the following: 

A. If the numbers A, are bounded, we need only the condition (3), 
as (4) follows from (3) in this case. 

B. If the numbers 4, are bounded, ==... —E,2--- and 
пл >0, we need only the condition lim,..m, =0 instead of (3) and (4). 
This case was proved by Ostrowski [1]. 

C. If Ei Eam o = E,= +--+ and ш> 0, we can replace (3) and 
(4) by the following two conditions: lim, 4 frt, == 0, and for every posi- 
tive с there exists a positive integer я, such that Á, «mz* for n» ne. 
This case was proved by Milloux [2] under the lese general assump- 
tions that the functions f,(s) and f(s) are bounded, and that 
у= Ез... E. ee isan ar (a, B) of the unit circle on which 
the functions f,(s) and f(s) are continuous. 

In the second part of this paper we prove the following theorem. 


THEOREM II. Le 


(5) fe) = Liew 


һ=1 


be a function with bounded characteristic and let 





(6) Mhi sn er (Rondo de 
| ri 
then 
(7) ар 
1 
converges. 


This theorem generalizes a theorem of R. Paley [3], which proved 
that if f(s) has an expansion (5) where the s, satisfy (6) and 


(8) lim J | де) | de 


is bounded, then the series (7) converges. From logt|f(s)| <|f(s)| it 
follows that each function which satisfies (8) is of bounded charac- 
teristic. Therefore, Paley's theorem is a consequence of Theorem II. 
We shall show that Theorem II gives a negative answer to the follow- 
ing question asked by Bloch [4]: If f(s) is a function with bounded 
characteristic, must the derivative of f(s) have the same property? 


1. Proof of Theorem I. We put ¢,(s)=/f(s)—f,(s) and ¢,(e*) 
= f(ef*) —f,(64). We have 
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logt | @a(s) | = logt | f(s) — fals)| s logt (| (| + | (D) 
< logt | f(s)| + logt | fa(s) | + log 2. 

Let {rs} be an increasing sequence of positive numbers with 

lim rT, = 15 


b 


(9) 


By Jensen’s formula we have, for r <r», 


1 +ф 
fy — d,re 
falre — a,) 
P f * (nar) log | фа). 
2rJo тё— 277 соз (ф — 0) +r? 
where а, Ga, · -© ·, Ga are the zeros of ¢,(s) within the circle of radius 
r,. As the second term on the left side of (10) is positive we have 
(n — т) log | $e) | 6. 
r2— 2ry cos (ф — 0) + r°? 


Ав Msssls) =ф,(6%) for $ € E,, there exists by Egoroff's 
theorem, for every positive à, a set Ex «E, (n—1,2, - - - ) auch that 








log | фь(ге?*) | + Y log 
(10) = 


(11) 2x log | Ф. (ғ) | sf j 


(12) ЩЕ) > ux — 81, 
and 
(13) lim (rie!) = e. (e) 
кэш 

uniformly in EZ. 

Because of (3) we can assume #9, «1 (n—1, 2, - - -); hence it fol- 
lows from (2) and (13), that 
(14) | Ф. (rue) | < ma + 0. < 1, 


for 9€ Еу and for sufficiently large k, where ё; is arbitrarily small. 
We denote by E’ the complement of EZ with respect to (0, 27). 
Then (11) takes the form ` 
(r — r) log | Ж) | dg 
rà — 2rir cos (ф — 0) +r’ 
1 T 
«f (r= n) log | Фе) | do. 
x, тё— 2ry cos (ф — 0) + ri 


2x log | &(re*) | 5 f , 
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As the first integral on the right side is positive and the second nega- 
tive, we have, because of (1), (9) and (14), 


Tf 


AET [| togt | eatre | d 


T — 





2x log | a(re*) | < 





с J; log | @a(re¥) | 48 


т т 


Tb 77 





5 log 24А, 


Th — 





- (jin — 81) log (ma + д), 


Th 


for sufficiently large k. We get, therefore, for lims,..7,=1, as бу and 
& are arbitrarily small, 





lf 1—7 
2r log | «(re | S log 24A, + — — bn log Ma, 
1—r 1+7 | 
ог | 
(15) | de (re'*) | = (244) CHORE Orp ова On 4), 


Let B be any closed domain within the unit circle. There exists an 
r' «1, such that the interior of the circle with radius r’ contains B. 
Now we choose 


(16) (65) 


If we put A’=max (А, 1) and AZ = пах (A,, 1) we get, for re'*cC B, 
by use of (4), 


? РА # ; 4 — ge 1 
| é(re'*) | S (247) 90a gs 0/35) C77) Ate et) e) 


for sufficiently large s. 
As, because of (16), (1 —r/)/(14-r^) —e(1--r^)/(1 —r^) >0 and since, 
by assumption, lima... 5,"*—0, we have proved the theorem. 


2. Proof of Theorem II. For the proof of Theorem II we need the 
following two theorems, the first due to Hardy and Littlewood [5], 
the second to Zygmund [6]. 


THEOREM A. If f(s) => сьв and naua/nagq»1 (k=1, 2,---), 
then the existence of lim,.sf(re*) =f(e) implies the convergence of 


Усен, 
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THEOREM B. If the trigonometric sertes 
У, (a, cos #10 + by sin зд) (n, + 1/n, & q > 1) 
hi 
converges +n a set of postive measure, then the series 
У (a, + bi) 
bma 1, 
converges. 


As f(s) is a function with bounded characteristic 
lim f(re') =. f(e'*) 
r—1 


exists almost everywhere. If we put c,-:a4—4b5, then by Theorem A 
the series 


2 (a, — iba) (cos mid + isin mg) = 2: (a, cos tad + by sin mid) 
bel | kewl 


+ i» (ay sin туф — by cos муф) 
b= i 
converges almost everywhere. Therefore, by Theorem B, the series 
Lati Dol 
bel lel 
converges. 
Now we shall show that there exist bounded functions, whose de- 


rivatives are functions whose characteristics are not bounded. 
The radius of convergence of the power series 


Me (= z q> 1) 


iÀQ fà À9» 








is equal to 1 and the function f(z) is bounded within the unit circle. 
The derivative 


f'(s) = >, ве 


is, by Theorem II, a function whose characteristic is not bounded. 
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SWARTHMORE COLLEGE 


ON THE (C, 1) SUMMABILITY OF CERTAIN 
RANDOM SEQUENCES 


HERBERT ROBBINS 


It is known [1]! that if a sequence {an} (n-1, 2, - - - ) of real 
numbers is summable (C, 1) to a value a, and if > /a,1/n* < ©, then al- 
most all the subsequences of {а„} are summable (С, 1) to o. It will 
be shown that this statement continues to hold if “almost all” is re- 
placed by “with probability 1” and “subsequences” by the more gen- 
eral term “product sequences,” the meaning of which will be defined 
in the next paragraph. The only analytic tool used is the strong law 
of large numbers [2]: if {ya} is a sequence of independent random 
variables with expected values E(y,) =0 and E(y,.*) = b,*, for which 
5 b.t/n! < о, then with probability 1 the sequence { ya} is summable 
(C, 1) to the value 0. 

DEFINITION. Let {а„} be a sequence of constants and let {x,} be 
a sequence of random variables such that the values of each x, are 
non-negative integers. For every n let k(n) be the least positive integer 
m such that 


(1) aoe 
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and set Gy a). (In intuitive terme this definition of w, is equiva- 
lent to the following. Starting with the sequence 


(2) 2161, 3403, б‘, T4084. 7 7 7, 


strike out each term for which x, 20, and then replace each remain- 
ing term ха; by the block а, a, - - - , a, with x; terms. Then te, із the 
nth term in the resulting sequence.) The sequence {wa} of random 
variables will be called the product of {as} by {xs}. 


THEOREM 1. Let {an} be a sequence of real numbers summable (C, 1) 
to the value a. Lei {xn} be a sequence of independent, non-negaisce, sn- 
beger-valued random vartables with E(x.) - 2 (0 2 « o), E(x, — 2)! =d,3, 
and such that 





(3) Se, 
1 A 
(4) Y ce 


Then with probability 1 the product sequence {w,} is summable (C, 1) 
lo the value a. 


Pnoor. It follows from the strong law of large numbers applied to 
the sequence {x,—2} that with probability 1, 
tim 2 +, д 


fe A 


(5) 
= lim 


ag 


z1— 2) +-:-+lm— 2 
[ыл RP ) а] азо, 
^ 
Likewise it follows from the same law applied to the sequence 
{a,(x,—2)} that with probability 1, 


та + F ма 


no n 

6 

wg [MAOH tole, gah ba „ 
ar) r ^ 


But 


(7) um dl % -| 
iepa н „аша | / 
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Hence with probability 1, 

21031 + +++ tay 

ые  ————— кы (X. 
жэ» ttot 


Moreover, from (5) we note that, with probability 1, lim (+. 
х.) = ©, and hence, with probability 1, k(n) is defined for every n. 
Now we introduce the abbreviations 


(8) 


(9) (н) = # (а + Zea) 

(10) p(n) = жа - ^ + а-бу 

(11) q(n) = zi +--> d Trai 

noting that from the definitions it follows that 

(12) 0 < rín) S Zin; 

and that 

(13) mtoto Ga bts дыю) _ p(n) + roo 
5 4(з) + (н) 


There are now two cases to consider. If Gma p(n)/q(m) then it is 
easily seen from (13) that 


4181 +++ > + tay 16а }(ф om tee Ht 


(14) Miss F xe q(n) n 
< p(n) + Th (n)Gb(2) м ++ (и) Th (в) 
q(n) + Thin) X31 -+ ipsa + T b (n) 


However, if a44; S2(n)/q(n) then (14) holds with both inequalities 
reversed. Since k(n) becomes infinite with я, it follows from these in- 
equalities and (8) that with probability 1, 

(15) Him w +- + 15 _ 


ды n 


a, 


which completes the proof of the theorem. 

If in Theorem 1 we let each x, assume the values 0 and 1 with 
probabilities 1/2 and 1/2, then to each sequence {x,} corresponds the 
real number 0 $x $1 with dyadic expansion 


(16) 2 чи Zita Met, 


and probability in the space of sequences fxn} is identical with Le- 
besgue measure in the unit interval. Moreover, “product sequence” 
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becomes “subsequence,” and hence Theorem 1 specializes to the re- 
sult referred to at the beginning of this note. 

As another special case of Theorem 1 we shall derive a theorem 
on repetition sequences. 


THEOREM 2. Let {an} bea sequence of real numbers summable (C, 1) 
to the value а and such that > a,1/n*? « œ. To each 05151 with dyadic 
expanston 


(17) t= hh Ae (4 = 0 or 1) 
let correspond the sequence font, where т са, and 
(18) Dati = бун tty) (в = 1,2,---). 


Then for almost every t the sequence {v,} is summable (C, 1) to the 
value a. 


Proor. In Theorem 1 let each x, take on all positive integral values, 
with Pr(x=k)=2-* (b-1,2,---). Then 


(19 E(x,) = 2 = 3372 = 2; E(x, — £2)? = У (k— 2)22-* = 2. 


Thus the hypotheses in Theorem 1 on the sequence {xq} are satisfied, 
and hence, with probability 1, the product sequence {wa} of {an} by 
{x} is summable (C, 1) to the value a. Now to each і defined by 
(17) let correspond the sequence {x,} such that 


(20)  x1-1 plus the number of consecutive 0’s immediately follow- 
ing the decimal point in (17), 


and for n=1, 2,-- > 


(21) %s4,=1 plus the number of consecutive 0’s immediately ый 
ing the nth 1 in (17). 


It is easy to verify that this correspondence tex.] is one-to-one 
between the interval 0221 and the space of sequences {xa}, and 
that it carries Lebesgue measure in the former into probability in the 
latter. Moreover, if te+{x,} then the sequence {»,} associated with і ` 
by (18) is identical with the product {w,} of {as} by [x.]. Since 
with probability 1 the sequence {w,} is summable (C, 1) to a, it 
follows that for almost every # the sequence {v,} is summable (С, 1) 
to a, which was to be proved. 

We conclude with an application of Theorem 2 to random sequences 
of transformations (compare [3]). Let {Un} (n=0, 1, 2,---; 
U,=I=identity) be a sequence of transformations of a space М 
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into itself, let А be a subset of M, and let p be a point of M. Denote 
the characteristic function of A by 


1 if q& A, 
0 if q&A. 


If the sequence Van d is summable (C, 1) to the value а let 
us say that the triple (| U.], A, p) has the ergodic limit a. Let T 
be a fixed transformation of M into itself such that ({ Т" }, А, р) has 
the ergodic limit a, and to each t in the interval 0S/S1 with dyadic 
expansion (17) let correspond the sequence of transformations { U,} 
where U= 1 and 


(22) alq) = 


IU. = Uni if і = 0 


If we set а, =p (T 1(p)) (nl, 2,---) and о, —94(U, 3(p)), then 
т =а and (18) holds. It follows at once from Theorem 2 that for 
almost every # the triple (| Un}, А, p) has the ergodic limit a. 

If a completely additive measure и is defined on ac-field of subsets 
of M with u(M) —1, and if the triple ({ Un}, A, p) has the ergodic 
limit о except for a set of p with u-measure 0, let us say that the pair 
({ U,}, A) has ergodic limit a. Assume that this holds for ({T*}, A). 
Consider the Cartesian product of M with the unit interval 05/51, 
and let H denote the set of all pairs (р, й) for which the sequence 
{¢4(U,(p)) } is summable (C, 1) to a, where { Un} is defined by (23). 
By the result of the preceding paragraph the intersection of H with 
any fixed p-line (except for a set of p of u-measure 0) has Lebesgue 
measure 1. If H is measurable it follows by Fubini’s theorem that the 
intersection of H with any fixed ¢line (except for a set of t of Lebesgue 
measure 0) has u-measure 1. Hence for almost all ¢ the pair ({ 0, }, А) 
has the ergodic limit а. 


(23) Us (я = 1,2,---), 
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POSTGRADUATE SCHOOL, U.S. NAVAL ACADEMY 


APPROXIMATE ISOMETRIES 
D. G. BOURGIN 


In a recent paper [1]! Hyers and Ulam formulated the problem of 
approximate isometries. Thus if E; and F4 are metric spaces, a trans- 
formation T on E; to Fa is an e isometry if |di(T(x), T(x^)) —d(x, x’)| 
« e, for all x, x’ in E;. These authors analyzed the e isometries de- 
fined on a complete abstract Euclidean space E; and showed that if T 
maps Е onto itself and 7'(0)—60, then there exists an isometry [2, 
p. 165], U, of E onto E such that || T(x) — U(x)|| «10e. The analysis 
depends on the properties of the scalar product. In the present work 
we show, first, that similar results hold when Ej-74-—.L,(0, 1), 
1<7 < o, though, except of course for r=2, a scalar product no longer 
exists. It is shown further that it is sufficient that Ез belong to a re- 
stricted class of uniformly convex Banach spaces and that E; be a 
Banach apace. 


THEOREM 1. Let T(x) be an e ssometry of L,(0, 1), 1 «rr « o, snio 
siself with Т(0) 220. Then U(x) L.S, T(2*x)/2* exists for each x and 
U(x) 4s an $someiric, linear iransformation. 


Our fundamental assumption is that 


ao) Шта) -TG65l 15-2 11<6 TO 76 
The following inequality is due to Clarkson [3, 4], 
(1.02) lla + Bll? + |a — 8» = zdjele + 18197, 


where here and later we understand that 


t = sup (r/(r — 1) È 2z g = inf (r, r/(r — 1). 
Let 


2a = T(x), 28 = T(x) — Т(22). 
Then 
[T – T(22)/2||* 
(103 _ §2e@-0(||T(a)||+|] 7) — T(22)|| 927 -|| T(22)/2|| 
S (141+) – dal — 4/27. 
If [x|| Se then the right-hand side of equation (1:03) is surely in- 
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{ей to (2e)*. For 05551, 7Р1, the following inequalities are easy 
to establish, 
(1.04) (is)! ei 2S is 
(1.05) (1 — s} р 1 — я. 
~ for ||| >e the right-hand side of equation (1.03) is dominated 


У 
(25) qae 


2 
Accordingly in both cases 
[T — T(2x)/2|| & 44| + 2 


where 
e(2Ptl + р — 2)\1/ 
i ( 2 ) 
Write 
| T(2*2)/2* — T(2)|| < 29|: + Lee 
and 


|| T(27*2)/271— T («)| 
(1.06) &|[T(272)/27 — 7(22)/2]| 3- || T(22)/2 — T (4)| 
& (271 5k, HEA 4- (0,/24-2)«. 


On setting the right-hand side of Equation (1.06) equal to &, illxl| « 
Hae; we have the difference equations 


ken c 2712, + k, I = 6/2 + 2. 


The solutions of these equations are 
h.c k УУ 2—19 g А/1— 2-1» — A, 
pe 


# 


Lm 2 Y 27 5 4, 
pa) 
Hence 
(1.07) [|Т(2*+=х)/2^+= — T(2*2)/2*|| & A2-*7l|xl|u« 4 4(279. 
Since L,(0, 1) is complete we can define U(x) by 
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U(x) = Lye T(2%)/2", 0(0) = 8. 
Moreover in view of equations (1.01) and (1.07) we can establish 


directly that U(x) is an isometry (and is linear [2, p. 166]). We shall 
make frequent use of 


(1.08) | U(x) — T()l s Alas + 4«. 


THEOREM 2. If T ts an e ssometry of L,(0,1) on L,(0,1) then U is an 
isometry of L,(0, 1) om L,(0, 1). 
— The proof given by Hyers and Ulam for their Theorem 3 is obvi- 
ously valid here. A more general situation is covered by our Theo- 


rem 5. 


THEOREM 3. If T(x) ts an є isometry of L,(0, 1) он L,(0, 1) then 
|| T(x) — U(x) 312e. 


We shall tacitly follow the convention that € L,(0, 1) has as its 
representative the function £,(s). Choose x»@ arbitrarily and write 


U(x) = Pi T(z) == уз. 


We first assume that у, and уз are not collinear with 0. Then [ys — ell 
has a unique, positive minimum for some value of v, say s. For in- 
stance, this ів a consequence of the Alaoglu-Birkhoff lemma [5, p. 
299] that in a uniformly convex Banach space a closed convex set, here 
{уз ту |01 < о |, contains an element of least norm (reflexivity 
would be sufficient for this) and thts element is unique. Let 


(3.01) yo = (э — жу) Ду — wl. 
Then 
(3.02) ж = uy + [bs «xl» = y туо. 


It is significant for our developments that w20. In view of Theorem 
(2) a unique element, xo, is defined by U-ty,. 
Since inf uem 1 there is a linear functional [2, p. 57] of 
unit norm, fe, such that Sole) «|Iydl 1 and foly) =0. Let Eo 
= {y| fo(y)=0}. Since L* is strictly convex it is easy to show that fe 
is unique and an explicit representation is 


(3.03) ho) = f | ve(s) | 4 sign yols)y(s)ds. 


An obvious argument shows every element in Е is uniquely expressi- 
ble as a sum of a multiple of y, and an element in Ee. Moreover, if 
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y € Es, then 
(3.04) |у + yf] & (Љо + у) | = 1. 
We have from Equation (1.08) 
T(z) — Ш(ж)]| = [Ge — 1) + sed] 


(3.05) 5 Al||z|"* + 4e 
= Ally] + Ae 
Moreover 
(3.06) += — lal | = ES- Ill | <% 
We write | 
(3.07) T(2*x) = 2% + hyo + Y, 


where Y €E. Accordingly 
(3.08) «> |[[2%» + yo + Y. — ву — wy] — ||2%» — э |. 






(3.10) Áo des Р 5 427-4 4e. 
From equations (3.04), (3.09), and (3.10) it is manifest that 
— (ADe 4 4e) S h S Р S 2(А2% + 49. 
Actually it is sufficient for our p that || Y,]|/27, Ь/2* go to 0 


ag 5— 


Weawtmark that 
(3.11) ||2*» — sil] = 2* + o(1). 
Indeed equation (3.02) entails 


d 1 

1 — ty | = Ј dos | sign o6)» ()4s = 0. 
Hence we have from equations (3.08), (3.09), and (3.11) 
[(2*-+Ь)ж-ЕҮ„|'—||(2*-„Һ)%-ЕҮ„—иу—тюуӊ|' 

5 (2re)2*0-D-- g( 28-0), 
The crucial step in our demonstration is the justification of the asser- 
tion that the left-hand side of equation 3.12 is 
28-1) (ro) + of 2A-D), 

Write t=2-", = 1,/2*, Yi У,/2". Then J, and || Y/| go to 0 with А 


(3.12) 


708 D. G. BOURGIN [August 


Write V=iu, W =tw and «с and f for real numbers between 0 and V 
and 0 and W respectively. Write also L,—1,—8 and 


Vs, Й = уо(з)(1 + Li) + Ys) — exis), 
fio) = Јо 9 | sien vs додае 
Denote the rectangle |u| SA, wSB by Q. For each choice of ¢ the 


theorem of the mean guarantees that a and f exist such that the left- 
hand side of equation (3.12) ҺАв the value 


(413) — (view) A+ Lope ауре) 09), 


For arbitrary positive ё and all sufficiently small ¢ values 


sup (| 4] 4-25, ||Y4|, 14|) < ё. 
Let 
S = {s| (9) 5 | Lals) + Puls) — ayos) | } 


and write R for the complement ‘ele 1. Then 
091 s | INCIP POT | 
ER * | 
+] fled Lo sign s natoa 
А 


It may be verified that ` V 


е 
A 


а 
J lve ollas s 2 f Los + z — ааа 


(3.14) < 27-1 (38)! e-)|IA4]]. 


ЛАС DT sign yo(s)on(s)ds < J lv, | sign (2) (ds 





+] f Iv olim дё |. 
Р.) 

The first integral on the right-hand aide can be written 

f (wG, 2]7— ]ys(s)| 72) sign yo(s)an(s)ds+ J [yo(s)|"* sign 0(s)91(s)ds. 


Since у C E, the last integral vanishes, and we may dominate by 
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f. (9G, 2] 7 — DG) 79] Gas fa VG, 2] — (Ф| 79] (las. 


The first integral may be written 


f, |i 9E RISE aaas 
For | s| 51 and positive k we have 


ys(s) 
(1+ ls 1-- xls] 1+ (22 — 0lsl; (1— |s|} m 1 ||, 1 — ls], 


according as & is leas than or greater than 1. Hence for some positive 
K the last integral written is bounded by 








K J 200 + Yke) + ex(9| [»(9|7*| (9| ds 


= K||Los + Y: — ау 
< К(38)" 13|. 
Since all the integrals over S are covered by equation (3.14), 





ried] уо 





r(r—1) ге) | 








(3.15) IG] ж cen, 

uniformly in (u, w)€Q for all sufficiently small #. Hence 
uf) = ofh). 

Now 


fon) = f + f de 007 |91) sign уз, as 
(3.16) s | 


1 
T f | yo(5) | 71 sign ys, 2)ys(s)ds. 

0 
Each of the first two integrals on the right-hand side is readily shown 
to be inferior in absolute value to С,ё'!"—1, The last integral on the 
right-hand side may be written 

Ine + f£ 1onol-ttign 90, 0 — sign (0) (9а 

Evidently the integral over S is inferior in absolute value to 


2 [ Ius, [1] yo(s)| ае & Ba. 
8 
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Therefore 

fita lel 8 ar, 
for all sufficiently small ¢ values uniformly for (u, w) EQ. Thus 
(3.17) wif (yo) = wt + о(®). 


Hence the right-hand side of equation (3.13) is rwt+o(t). Accord- 
ingly, equation (3.12) may be written 


099-0 + 9(290-D) & 2%т—2уе + 9(280-D), 
Therefore 
(3.18) ws 2e. 
We have then | 
П» — ж & | — 1] |] + 2e. 
From equations (3.06) апа (3.18) we infer 


(3.19) [ls] — 1 bul & 3e 
Hence if 42,0 we have 
(3.20) [ж — nil] < Se. 


The case that у, уз and 0 are collinear offers no exception. Here 
уу = uy, and, for #20, equation (3.06) surely implies equation (3.20). 

Suppose now that u <0. It may be shown from equations (3.05), 
(3.06), and (3.18) that the maximum value of ||yill, denoted by B, 
consistent with я <0 is given by 


(3.21) 2B = AB! + 9e, 
In view of equations (1.08) and (3.19) it follows that in all cases 
(3.22) |» — yl] 2 sup (56, 2B — 59. 


Evidently B depends on p and e alone and goes to 0 with e. Since 
1 <q S2 it can be verified that for A +9е<2, for instance, 


BS (А + (A + 1291/4)". 


Instead of continuing with the determination of explicit bounds 
for B from equation (3.21) it seems preferable to present an alterna- 
tive argument which has the merit of yielding a convenient bound 
directly. The idea behind this argument is borrowed from [1] and 
consists of the observation that for all sufficiently large multiples of x, 
вау ix, T (Ix) has a positive yı component. This is of course obvious, 
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since we need merely satisfy Hla > В. Accordingly if & «0, there is 
an integer m such that in the general case 


T(2*x) = — w2*y + wate, 


(3.23) 
T (2914) = «12^ у, + 11420, 


where ш and яз are non-negaisve and х, and Z4 have unit norm and 
are determined in the same way as ys. The argument leading to equa- 
tion (3.18) shows that 031; $2e, j —1, 2. The possibility that either 
(or both) of 7(2"x) and T(2**x) is collinear with y; and 0 is formally 
included by taking the corresponding w as 0. We write s for 2*4. 
Thus ||| &||5|. Then, in view of equations (1.01) and (3.23), 


| [Que + s) — ms + ю2]] — [sl | <е 


and 

(3.24) | 2ж + ж — 1 ||| < Se. 
Similarly the analogues of equation (3.19) are 
(3.25) | 2ш — 2 | ljal] s 36, 
(3.26) | #2 — 1| [Ia] a 3e. 


There are several cases to consider, depending on whether (#1, #1) and 
2344-34 —1 are larger or smaller than 1. The largest value of ||| is 
admitted in the event sup (34, #2) 81 S2uı +4153. On combining the 
inequalities in (3.24), (3.25), and (3.26) we obtain in this case 


||| = 11/2. 
Since |1: S||s|| we infer for u <0 апа then, by equation 3.20, for all v, 
(3.27) | T(z) — U(z)|| 2 0141 + es 12e 


The developments just concluded motivate the generalization 
presented below. Elements in the Banach spaces E; and Е, аге 
denoted by x and by у or s respectively. Our restrictions bear on 
Ез alone. Henceforth we assume Е, із a uniformly convex Banach 
space [3], that is to вау ||sı—s:|| zy sup (||s,l|, |a), y>0, implies 
[[5:-Еж[| 32 (1—8(y)) sup (lall, ||), where ó(*) is strictly monotone 
with (0) 20, (2) =1. We define y’ for all positive ô as sup ivl ó(y) 
Sinf (1, 8)} and write y’=y(8). We drop the primes in the sequel. 
We require that Ёз satisfy the following restrictions, also, 


(A) Y v6) < = 
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for every positive C, 
(B) Ly, паж + 5 А — [yo + si) = 0, 
where [yo 1 and s and ў lie in the linear space {¥|fo(y) =0, 


foy) =1, [[fol 1]. (It is easy to verify that these conditions are 
satisfied by Z,(0, 1), 1<r< o.) 


THEOREM 4. Let T(x) be an e tsometry of Еу зно Ex with T (01) =b. 
Then U(x) =La..7 (2%) /2* exists for each x and U(x) is an isometric 
(linear) transformation. 


Evidently sup (||T(2x) - T(x)]], ||Т(х)||) can be written [|х[-Ер 
where |p| <e. Then 


\(Т(2а) — Т@)) — Toll г «lal +») 

implies 
141 — «/2 s || 7(22)/2|| = (1 — ddl + о). 
Hence 
iy) 5 3«2|4]. 

Let 0, == 3e/2* Hx]. Then, since | p| <e, 

|Т(2"%ш) — 2702") s vallal + 9. 
Evidently y. is a monotone nonincreasing function on the positive 
real axis with д. Ут = 0. In view of (A) 
вор È 2\r4)~-2 a2) s(lal-+9 2: 9041. 
It is important to observe that k(||xl]) is a monotone nonincreasing 
function of ||x|| and 
(4.02) Lil) (14|) = 0. 


Since Ез is complete, the demonstrated convergence of the left-hand 
side of equation (4.01) ensures the existence of U(x) given by 


U(x) = L,.T(2*x)/2*. 
It із eagy to see that U is an isometry on E; to Es and that 
(4.03) \| T(z) — UG) а А054) (1а + 9. 
THEOREM 5. If T is onto E then U 4s onto E. 
The simple demonstration below covers more general E4 spaces 
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than those of our hypotheses. Let E4 be the range of U., Then Ej is 

closed in Ey [2, р. 145]. Assume the assertion of the theorem invalid, 

that is to say Ey is a proper subspace of Es. Evidently for some poai- 

tive So, $259 implies b(s)(s-I-e) Ss--e— 2. It is well known [2, p. 83] 

that for some s, of unit norm, ||ss—]| > 1 — (se4-€)-! for all s in Ej. 

Let x satisfy T(x) = (set+e)s0. Then soS||x|| Sse+2e and 

(5.01) ||T(x) — U(x)]| = (ss + elles — U(x)/(so + 9l| & so +e —1. 

On the other hand, using equation (4.03), 

(5.02) ту — U(9| S s + e — 2. 

Since equations (5.01) and (5.02) are incompatible, our theorem is 

established. Hence incidentally E; and Ез are equivalent [2, p. 180]. 
THEOREM 6 If T defines an e isometry of E, onto Fa with T(0:) =b 

then || T(x) — U(x)|| 312e. 


We continue the notation introduced in the course of the proof of 
Theorem 3. The results through equation (3.09) hold subject to the 
trivial modification of replacing A4||yi|"*--4e by А1) (151+): 
Moreover the analogues of equations (3.09) and (3.10) establish 


— R(2"*)(2"9+ 0 50 < e, |У, < 2k(2")(2* + 9. 


In view of equation (4.02) we can assert || Y.||/(2* — ||) and Ь/2* 
go to 0 with л. Then by (B) 


(6.01) ||TQ*x9|| — [[Т(2*%) — 70) x |125 + « — 27» — э] + e 
S 2e + o(1). 
The left-hand side of equation (6.01), for large n, is 


le + X 4. 
2L 








SENSU 
2^ 4d-l; — ww 


+ {|> 
rae 2 + – w 
With s= Y,/(2*+1,.—w), \=u/(2*+4—w) it follows readily from 


(B) that the first brace of terms goes to 0 with я and hence w+o(1) 
<2«+0(1) or 





+ eral e+ 


(6.02) 


t 5 26. 
For some positive В, А(В)(В + е) +-2е5 B in view of equation (4.02). 
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Then a simple argument using equations (4.03) and (3.18) shows 
u 70 for |у: > B. The remainder of the proof follows the pattern of 
the proof of Theorem 3 in detail and is therefore omitted. It will be 
noted that the possibility that the functional fo (cf. Theorem 3) may 
not be unique does not disturb the proof. 


REMARK. Since U is linear T is a 36e linear transformation [6]. 
Moreover U(x) is the unique distributive operation satisfying 
Ly -el| T(x) — VG) « =. 
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Untversiry oF ILLINOIS 


BLOCH’S THEOREM FOR REAL VARIABLES 


8. BOCHNER 
The famous theorem of Bloch states that every function 
(1) F(s) sagi --- 


of the complex variable sin the unit-circle | s| 21 maps some subdomain 
of the unit-circle univalently onto a circle of a fixed radius whose 
size is independent of f(s). The purpose of the present paper is to 
point out the following generalization to + real variables, # g2. 


THEOREM 1. Corresponding to any integer n, n=1, 2, 3, - - - , and 
any postive constant K, K 0, there exists a possiive radius 


Ry = Ro(s, К), Ro > 0, 


having the folowing property: 
If the real functions 


(2) s, == fm, i, m), {+ = ],2,,,.,%, 
are defined and solutions of the Laplace equation 


97 93у 
аа" 


in a neighborhood of the sphere 
(4) аф фа 1, 
tf their. Jacobian 








(3) 0 


2x (fi, Diis s Ja) 


(5) J(z +++, а) es 


satisfies the decisive relation 


Li д]; a 
(6) У (2) акло, 
4,4—1 д2; 

in (4), and sf 

(7) J(0,---,0) = 1, 

then there extsis in (4) an open set S such that the functions (2) are a one- 

Received by the editors May 6, 1946. 
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lo-one transformation of S onto a sphere of radius Ro in the Euclidean 
space of the variables (ux, ©, Ka). 


The decisive restriction (6) can be easily interpreted. If we intro- 
duce the differential form 


dy! = g.j(x)dxdx;, 


where 


fm Of. 

вда) 2. Ox, дх; | 
then in the ellipsoid g,,(x)£,£;=1 the quotient of the longest over the: 
shortest axis shall have a finite bound which is independent of x; if, 
however, the determinant of gi; vanishes at a point, then all numbers 
0f, /0x, shall vanish there separately. This is a generalization of con- 
formal transformations, for which all axes have the same length at 
any point. 

For я= 2 the significance of this generalization has been brought to 
light in the work of Ahlfors! when he proved that Picard'a theorem 
on exceptional values will remain in force for this type of transforma- 
tion. For n23, our condition may turn out to be of even greater 
significance, On the one hand there are no strictly conformal trans- 
formations other than trivial ones (inversions in spheres). But on the 
other hand, general analytic transformations in several complex varia- 
blea of the form 


(8) 01 = Filgi, Ba), ]51,:--,h;n-2k, 


do not obey our restriction for k & 2, which fact may be said to be re- 
sponsible for the complete breakdown of Picard's theorem in that 
case. 

Ав for our additional requirement that each component f,(x) shall 
be a solution of (3), it will be evident from the course of the proof that 
it could be considerably toned down. However, we are drawing up the 
condition in this rigid form in order to point up an analogy to the 
case of complex variables. For one complex variable, (3) requires as 
in the classical case that each component of (1) separately shall be a 
solution of the Laplace equation. However, in lieu of the rigorous rela- 


1 Compare the account in К, Nevanlinna, Eémdeuhge analytischs Funkitones, p. 
343. There were also earlier efforts in that direction. See, for instance, Н. Groetzsch, 
Ueber moglichst konforme Abbildungen vox schkckiem Bereichen, Berichte über der 
Verhandlungen der K., Sächsischen Akademie der Wissenschaften xu Leipzig, Mathe- 
matiscbe-Physische Klase, vol. 84 (1932) pp. 114—120. 
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tion between the two components as implied in the Cauchy-Riemann 

equation we now have the much milder condition (6). For several 
complex variables, analyticity implies in particular the relations 

д дї], 

fi d: у. 

Ox, ду 


for each pair (xi, yi) separately, whereas our present condition (3) re- 
places this by the summary requirement 


b arf, arf, 
у, (<= + =) = 0), 
tm \ дай ду 

thus creating a situation which is even more general than the case 
of one complex variable would indicate. 


For the proof of Theorem 1 we introduce the functions 





= 0, de i,---,h, 


M(r) = тїалы+.. aii | J(m +++, Za) | aie 
and 
$(r) = (1 — r)M (r). 
Since $(0) =1 and $(1) =0, there exists a number r* such that 
f(r?) = 1, ф(7) < 1 for <r S 1. 
Also, there exists a point 


(9) | д0 = (a+ ++, аа) 
for which (#1°)?+ - - - +(x,*)*is precisely equal to (7%)? and such that 





Jm)" - Mr) = ——; 
Now introduce the functions 
fnm + pba) — fn) 
10 Е шы ыызы E ызчы 
(10) ГАС £x) aces) | = 


where 





and since for 


(11) EE E 
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we have 





нала салу 


they will exist in the unit sphere (11). We also introduce their 
Jacobian 


(f, ++ +, Ea) 


G(h,---,& ; 
С (b, · +, Eg) 


and we list the following properties: 

(i) All functions g,(£) are again solutions of the Laplacean 0%g/0? 
+. ++ +0?g/ð t —0. 

(ii) G(0, ---, 0) 1. 

(ii Gi, ---, £) £2" for £ in (11). 

(iv) 228-1(08/0£)! SK| Gln - - - , £2] "* S4K. 
We note that property (iii) follows from 


908, * * ^, £a) d Ilen o ta) | (Ey 
lEn +++ En) | JC, ++, xf) | M (r?) 


(те 1-9) = 2 


We are now going to make use of property (i). Since the first partial 
derivatives 0g,/0&; are themselves solutions of the Laplacean, it fol- 
lows from Poisson’s integral for harmonic functions that correspond- 
ing to n and К there exists a constant L=L(n, K) auch that the valid- 
ity of property (iv) in (11) will imply the further property 








D ag, 
(v) P (= x) SL 
in 
(12) E+ +i S 1/2 
However, properties (ii), (iv) and (v), together with 
£(0, +++, 0) = 0, tjomt seen, 


lead to the following conclusion. There exists a radius №. = Ri(n, K, L) 
== R(n, K) such that on some subset B of (12)—the subset depending 
on the given functions g,(£)—the functions 


we g(&, "UN NP Ea) 
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are a one-to-one transformation of B into the sphere 

m+ tm S Ri 
This is a “uniform” version of the theorem on implicit functions and 
can be derived from the Kronecker integral or in some other fashion.’ 

Returning now to the original functions (2), we see from (10) that 
these functions will transform a subdomain B of (4) into a sphere of 
radius 

Ro = Кур | J(x*) | 1/». 
However, p| J(x«*) | Va а= ( (1 —74,)/2) - (1/(1 —70)) =1/2, and this com- 
pletes the proof of Theorem 1. 

THEOREM 2. If all assumphons of Theorem 1 are fulfilled tn the sphere 
Ltt Бк, SAN then the map contains a sphere of radius К 
w). R(n, К). 

This follows from Theorem 1, if we replace f;(x) by Afla /N). 

Hence we conclude: 

THEOREM 3. If all assumptions of Theorem 1 are fulfilled in the on- 
iire space, then the map contains spheres of arbtirartly large radius. 


PRINCETON UNIVERSITY 


\ 


1 See, for instance, the first chapter іп Carathéodory's Vartationsrechwung. 


A NOTE ON THE AREA OF A NONPARAMETRIC SURFACE 
HARRY D. HUSKEY 


1. Introduction. Recently, Besicovitch [1]! has exhibited a surface 
of the form s=f(x, y) for which sequences of inscribed polyhedra, 
corresponding to triangulations into nearly isosceles right triangles, 
do not converge in area to the area of the surface. On the other hand, 
for surfaces defined by functions f(x, y) which are absolutely continu- 
ous in the sense of Tonelli this paper shows (see Theorem I) that in 
a statistical sense sequences of inscribed polyhedra that arise from 
triangulations which are successive refinements and which consist of 
right triangles of any preassigned shape (exactly isosceles, for ex- 
ample) will converge in area to the area of the surface. For surfaces 
of a more general class (defined by functions which are absolutely 
continuous in the sense of Young, see below) analogous but some- 
what weaker theorems (see Theorems II and IIT) are proved. 

In order to state the results more precisely let us consider the fol- 
lowing definitions. Let О, denote the unit square OSxS1, 05у51. 
Let $ denote the continuous surface defined by the continuous func- 
tion s=f(x, y) for — ©<х<-®, —w<y<+o. Suppose that 
f(x, y) is periodic of period one in x and in y. The resulta of this paper 
are valid for a continuous function defined only on Qo since by ex- 
tension of definition and a suitable change of scale (see Saks [8, 
р. 170]) the above conditions can be satisfied. 

Let D,°(u, v), for OSuS1 and 05751, denote a subdivision of Qo 
into rectangles formed by the lines x=4-+4/n and y=v-+1/n where з 
takes on all integral values (positive, negative, and zero) which give 
lines астовв Qo. Let (x', y^), (x', у’), (x'"', y^), and (x", y”) denote the 
vertices of a generic rectangle with х' <x” and y’ « y''. Let 

! < 2 
rie у) = {+ pne (Y) - Ја, д 


(1) x” ae nona 
vr 
(2) + = Лб | d 


Received by the editors March 7, 1946. 
1 Numbers in brackets refer to the references cited at the end of the paper. 
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Now (47 =x) (y —y) T (f; x', y^), $21, 2, are the areas of two tri- 
angles inscribed in the surface S: z —f(x, y) and defined over the rec- 
tangle x Sx Sx”, y Sy Sy". Thus 


A [Ps f; н, v)| 
= 2, [nig + TG z.»)i'-sx'-y) 


D*(u,v) 
и 


(3) 


where the summation is over the vertices (x'/, y^) of Da (u, v), is the 
area of a polyhedron Po*(f; и, v) inscribed in S and defined over Qo. 

The Lebesgue area of a surface S: s=f(x, у), (x, y) C Qo, can be 
defined as follows: 


(4) A(S) = g.Lb. lim inf E(P,) 


where E(P.) is the area of the polyhedron P, in the elementary sense 
and the greatest lower bound is taken over all sequences of polyhedra 
Py: х=), (х, y), (x, y) Qe, such that p,(x, y) converges uniformly on 
Qo to f(x, y). We shall assume that the reader is familiar with the defi- 
nitions of bounded variation in the sense of Tonelli (BVT) and abso- 
lute continuity in the sense of Tonelli (ACT) (see, for example, Saks 
[8, p. 169 |), We shall further assume familiarity with the concept of 
absolute continuity of a function on a Borel set (see Young [9, p. 52]). 

Let f(x, у) be continuous and BVT on a rectangle R: ax sb, 
cy 54. Then we shall say that f(x, y) is absolutely continuous in the 
sense of Young оп R, or simply ACY on R:a Sx Sb,ci$y Sd, ifthe 
following conditions hold: 

(а) R= B’-+B"’, where B’ and B” are Borel sets; . 

(b) for each x, a Ex Sb, let BJ be the intersection of B’ with the 
segment x =x, c Sy Sd. By’ is defined similarly. For almost every x, 
f(x, y) ia absolutely continuous on BZ as a function of y, and, for 
almost every y, f(x, y) is absolutely continuous on Bj" as a function 
of x. The term ACY is justified by the fact that L. C. Young [9] 
first formulated this condition and made an important application 
of it. 

The following theorems will be proved in this paper. 


THEOREM I. If f(x, y) is ACT on Qo then for every increasing sequence 
[mda of positive integers such thai n, divides п, for all + we have 


lim A [P3 (f; м, »)] = A(S) 


for almost every (u, v) СО. 
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THEOREM II. If f(x, y) ts ACY on Qe then for almost every (и, v) C Qo 
lim inf A[Po(f; н, v)] = A(S). 


Tueorem IIT. 7f f(x, y) 1s ACY on Qo then for any sequence [n m 
of postive integers with п. | œ, there exists a subsequence { naj Of 
{i} such that for almost every (и, v) C Qo 


lim A[PO"(f; м, »)] = A(S). 


In the study of the area of nonparametric surfaces various people 
have imposed conditions of regularity on the triangulations consid- 
ered. Inspection of the proofs which follow will show that the sub- 
division D,°(#, т) may be replaced by a subdivision Duaa°(u, v) arising 
from m intervals in the x-direction and s in the y-direction, and the 
theorems analogous to those above but stated for squares Q(w, v) 
(cf. $2) would still be valid. In order to give theorems valid on Qo 
Lemma 1 (cf. $2) requires that m/n and n/m both be bounded (also 
see Radó [5]). 

If in the above definition of the Lebesgue area of a surface S we 
further require that the polyhedra be inscribed in S we obtain a 
quantity A*(S), and clearly A*(S)2A(S). The question of when 
A(S)=A*(S) has been called the Problem of Gedcue. It has been 
proved (see Huskey [2], for example) that A(S)=A*(S) if f(x, у) 
is ACT on Qo. Theorem I implies more than this, namely, that almost 
every sequence constructed as above converges in area to A(S) if 
f(x, y) is ACT on Qo. 

The fundamental, and so far unsolved, problem here is whether 
just continuity of f(x, y) implies A(S) =4*(S). Radó [5] has shown 
in this general case that 4*(S) $2424 (5). It has been shown (Huskey 
[3]) that if f(x, у) is ACY on Qo then A(S) ~ 4*(,5). Theorems II 
and III show that somewhat more than this is true. 

By the inequality 


A(S) 5 lim inf A[Po(f; u, »)] x lim inf A [PI (f; н, »)] = A(S) 


we see that Theorem III implies Theorem II. However, independent 
proofs are given here. It is hoped that this presentation will encourage 
gome reader to attack successfully the general case described above. 


2. Preliminary. Let О(и, v) denote the square Sr Suti, 
vSvys0+1. Let D,(u, v) denote a subdivision of Q(x, v) into s? con- 
gruent squares. Let S(#, v) denote the surface defined by s=/(x, y), 
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(x, у)ЄО(и, v). Let Р„(]; u, v) denote the polyhedron inscribed in 
S(u, v) and which corresponds to the subdivision D,(u, v) (see 51). 
By boundary triangles of P,(f; u, v) we mean triangles which have at 
least one vertex on the edge of S(s, т). 


LEMMA 1. The sum of the areas of the boundary triangles of Pa(f; и, о) 
or of Po*(f; u, v) converge to zero as n—>+ œ. (See Huskey [3, p. 338].) 


Due to periodicity P.(f; u, v) can be replaced by a trianglewise 
identical polyhedron P,(f; u’, v' having only boundary triangles 
overlapping the edges of S and whose other triangles are identical 
with those of P»*(f; u, v). It is easy to show that A[S(u, v) | S A(S), 
see Saks [8, p. 179]. Thus, in view of the above lemma, it is clear 
that Theorems I, II, and III will be established if we prove that, 
under the assumptions stated therein, 

lim, 4[Р, (7; u, v) ] - A(S) for almost every (u, ғ) CQ»; 

lim inf, A [P.(f; u, 0) | А (5) for almost every (s, v) C Qv; and 

lime A[P..(f; н, т) }=A(S) for almost every (u, v) Є 0%. 


LEMMA 2. If the measurable function g.(x, y) is periodic $n x of 
period 1/5 and, likewise, pertodtc in y of period 1/n, then for any in- 
creasing sequence (nil iei such that n, divides тап for all integers 4, we 
have lim inf g., (x, y) =a constant for almost every (x, y). 


Proor. (This lemma seems to be well known but knowing of no 
convenient reference we give the following proof.) Let {n} be given 
as described and let ф(х, у) = іт inf, ga, (x, y). d(x, y) 18 periodic in x 
and in y of period 1/я; for every +. (1) We first assume ф(х, y) is 
continuous and it is easy to show that ф(х, y) is constant for all 
points (x, у). (2) We now assume that ф(х, y) is summable on Qo 
and let ф(х, y) —-*fofo(x-l-w, y--v)duds. фд(х, y) is continuous, 
periodic of period 1/m; in x and in y for all ¢, and is therefore a con- 
stant. di(x, у) ф(х, у) as h—0 for almost every (x, y). Therefore, 
$(x, у) is a constant almost everywhere. (3) To prove the theorem 
we note that ф(х, y) is measurable and let 


éx(s, y) = min [max [o(z, у), p N], N] where N > 0. 


Now | ф(х, у) | <N із summable and periodic as above so $x(x, у) 
ia a constant almost everywhere. óx(x, y)—4(x, у) as N+, so 
ф(х, y) ia a constant almost everywhere. QED. 


3. Proof of Theorem I. Let А be a positive number and set 


1 


А А 
Mary) = = f | f Қа Fary + B)dadf 
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which is an integral mean of f(x, y). It is well known that A (S*)—+A (5) 
as h—0 where S^: s=f*(x, у), (x, y) CQ (see Saks [8, р. 179]). 

Let V,*(x, f) denote the total variation of f(x, y) for «=x and 
cSysd. Vè(y, f) has a similar definition. It is easy to show (вее 
Huskey [2, p. 251]; or Radó and Reichelderfer [6, p. 535]) that 


(5) [ Vis f£ — fis | V, f — f dy ^0 as h— 0. 


Jessen [4] has shown that if f(x) is summable and of period one in 
х then for any increasing sequence of positive integers [mili.; such 
that m, divides m for all + it is true that 


lim 35 (1/myf(= + Km) = | finds 
b-9 0 


for almost every x. 
LEMMA 3. 
| ALP; & )] — АР. & 9]| 


*—1 1 2 ч à 4 
s УУНА, (s $ 2,7-0) ye (" +—› 1-Р) 


i, fad 


The proof for Theorem 2.7 in Huskey [2, p. 253] can be easily 
altered to prove this lemma. 

Using this lemma with Jessen's theorem and the fact that А (,5) is 
finite, we have for all (£, y) not in a set ei of measure zero 


ч d k 1 k 
im $3 (-) vi errr Gar] 
El jq Toa 
-j Veg Piar | vog- Pay. 


Now, to prove the theorem, consider 


| A(S) — A [Pm (f; & 9] | 
(7) & | A(S) — A(S)|+| 469 — А[Р„,(/*; & ]| 
+ АТР, Б 9] — А[Р„(у; & т. 

For e>0 given, choose h so that the first term on the right 
of (7) is less than є/2, and so that the right-hand side of (6) is 
less than e/4. Next, choose (Ё, 7) in Qo—e, and then choose 4 
so that the remaining two terma of (7) are less than e/2. Note that 


(6) 
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lim A [Pa,(f*; & т) ]= 4(S*) for every (E, т) (see Saks [8, p. 177]). 
This completes the proof of Theorem I. 


4. Proof of Theorem П. A[P,(f; £, у) | is periodic in £ of period 
1/5 and in 7 of period 1/n. Therefore, except for (£, 7) in a set eof 
measure zero, we have 


(8) lim inf A [Pm (f; Ё, 9] = А (a constant) 


where m, divides m, for all +. 
By definition and periodicity of A[P,(f; £, )], 


I Son [Тщ/; а, B) + Т0; a, B) ]doa8 


1/ж l/u 
e A 1 1i d. d a, 
ff aig sy +8) 
(9) + Tif; &' + а, у + B)]dad8 
l/m l/s 
= f , A|P.(f; E + o, n + В) |dadp 


= [ Í T A [P.(/; a, B)dadp. 


This formula is essentially a result of Radó (see [5, p. 500]). 
L. C. Young [9] has shown that if f(x, y) is ACY on Qo then 


(10) Í (Ж 270% a, В)дайВ — A(S), i= 1,2, 


ag 1— o іп any manner (cf. $1). 
Now, almost everywhere in Qo, 
А = lim inf A[Pz (f; & т) z lim inf АР, & v], 
п=1, 2,3, - - - . So, using formulas (8), (9), and (10), the lemma of 
Fatou, and the property ACY of f(x, y), we have for almost every 
(Ё, n) 
1 1 
AG) = ша ff AlPa(isa,6)]éodp 2 | f Adzay 
| i Qe 0 0 


2 lim inf А[Р„(/; £, »)] > A(S), 


which proves the theorem. 
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5. Proof of Theorem III. 


LEMMA 4. If (a) E is a measurable sei in tho plane and of finste measure, 
(b) fex, у) ао 48 a sequence of non-negative real-valued functions 
measurable and summable on E, (с) lim inf, ga(x, y) ggo(x, y) almost 
everywhere on E, (d) lim вир, f//sg«(x, y)dxdy s f [ago(x, y)dxdy, then 
there exists а subsequence lg. (x, у) |. such that ga (£, y)—.go(x, y) 
almost everywhere on E. 


For a proof of this lemma see Radó and Reichelderfer [6, p. 551]. 
Using equations (4), (9), and (10) we readily see that A[P,,(f; £, т) | 
satisfies all the above conditions оп Q where {m} is any sequence of 
integers such that м; ©. (ge(x, y) corresponds to 4 (5).) This com- 
pletes the proof of Theorem ITI. 
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RING AND LATTICE CHARACTERIZATIONS OF 
COMPLEX HILBERT SPACE 


SHIZUO KAKUTANI! AND GEORGE W. MACKEY 


Introduction. In an earlier paper [1]* by the authors it was sug- 
gested that at least the ring characterization of real Hilbert space 
given therein might be extended to the complex case by making use 
of a device employed by B. H. Arnold [2] in so extending a theorem 
of Eidelheit. It is the purpose of the present note to show that this 
can indeed be done not only for the ring characterization but for the 
lattice one as well. 

The difficulty in the complex case is that the complex field admits 
а great many discontinuous automorphisms. It is overcome by mak- 
ing use of the device of Arnold mentioned above to show that in the 
infinite-dimensional case only continuous automorphisms present 
themselves (see Lemma 2 below). It is shown by an example that the 
infinite-dimensionality is essential and that accordingly the theo- 
rems of [1] cannot be extended to the complex case in quite their 
full generality. 


1. Two preliminary lemmas. Lemmas 1 and 2 below constitute our 
formulation of Arnold’s argument. 


LEMMA 1. Let X be an tnfinsie-dimenstonal normed linear space (real 
or complex). Then there existis an infinite sequence xy, Xa, Xs, -+> of 
elemenis of X such that given any bounded infintie sequence М, №, М, з 
of scalars there exisis a member | of ihe conjugate space X of X such 
that (xi) =, for+~1,2,---. 


Proor. As is well known, it is possible to construct infinite se- 
quences х1, 23, · · · ; Д, А, · · - where each x, is in X and each k is 
in X so that L(xj) «0j! for $, j7=1, 2, - - - . Furthermore, it is clear 
that we may suppose that ||},|| =1/2*. Let Мм, №, - - be an arbi- 
trary bounded sequence of scalara with 1.и.Ь.|А‹| =M. For each 
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х=А(х)х1-ЕА(х)за+ --- +h(x)x. in ааа define Дх) as 
h(x)M--h(x)s- -- + +h(x)A,. Then Tis obviously linear Further- 


more 


а) s [dll ail d + [all lal [aa] ++ De E [| 
5 M| [1/2 + 1/4+--- +1/2*] < ual. 
Thus / is bounded. Hence by the Hahn-Banach extension theorem or 
the Bohnenblust-Sobczyk extension of it to complex spaces [3], 7 co- 
incides on x1+%,+ --- with a member і of X. Since it is obvious 
that Дх.) =A, for $—1, 2, - - - the truth of the lemma follows. 


LEMMA 2. Let T be a one-to-one semi-Hnear* iransformaison of an 
infintie-dimensyonal complex normed linear space X onto a second such 
space Y. Then sf T carrtes closed maximal subspaces зто closed maximal 
subspaces the automorphism involved $n the sems-linearsty of T is a con- 
hnuous one. 


Proor. Let ал, 34, - - - be a sequence of elementa of X having the 
property described in Lemma 1. Let ш, да, * · - be an arbitrary 
bounded sequence of complex numbers and let ші, шз, · · - be their 
transforms by the automorphism in question. In order to prove that 
the automorphiam is continuous it is clearly sufficient to show that 
{ py! } is a bounded sequence. Suppose that it is not. Then we may se- 
lect a subsequence Af, №, · · · auch that |A/| >¢ ||T(x,)|| for $—1, 
2,-:-. Now let / be a member of X such that I(x,) =M; for 
$1,2,- - - , let M be the null space of } and let 2 be an element of X 
with (2) -1. It is clear that for $—1, 2, - - - we have x,=2,+A,2 
where s, EM. Hence T(x)/Al = T(z;/A) --T(£). Since |T(x)/A/ | 
<1/s it follows that T( —s,/A,)-—T(£) as $— ©. Hence 7(4) is in the 
closure of T(M). Since M is a closed maximal subspace, 7(M) is, 
by hypothesis, closed. Hence 7T (2) C T(M). Since Т is one-to-one this. 
means that 2 is in M and we have a contradiction. Thus the lemma is 
proved. 





COROLLARY. Under the hypotheses of Lemma 2 the automorphism in 
question ts etther the identity or the automorphism carrying every complex 
number into tis conjugate and hence T ss either linear or “conjugate 
linear.” 

2. The lattice characterization. Theorem 1 of [1] after slightly 

+ [n this paper сет means additive and homogeneous. 

* A semi-linear transformation isa transformation T such that T бее -A'T (x) 


--u'T (y) where x and y are arbitrary elements of the vector space, X and р are scalars 
and ^—23'isanautomorphism of the scalar field independent of x, y, X and и. 
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strengthening the dimensionality restriction may be stated for com- 
plex spaces as follows: 


THEOREM 1. Let X be ananfinste-dimenstonal complex Banach space, 
and let А be sts lattice of closed subspaces. If there exists an operaiton 
M—M' from А to A such that: 

(1) if М, and м, ата in A and MiC М, then МҮ 2 М; , 

(2) 3f MEA then M" = M, 

(3) f MEA then M'AM —0, 
then there extsis an isomorphism between X and a (not necessarily 
separable) complex Hilbert space such that the correspondence Me» М' 
is carried. over snilo the correspondence between orthogonal complements 
$n the Halbert space. In other words 131 1s posssble to sniroduce an inner 
product (x, y) in X with the properties listed in the standard Holbert 
space axioms such that the new norm ||| ||| in X defined by the equa- 
tion |||x||| = (2, x)? is equivalent to the given norm ||x|| and further- 
more such that for each Min A, M' 4s the set of all y $n X for which 
(х, y) =0 for all x $n М. | 


Proor. Let M be a one-dimensional subspace of X. It is clear that 
M ів closed and it follows from the fact that М» M' is a lattice anti- 
isomorphism that M' ia a maximal closed linear subspace of X. Then 
let M? be the one-dimensional subspace of X, the conjugate of X, 
consisting of those members J of X such that /(m) =0 for all m in M". 
It is easy to see that the operation M— M? thus defined sets up а one- 
to-one linear independence preserving correspondence between the 
one-dimensional subspaces of X on the one hand and those of Y on 
the other. Now in the real case Lemma A of [4] allowed us to con- : 
clude the existence of a linear transformation of X on X such that 
ТОМ) = M? for all one-dimensional subspaces M of X. A slight modi- 
fication of the proof of this lemma enables us to conclude the exist- 
ence of a semi-linear such transformation in the present case. We 
need only replace our reference to the theorem that a collineation 
between two real projective planes can be represented analytically 
by a linear tranaformation by a reference to the more general theo- 
rem relating collineations between projective planes over a field Ф to 
gemi-linear transformations. 

Now every maximal closed subspace of X is clearly of the form M" 
where M is one-dimensional and it is readily verified that T'( M") is 
the set of all J in Y taking M into zero and hence is maximal and 
closed. It follows then from Lemma 2 that T' is either linear or con- 
jugate linear. We show now that the former alternative is imposaible. 
Supposing 7 to be linear let x and у be linearly independent and set 
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T(x) =f, T(y)=g. Then for each complex number u, T(x-Fuy) —f--ug 
and (f-+mg)(x+uy) =/(х)-Еи(&(ж) -Е/(у))-Еин?е(у). Since MOM’ =0, 
f(x), g(y) and (f-Fug) (x+uy) are all different from zero. But since 
g(y) #0 the equation f(x) -u(g(x) -f(y)) --u!g(y) =0 has a solution 
for u. Since (f--ug) (x иу) ғ<0 this is a contradiction. 

We now use the conjugate linear transformation T to define an 
inner product in X. For each two elements x and y let (x, y) f(x) 
where f=T(y). Clearly (x, y) is linear in x and conjugate linear in y. 
To show that (x, y) ia Hermitian symmetric (that is, (y, x) = (x, y)*)! 
we observe first that (x, y) =0 if and only if (y, x) 20. In fact (x, y) 0 
if and only if MCM; where M, and M, are the one-dimensional 
subspaces of X generated by x and y respectively. But by properties 
(1) and (2) of the operation M—M' we have M,C My if and only if 
M,C MJ that is, if and only if (y, x) =0. Now let x and y be arbitrary 
elements of X with (x, y) x0. Then there exist complex numbers А 
and u such that (a) A(x, x)-- (x, у) =0 and (b) u(y, y)-- (x, у) =0. 
(Since g(s) where р = T(z) is never zero for s »*0 it follows that for 
z 0, (s, s) x0.) Equation (a) may be transformed into equation (с): 
A(x, x)*+(y, x)*-0 by means of the following sequence of equa- 
tions each of which is obviously equivalent to its predecessor: 
A(x, x) +(x, y) =0, (x, A*x) Tx, y) =(), (x, A*x--y) = 0, (л* +7, х) “0, 
A*(x, x) (У, x) =0, A(x, x)* -- Cy, x)* «0. Similarly (b) may be trans- 
formed into (d): uly, y)*--(y, x)* 0. Comparing (c) and (d) on 
the one hand and (a) and (b) on the other we conclude that 
A(x, x)* —u(y, у)* and that A(x, x)=u(y, y). Thus (x, x)/(x, x)* 
ка (y, y)/(y, y)*. It follows that if (s, в) is real for one element s it is 
real for every w with (x, w) 350 and hence for every w. But a simple 
adjustment of T always enables us to realize thia condition. Hence 
we may suppose that (x, x)* = (x, x) and (y, у)* = (y, у). We now con- 
clude from (a) and (c) that (y, x)* = (x, y) во that (x, y) is Hermitian 
symmetric. The proof of the positive definiteness of (x, x) (after a 
suitable adjustment of Т) and the fact that the norm which it defines 
has the properties required is word for word the same as.the corre- 
sponding proof in the real case [1, page 52] and will not be repeated 
here. We only remark that it is readily verified, using the Bohnen- 
blust-Sobczyk extension of the Hahn-Banach theorem, that the theo- 
rems of Banach referred to are true for complex as well as real spaces. 

Just as in the real case we conclude at once, from Theorem 1 and 
certain obvious properties of finite-dimensional spaces, the truth of: 


5 In this paper whenever A denotes a complex number A* will denote its complex 
conjugate. 
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THEOREM 2. Let X be a complex Banach space and let A be sts lattsce 
of closed subspaces. Then X 4s isomorphic to a complex Halbert space 
(not necessarily separable or infinste-dimenstonal) sf and only 4f there 
exisis an operaiton M—M’ from A onto A which satisfies (1), (2), and 
(3) of Theorem 1. 


3. The ring characterization. The device for reducing the ring theo- 
rem to the lattice theorem used in the real case works equally well 
here and we may state the following theorem. 


THEOREM 3.* Lei X be a complex Banach space and let R be thering 
of continuous linear transformations of X into itself. Then X ss iso- 
morphic to a complex Halbert space (not necessarily separable or infinie- 
dimensional) if and only if there is an operation T—T' from R onto R 
which has the following properties: 

(1) If Т. and Т are members of R then 


(ТТ! = TIT} and (Ti+ T! = TI +T. 


(2) If T is a member of R then T” = T. 
(3) If T is a member of R such that T'T =0 then T —0. 


In case X is infinite-dimensional the analogue for rings of Theorem 
1 is true. In fact if we follow through the construction of the lattice 
operation from the ring operation used in proving Theorem 3 from 
Theorem 2 (see [1, pp. 53 and 54]) and the construction of an inner 
product from the lattice operation we see without great difficulty 
that if S, and S, are members of R whose ranges are the one-dimen- 
sional subspaces of X defined by the elements x and y of X then 
(T (x), y) =0 if and only if Sy TS,=0 and (x, T'(y)) 40 if and only 
if 54 7’S,=0. Thus since (Sy TS) — S4 T'S 1t follows that (T (x), y) 
z() if and only if (x, T'(y)) =0 and hence that (x, 7"(y)) =0 if and 
only if (x, 7*(y)) =0 where T* is the adjoint of T calculated with re- 
spect to the inner product (x, y). Thus for every y, T’(y) and T*() 
have identical orthogonal complements so that one is a scalar multi- 
ple of the other. It follows easily from this that 7’=7™, for all T 
in R. In fact for each x in X, A+T)’ (х) &AX(1--1)* (x) A(1--7)(x) 
= Ax --AT*(x) and (1 + Т) (£) = (1 + T(x) = x + yT*(x). Thus 
№ РАТ (x) 2x--uT*(x) and if T*(x) and x are linearly independent 
we can conclude that À —4 —1. If 7*(x) and x are linearly dependent 
choose 5 so that S*(x) and x are not. Then 6S--7)*(x) 2 CS--T)'(x) 
во that .S*(x)-FT"*(x)*.S'(x)--T'(x). Also S*(x)=S'(x) so that 


* For a proof of a weaker form of this theorem in which it is assumed in addition 
that (AT)* -A*T* see [5]. 
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T*(x) = T'(x). Thus in any case 7*(x) = Т'(х) so that 7*— T". Thus 
we may atate: 


THEOREM 4. Let X be an 4nfinite-dimenstonal complex Banach space 
and let R be the ring of all continuous linear transformations of X into 
"зеі. If there exists an operation T—T" from R onto R which has prop- 
erties (1), (2) and (3) of Theorem 3 so thai X ts isomorphic to a not neces- 
sarily separable complex Hilbert space then thts tsomorphism may be set 
up $n such a way that the correspondence T—T" goes over into the corre- 
spondence between an operator and tts adjoint. In other words, Ч Зз 
possible to introduce an inner product (x, y) in X with the properkes 
hsied in the standard Hslbert space axioms such that the new norm 
Ue in X defined by the equation |||x||| =(x, х) Ч? is equivalent 

to the given norm and furthermore such that for all x and y 4n X, 
(T(x), у) = (v, Т'(у)). 


4. Some counter examples. The discussion given in paragraph 3 of 
[1] applies without essential change in the complex case 90 that we 
may conclude here as there that our theorema need not be true if we 
fail to assume completeness for X. 

‘Finally we show that the infinite-dimensionality assumption in 
Theorems 1 and 4 cannot be omitted. To this end let œ be any auto- 
morphiam of the complex field other than the identity and the con- 
jugacy automorphism. For each complex number А let À' =a "(a (A))*. 
Then А-А is clearly an Dou е of the complex 
field. Furthermore if Му КАМ + + -© + +A, = 0 then 


adai) + aQsaQs) +--+ + anaa) = 0 


or 
aAa)" + а(\)а(№)* + ++ + + anan)" = 0. 


Hence a(M) =a) = - > =a) =0 во that =M= c =A=. 
Now let К, be the vector space of s-uples of complex numbers and 
for each two members x =), №, - - - , А; Уход, ua, © © t, Ha Of Ra let 
(x, y) = Dati + Мм + E Tuus . Then (x, y) is linear in X, semi- 
linear with respect to ’ in y and such that (y, x) = (x, y)' and (x, x) =0 
if and only if x «0. Now for each linear transformation T of R, into 
itself define 7" by the equation (T(x), y) — (x, T'(y)) for all x and y 
in R,. Then, as is easily seen, T’ ia a linear transformation of R. 
into itself and the operation 7—7" has the properties (1), (2), and 
(3) listed in the statement of Theorem 3. On the other hand it is not 
difficult to show that there is no inner product in X for which T’ =7™. 
Let A be a non-real complex number such that a(A) is real. Then 
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№ =\. Hence A—A’ із not the conjugacy operation. Since it is obvi- 
ously not the identity there exists a non-real complex number д such 
that ц’ is real. Let T be u times the identity. Then 7" will be u’ 
times the identity and for any inner product 7* will be д times the 
identity. Since д’ is real and д is not, T’ and 7* cannot be equal. 

Similarly using this same “semi-inner product” to define orthogo- 
nality іп R, one can prove for 5»1 the existence of an operation on 
subspaces having the properties listed in the statement of Theorem 1 
and not coinciding with the operation of taking orthogonal comple- 
ments for any inner product in R,. 
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A NOTE ON LINEAR HOMOGENEOUS DIOPHANTINE 
EQUATIONS 


L. W. GRIFFITHS 
In this paper the coefficients a,; in the equations 
(1) Gui +++ + Gat = 0 (—1-,m 


are constant rational integers and all letters denote integers. If 
75:5 —1 and the rank is 5—1 then the complete solution in integers 
is well known. Thus, if E, ia the determinant obtained by deleting the 


jth column from the matrix of the coefficients, and if e (Ei, - - - , En), 
then the solution is 

(2) х; = (= 1) 4E fe (j = 1, sy tug n), 
in which / is an arbitrary integer. 


E. T. Bell recently conjectured that if m «1 —1 and if the rank r 
is m then the solution is similarly obtained from the system formed 
by (1) and the equations 
(3) Eti Б + fiat, = 0 ($—1,:---,^5—m— 1), 
in which the £;; are arbitrary integers. In this paper this conjecture 
is proved by induction. Since this solution is written down directly 
from (1) and is fully displayed these results are more usable than thoee 
in the literature. 

If r=1 it can be assumed without limitation that a, - - - a, 0, 
(01, --, G3) =1, and at least опе of xj, - - - , x, is not zero. If 5:3 


there are integers t, Vi, Va, Уз, d, 41, Аз, kı, ha guch that 


(4) 21 == Ёу‹, Хз = bys, X; Ha, (41, Уз, ya) = 1, 
(5) ву = ДА}, аз = Аз, (41, Аз) = ], kids — БА; = 1. 
Since (d, аз) =1 there is an integer s such that 


(6) Уз = ds, Ату + Aaya + буы = 0. 
Then since (41, 43) =1 there is an integer r such that 
(7) 41 — nhy = Ау, уз + б3015 = — Ay. 


These conditions are also sufficient. Hence the complete solution is 


Presented to the Society, April 26, 1946; received by the editors March 18, 1946. 
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(1919). 


E 134 


LINEAR HOMOGENEOUS DIOPHANTINE EQUATIONS 735 
1 | dk —r 
d Gs 


a3 





Ty са 


1 | dks d 
(8) gi | 15 kas 


d 





1 

хз t 7 

Since (d, аз) =1 there are integers p and P such that —r--pai-dP. 

Hence d is the greatest common divisor of the determinants in (8). 

Therefore for the particular values —dkis, —dkss, r of £u, £n, Ёз, (8) is 
an instance of (2). 

Similarly, if n=4 and di (ai, аз), da= (аз, а) then the solution of 
Gii аз даха + axa 730 is equivalent to that of Ayit Ai = —d4.S 
and Ау, -|-4;у‹== 415. By the preceding discussion the complete solu- 
tion for each of these equations is known. The expressions for S are 
then equated. Thus it is proved that there are integers kı, · · * , a, 
fj, 73, А, ls, 5 such that the solution is obtained by applying (2) to 
the matrix 


dks —fr 


ay a3 


a4 ga 


’ 








—134, — rı: dikis аА: 


(9) diks dikas ~ri; — rid |. 
dA; dyÀ з G3A3 4А 4 
If 5 Z5 the notations x;=ty, G=1,---:, я), О, coc, У) =I, 
a;= ba, (7=1, с, 5n—2), а,=з{А; (j—5n-—1, n), (оч, Be x ty Q3) =1, 
(4-1, А.) =1, а;=14 ; (7 =1, © ® ллы n—3), (A3, EET А4) 1, 


Qa 37 lAn, б=т, (Ans, т) =1 are used. The solution of 
алі Faux. 0 is equivalent to that of A, iy ad Ay. 0.5 
and оу «+ На, cays ac — £5. In particular, if 5&5 then 44, Ys, 
5 are obtained as in (8) and уз, ys, ys, S from (9) with A, replaced 
by 7. If, to simplify the notation, fı; denotes the element in the sth 
row and jth column of this new matrix then xj,  - - , xy are obtained 
by applying (2) to the matrix 


— fadi — rdia — Аз дудьаа rng ce 


(10) fu fis fu Judi fudi 

бўз буаз буаз futi TuAs 

641A) did: 84343 danÁ 4 dnd y 
In general, the matrix for xy, - - - , x, is obtained from the matrix 
for 5—1 variables in precisely the same way as (10) is obtained 
from (9). 


lf 1«r«n—1 it can be assumed without limitation that the first 
equation satisfies the conditions a1: · · 0,90, (a1, : -, Ga) 1, 
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of the preceding discussion. If E, denotes баж + >- - doux, 
($21,---,r) then a given solution of Е ==0 is obtained by apply- 
ing (2) to an appropriate matrix whose sth row 18 a@u,---, оң» 
($71,:-.-,5—2) and whose last row is дц, сс, dis. By hypothesis 
these values of x1, - - - , x. also satisfy Е =0. Therefore the de- 
terminant obtained by placing the row апи, · ·`, Gs under this 
matrix is zero. Hence, if A; is defined as auxit --- Fox, 
(£21,--.-, 5—2), then the rank s of the functions Ai, · · ·, Ant, 
Е,, Ез is less than n. Therefore there is a set of s functions from this 
list on which each remaining function ia linearly dependent, with in- 
teger coefficients. If indeed the subset includes both E; and Fa then 
the notation can be assigned so that the subset is А}, · · ·, A, s, Fi, 
Е,. Then there are integers d, di, · - - , d, such that d 340 and 


(11) бА з = А1 + +4, 34.3 t 0.18 + dL ES. 


Now the result of applying (2) to the original matrix is the same as 
the result of applying it to the matrix which is obtained by replacing 
G3, by do 34 (ј=1, - - - , n). By (11) in this new matrix da, s,; 
may be replaced by the sum Фо; + + - -Ed, aus; duo Hirtt, 
and hence by d,a4;, and hence by озу. Again, if the subset includes Fa 
but not Ё, or if it includes neither E; nor Fa, or if it includes Ej but 
not Es, then in a similar way the matrix can be replaced by a matrix 
having ап, · - - , Gin ав last row and an, · - > , ds, ag another row. This 
process сап be continued until ва, - - - , Gis ($91, - - - , r) appear. 
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WATER WAVES ON SLOPING BEACHES 
HANS LEWY 


1. Introduction. Consider the time-dependent velocity potential 
ф(х, y, t) of the motion of an incompressible inviscid liquid in two 
space dimensions x, y. The Newtonian equations and the condition of 
incompressibility lead to the following mathematical model: La- 
place’s equation 


a 99 


1.1 
ee дхї ду? 


0 


and Bernoulli's law 


дф Op\? (db N* 
an Se (Bye y) com, 


relating the pressure ф and the gravity potential gy per unit mass to 
the velocity potential; here the x-axis is horizontal, the y-axis vertical 
and upwards and g is the modulus of gravity acceleration. At the 
boundary of air and water the pressure is supposed to have a con- 
stant value фо; thus (1.2) relates implicitly the surface elevation y to 
the velocity potential. A considerable simplification is introduced by 
assuming the motion to be small of first order so that in (1.2) the 
quadratic terms may be cancelled. Then the motion becomes a small 
perturbation of the equilibrium position in which the surface will be 
thought of as given by y=0. For small elevations of the surface one 
concludes from (1.2) that, but for terms of higher order, 


i 


дф 
(1.3) y m y(x, D) = ri t) / к, 


where the constant on the right hand has been absorbed in a properly 
modified $. To this equation is added the condition that a particle 
at the surface remains at the surface; that is (using the “substantial” 
time derivative of (1.2)), 


д%ф 
(1.3.1) dy(z, й/0 = — Er) ш 06/9 y, 


An address delivered at the invitation of the Committee to Select Hour Speakers 
for Far Western Sectional Meetings before the Pasadena meeting of the Society on 
November 24, 1945; received by the editors May 15, 1946. 
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where terms of second order, such as (0*5/0x0t) (05/0x), have been 
dropped in comparison with 030/01*. 

Among these infinitesimal motions the periodic motions are of par- 
ticular interest. Set 
(1.4) ф(2, y, f) = фу(х, y) cos yi — di(x, y) sin »i, 


where » 70 is the so-called circular frequency. From (1.1) we take 
(1.5) (0*/0'z + o*/0*y)$i(z, y) = 0, (9/02 + 9/9°у)ф(=, у) = 0; 
from (1.3) 
(1.6) у= y(x, й) = (»/g)di(z, 0) sin vt + (9/2) b2(2, 0) cos »t; 
from (1.3.1) 
(1.6.1) (92/g)(di(z, 0) cos xë — фа(х, 0) sin »i) 

= (дфу/ду) cos rt — (8041/0) sin р}. 


Special cases occur if one of the two functions di, фз, say фз, is taken 
identically zero. Then the crests or troughs and the nodes of the oscil- 
lation retain their fixed positions in space. Crests or troughs of the 
surface elevation occur where 2ф1(х, 0)/dx=0, nodes where ¢i(x, 0) 
=(. Such a periodic oscillation is called a “standing wave” in con- 
trast to the more general case of a “progressive wave,” where the 
crests and troughs and the nodes change position with time. For the 
horizontal velocity component Фа of the surface nodes we write 
(1.6) in the form tan wt = —da(x, 0)/di(x, 0) or y£ = —arc tan (ф/Ф1); 
differentiation with respect to # yields 


nod = »/((d arc tan $1/$1)/dz). 


Similarly the horizontal component væ of the crest or trough velocity 
is found to be 


wor rm вун) 


Both ф(х, y) and a(x, y) are solutions of the same problem 


(1.7) д%ф/дхї% + 039/05! = 0 
throughout the liquid, 

дф 
(1.8) ›3ф(х, 0)/s = у 0) 


at the surface. 
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One of the fascinating problems concerning waves is the discovery 
of the influence of the depth of the water on the shape of the wave 
profile. Take first the classical case of infinite depth. To (1.7) and 
(1.8) is added the condition that the magnitude of the motion de- 
creases to zero ав y— — ©, Out of the manifold of all harmonic func- 
tions the real and imaginary parts of 


exp (— s(x + iy) /g) 


are taken as solutions ф; and фз of (1.7) satisfying the boundary con- 
dition (1.8). With these is constructed the progressive wave 


(x, y, f) = Rexp(— i(z-F iy)r!/g — it) = exp (»!y/g) cos (r!z/g + >й), 


which is periodic in x as well as in і; the x-period is 2xg/»?, the 
t-period 2x/». The wave profile travels unchanged in form in the di- 
rection of diminishing x as / increases; the velocity of the profile is 
Prod ™ Var = — g/» and depends therefore on the frequency. 

Airy was the first to give a treatment of the infinitesimal gravity 
waves in a channel of constant finite depth; his results are the founda- 
tion of our knowledge on gravity waves. Again as in the case of infinite 
depth, the profile of the progressive wave moves, unchanged in form, 
with constant velocity. But the wave velocity depends on both the 
frequency and the depth of the channel, and so does the space period 
of the wave. Airy's formulae show with great clarity the passage from 
waves in water of finite depth to the well known limit theory of shal- 
low water waves in whose treatment the dependence of the pressure 
and velocity on the depth is assumed rather than derived. 

The problem whose solution forma the object of this paper is the 
construction of progressive water waves when the depth, instead of 
being a constant, has a constant slope. This problem was first at- 
tacked by E. T. Hanson! in 1926. He assumed the angle of the bottom 
with the surface to be of the form v/(2q) with integral q, and gave the 
expression of one standing wave ф.(х, y) in terms of exponential func- 
tions, without, however, constructing the progressive wave which 
requires the derivation of a second standing wave ¢a(x, y). M. Miche! 
quotes an explicit form of this second function $$, which he calls 
“houle,” to distinguish it from qu, called “clapotis.” For the derivation 

! E, T. Hanson, Proc. Roy. Soc. London, Ser. A vol. 111 (1926) p. 491. 

з M. Miche, Mowsemenis oxdulatoires de la mer en profondeur constans om décrois- 
sante, 1945, p. 88. This booklet also contains a most interesting report of various in- 
vestigations of M. Miche, relating to the breaking of waves, See alao M. Miche, 
Annales des ponis et chaussdes, 1944, рр. 25—78, 131-164, 270—292, 369-406. Unfor- 


Rice ee ene ишк oe eee eee 
tunity to consult these latter articles, 
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‘of his formula he refers the reader to a paper to appear in the Journal 
de mathématiques pures et appliquées; also his result is restricted to 
angles of form ж/(24). 

We shall give in this paper an explicit representation in closed form 
for a progressive wave for all angles pr/(2q) between bottom and sur- 
face, provided р and q are integers, р is odd, and p< 2g. The functions 
involved in our formulae are exponential functions and exponential 
integrals of certain special types. (Unfortunately, the number of in- 
dividual terms occurring in the solution becomes large as p or 9 
become large.) In the course of our investigation we are led to the 
discovery of a strange and recondite relationship of these waves with 
the quadratic reciprocity law of number theory. In fact, this law ap- 
pears as an elementary consequence of the continuous dependence of 
the finite standing wave on the angle between surface and bottom. 
We do not go here more deeply into the discussion of certain number- 
theoretical problems immediately suggested by this relationship, nor 
do we investigate the continuity of the waves as functions of the 
angle, for which there appears to exist a more direct approach than 
through our explicit expressions for these waves. A further topic left 
untouched is the extension of the principles of construction discussed 
here to the study of the three-dimensional wave problem where the 
wave crests are no longer parallel to the shore. 

The complexity of our formulae for the waves for large p or q and 
the scarcity of suitable tables of exponential integrals make the evalu- 
ation of these waves a problem of considerable difficulty. It seems 
important to compare the “exact” theory of infinitesimal waves with 
other approximations such as the shallow water theory, in order to 
gauge the differences of the results furnished by the various theories. 
These problems, for angles */(2g), are attacked by M. Miche (loc. 
cit.) and by J. J. Stoker in a paper under prese. 


2. Reformulation of the standing wave problem. The unite of 
length and time will now be chosen so that 


g^ and »- 1. 
Set 
x -+ iy = g= e? 
and let 
В = xp/(2q), p odd and relatively prime to q, and 0 < ~ < 2. 


Denote by S, the angular sector 0 >8 > — В. The problem of the stand- 
ing wave for Ss consists in finding a harmonic function @ in Sz satis- 
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fying the following boundary and limit conditions, to be stated first 
for the case ф Sq: 

1. 0$/0y —$ —0 on y 40, x>0; 

2. The normal derivative 0$ /0n =0 on the bottom of Sg; 

3. ф— А cos x — В віп x—0 for suitable constants, not both zero, A 
and B, as x— о, y 20; 

4. The square of the particle velocity, (дф /дх)% +(0¢/dy)?, remains 
bounded as s tends to © in Sp; 

9. The flow through any vertical section 


[8 = (x, y)dy 


— в іап f ox 
remains bounded as x— œ. 

To these conditions must be added one concerning the behavior of 
ф and its derivatives at the shore (0, 0). We shall see that there is one 
standing wave where 

ба. ф and 0$/0x, дф/ду remain bounded as (x, y) tends to (0, 0), 
and another where 

6b. ф behaves like log(x? +?) near (0, 0). 

A solution of the above problem, if it existe, may be considered as 
the real part of an analytic function W(s) in Ss. It can easily be con- 
cluded that W(s) remains bounded as s— œ. For this purpose con- 
sider the conjugate harmonic y. Since the normal derivative of ф 
vanishes on the bottom of Ss, so does the tangential derivative of the 
conjugate №, whence y is a constant there. But 


Q 
Ка 0) — V. — z tan B = f E: 


0 
E f = (x, y)dy, 
Ox 


—3 tan § 


(2, y)dy 


во that V(x, 0) remains bounded at the surface as x— œ, by virtue 
of the 5th condition. From the 4th condition it follows furthermore 
that | W(s)| can grow at most like const.|s| ав я within Ss. But 
then the Phragmén-Lindeldf principle applies and yields the bound- 
edness of | W(z)| for s—œ in Ss. Indeed, for the application of this 
principle it is not at all necessary to demand the condition 4 which 
states that | W'(s)| remains bounded as s ©; but it suffices to de- 
mand, besides 1, 2, 3, 

4'. | W(s)| «exp|z|?** as z— « in Ss, for all є>0, 
together with 

5'. | W(s)| remains bounded on the surface ав ex о. - | 
For then the principle states that | W(s) | remains bounded as $— o іп 
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Sa. lf p «q, then 4’ and 5’ imply 4 and 5. For it is then possible to ex- 
tend W(s) analytically by reflection on the bottom of Ss where condi- 
tion 2 holds; and the double angle 28 =rp/q is still less than r. In the 
process of extension any bound for the absolute value of W(z) on the 
surface of Ss becomes a bound for | W(s)| on the bottom of Sys. Ac- 
cordingly, | W(s)| remains bounded on the boundary of Ses as $— оо 
and furthermore | W(s) «expls| 1+% gg $— со іп Sys, € 0. Moreover, 
(в) can be continued analytically across у= 0, since this is true for 
the function F(s) m4dW/(ds) —W whose real part vanishes on y=0. . 
А bound of | F(s)| for y $0 becomes at the same time a bound of 

F(s)| for y>0. Let | Ws) | 5 М for уд0, x sufficiently large; then 
dW/ds| & M/|y| by Cauchy's integral theorem. Describe a hori- 
zontal-vertical square О of side 4 about a point хо of the surface as 
center and consider F\(s) = F(s)(s—x)—2)(s—x44-2). On О we have 
| Fi] $54; hence- we conclude for | y| 52 that | Fi(zotiy)] 
<54M, where |F(xo+iy)| 854M/(|sy —2| |y --2|]) 514M, and, 
finally, from the definition of F(s) and the bound M for | W(x) | 
= | W (xo-4-y)| that | aW /ds| 315M for хо sufficiently large, —2 57у 
50. For y< —2 Cauchy’s estimate gives immediately |d W/ds| < М, 
so that | 2W/ds| remains bounded in Ss. Hence 4 and 5 аге conse- 
quences ef 1, 2, 3, 4’, 5’. 

If р is no longer less than q, but p «2q, we shall still be able to ex- 
hibit a solution W(z) of the wave problem satisfying 1, 2, 3, 4', 5'; 
but we shall then show explicitly that | W(s)| remains bounded on 
the bottom of Ss as s—> о, a fact which, as we have just seen, follows 
from the Phragmén-Lindelóf principle for p <q. 

Let À be an arbitrary complex number of modulus 1, and let é¢/ds 
stand for the derivative in the direction of the vector A. Then 


QRW/Os = дф/дз = RƏW [95 = R(MIW/(dAs)| = R(MWh/ds]. 
Accordingly, the condition 1 may be rephrased as 


(2.1) R{(id/ds — 1)W(s)} = 0 
on у=), Similarly for condition 2: set 
(2.2) ell? са 62+, в == gta 6-9", 


then this condition becomes 

(2.3) R[iedW/ds-- 0 on 0 = — В = — xp/(2q). 
We furthermore see that reflection on the bottom of Ss yields 
(2.4) R{(- ied/ds — 1)W(s)] =O on 0 = — 28 = — «/q. 
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3. Derivation of an ordinary differential equation. Let f(£) and g(£) 
be polynomials with real coefficients. Then, by (2.1), 
(3.1) R{ jf(d/ds)(id/ds — 1)W(s)} = 0 
on y0, and by (2.4), 
g(8/0s) R[ (— ied/ds — 1)W(s)} 


(3.2) | 
= R(g(ed/ds)(— ied/ds — 1)W(s)] = 0 


on = — 28. Suppose we succeed in solving the identical equation 
(3.3) KOGE 1) m £C i4 — 2; 
then 

f(d/ds) (id/ds — 1)W(s) 


becomes a function E(s), regular within the sector 0» 0 — 28, and 
whose real part equals zero on the boundary of Ssa (with the possible 
exception of the origin). Now all such functions E(s) are known ex- 
plicitly. Our problem thus becomes that of solving an ordinary differ- 
ential equation 


(3.4) f(d/dx)(id/ds — 1)W(s) = E(s) 


for an appropriate E(s), and of choosing from the manifold of its 
solutions one, W(s), such as to satisfy the boundary conditions (2.1) 
and (2.3) as well as certain conditions concerning the behavior of 
W(s) near 2:50 and g= o. 


4. Derivation of f(£). 

LEMMA. There exist polynomials f(t) and g(t) satisfying (3.3) and 
of degree q—1. They are uniquely determined by requiring the degres to 
be q—1 and f(0) =1. Furthermore f(£) mg(t). 

The following proof is valid only if p is an odd number. This is the 


reason why our explicit construction of waves faila if p is even. 
Let 


(4.1) KA= uttatt, а = 1, 
| g(t) = bo ble. 
The identity to be solved is 


(4.2) G£— D + a£ +++) = (— i — DO t+ btt). 
Compare coefficients and find 


744 HANS LEWY [September 


1 = bo 
$— 0, — Зеро — Dye, 
(E aene uso dw d Ye 


© тт ө s5, ò% y ъ®* ө «= * ө a »% 


The imaginary part of the left-hand side is a,_, and may be considered 
known from the preceding equation of the recursion. The imaginary 
part of the right-hand side involves 0, 1 and ba. Now 6,1 also may 
be assumed known from the previous equation. Consequently 6, is 
determined by equating imaginary parts, provided I(e*) +0, that is, 
for all я with 0 <n <q, since p and q have no common divisors. Once 
b, is known, we take the value of a, from the same equation by equat- 
ing real parts. Thus the recursion furnishes in a unique way all co- 
efhcients a,, b, for я <9. There is a further condition to be satisfied 
to establish (4.2), namely, (4.3) for n —q, which becomes 


(4.4) ile-i — Og = — Зе, — bet. 
Since ef= — 1 for odd f, this implies 
Ge, "* bea 


if this is во, we may assume all further coefficients G,, Dy, Geti Deut, °° * 
to vanish. Now observe that a9=0)=1, and that the sth recursion 
formula (4.3) may be satisfied by setting а„=Ф„, provided it is true 
that a4 1, 4. Indeed, the uniquely determined solution of the re- 
cursion formulae can be found from the recursion 


Gali — E") = 2,141 d е”). 
This gives for a, the nonvanishing value 
(4.5) а * Gy18(1 + «*)/(1 — е), 


which is indeed real since the vector 1 — є" is perpendicular to 1 +e". 
This holds provided e*»1, that is, as long as np/q 42k with integral 
. k; hence certainly for odd p and 0 <n <q. Notice that (4.5) can also 
be written ag 


(4.5.1) ün ™ Gy 1 cot (np /2g) = I cot (kpx/24), for s z 1. 


If we had permitted р to be even, then q would necessarily be odd 
and we would have є:-=1; in this event (4.4) would yield 
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-— 


$a, (1 + et) = 28,5 = a, — b, » 0, 


which cannot be solved with real a, 1, Ga be 
Thus we have found 





JE) e g(£) = 1, for q = 1, 
e—1 . a 1 +. e? 

KB = ge) mit DD П _› for q È 2. 
a=] 1-11 — € 


LEMMA. Let g>1. The roots of f(£) are 
— te, — dh, — iets 
they are conjugate to and, as a sel, identical with 
i/e, 3/4, +++, t/t}, 
In fact, since by (3.3) 
(4.6) (4 — DIE) = (— i — 1) f(e), 


it follows that the root of the right-hand side §™=4/e must also be a 
root of f(£) since it is distinct from —¢#. But as all coefficients of f(£) 
are real, the conjugate —1« is also a root of f(£). Substitute £ — —te 
on the right; then either еї —1 or f( —$e*) = 0. Hence either q 2, 
or —£e! is a root of f(Ẹ). In the latter case put (= — є? in (4.6) and 
find either è = —1, g=3, or f( —4&) =0. Repeating this procedure we 
find that the complete set of roots of f(E) is given by E= —4e*, 
m=1,-+-,q—1. Hence 


KB = cI (t ien, 
where 


e—1 
ct =з f(0)/c «= T] Ge?) = eet? кы (— 1)070(0-025, 


fena |. 


in view of (2.2). Thus 
e-l 

(4.7) f(t) 5 (— 1) 070 6-n/ TT (E + ie"). 
ml 


Upon combining factors which contain conjugate roots of f(£), wehave 
f(— $) = (— 1)0-Dte-DA(— 54 d9(— d£ 4- den) 06. 
If q is odd, we have (q —1)/2 such pairs of factors; if q is even, we have 
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(9— 2)/2 such pairs and the factor —$ --ieU*. Now suppose first that 
both roots entering such a pair (for example, —$e, — е!) have posi- 
tive real part. Then the argument of the product of such a pair re- 
mains the same if both roots are replaced by +1; that is, the argu- 
ment of the product of such a pair of factors is 7/2. If, on the other 
hand, both roots involved lie on the left of the imaginary axis, the 
argument of such a product remains the same if both roots are re- 
placed by —1, which gives precisely —7/2; and no root ¢/e*= +4, 
since 0 <n <q. 
Accordingly, for odd а, 


f(— 2) = (= OP EDA фуа‹©ест(«—1)/4 ү, 


where r>0 and a(p, q) is the number of roots of f(£) with positive 
real part. It is easily seen that this formula still holds good for even q. 
To determine r, we note that 

—1 

П (1 — e) 


"- -Ia-ea- e» 


2 222] 
dxN £4-1 7 lea " 
go that 


(4.8) f(— $) = (— 0) 0-09-00 внер, 


The number of terms with positive real part in the set 4/ «і is the same 
as the number of terms among є with negative imaginary parts. 
Note that 








кз 








617116. qxips(e—)ie жа — 1, 


Hence, if e*:*//* has a negative imaginary part, во does б*ї*\«+—/«, Thus, 
for odd q, а is even and (—$)°#,® =(—1)%@-0, where N(p, q) is de- 
fined (for q odd or even) by 

(4.9) М(№, д) ™ number of terms with negative imaginary parts in the 

l set е"%2'/ with j' integral and 1 & j’ < 4/2. 

For even q, setting j =q/2 makes 6*!?//" equal to 47, while for j x£q/2 we 
have the same fact that both et*?//« and erí»(e-2/* have negative imagi- 
nary parts or both have positive imaginary parts. Accordingly, 

(— 1) Фа), for p ж 1 (mod 4), q even, 
(— 1) 0.0, for f » 3 (mod 4), д even. 


(дю = { 
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Hence, from (4.8) we can conclude 
(— 1)N(».Og77107D/451/2, for g even, р » 1 (mod 4), 
(4.10) f(— 9 = | (— 0) ена ри, for q even, p ез 3 (mod 4), 


(— LY ют є—1)Г401\{%, for q odd. 
Another property of f(£) is 
(4.11) а; = 4.41(— 1)» «0n, 3 = 1, 2, М 1. 


In fact, the roots of f(£) are simple and contain the reciprocal of each 
of them, whence | 
EEI = (— 1)-—Ю@-ЭДЕ), 


5. Real independence and semi-independence. The following def- 
initions are variants of the notion of linear independence; they are 
introduced in order to simplify the formal part of our computations. 


DEFINITION. # complex-valued functions Fi(x),-- -, F.(x) on a 
range of the variable x shall be called *really independent" on this 
range if the relation 


к) 2: 449) = 0 
pl 
with complex coefficients A, implies 


Ау m= A;n.. на A, = 0, | 


If and only if the F,(x) are really independent, the 2n functions 
RF,(x) and I F,(x) are linearly independent in the ordinary sense em- 
ploying real coefficients. 


Luma. Let Fy(x), --+-, F(x) be really independent. Then a relation 
with complex coefficients G, br, 
(5.1) к} Y (a,F,(x) + 0245) = 0, 
mpites 
(5.2) a, + 5, = 0, ym j, A 
In fact, 


O= RLS) (Ра) + bF(2))} на RED (а, + 5)F(2) |. 


This identity shows that (5.1) follows from (5.2), no matter whether 
the F, are really independent or not. 
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DzriNITION. If Fi(x), - - - , Fa(x) are complex, F(x) real, and such 
that 


RFi(z), EE RF,(z), IF (x), tta IF,( =), F(x) 


are linearly independent, we shall call Р(х), - - - , Fa(x), F(x) “really 
semi-independent.? 


LEMMA. A relation for complex coeffictenis a,, b,, a, 


(5.3). fpe. оние 
сд = 0, 
implies 
(5.4) к} Ў (ва) + 52) + аға) = 0, 
м ] 


Conversely, (5.4) impliss (5.3) if the Р(х) and F(x) are really semi- 
independent. 


Notation. In order to simplify the printing, we shall often make use 
of the following notation. Let у: and ys be two complex quantities. 
We write 


Ti = Үз, 
in order to express that ү; and үз are complex conjugate. 


б. Integration of (3.4) for E(s) xa0. Writing (3.4) in the form 


(6.1) TI a/és — сўз) = 0, 
1 
where 
(6.2) oy = 4/6 == 669114, = 1,5,6, 
we obtain 


q 
W(s) = >, ce”, 
1 


Note that 
(6.3) 0; C oy, J= lpr tag E 
whence 


erit cz gts 
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for real x. For odd q the 6° (ј 0,9—1, - - -,q—(q9—1)/2 = (9 +1) /2) 
are (9 +1)/2 really independent functions, for even q the e7 
(j74,q—1,-- -, 9/2 +1) and ез" are 0/2 +1 really semi-independ- 
ent functions. Both statements follow from the nonvanishing of the 
Wronskian of 67, - - - , ee, which in turn is a consequence of the 
nonvanishing of the Vandermondian of the g distinct numbers 
01, *, 0, In fact a linear form 


RÍ È (Awe + Beh, 
where s,—¢,, can be written as 
(1/2) 35 (Ay + Bye + (Ay + В) еэ). 


The c, are determined by the boundary conditions (2.1) and (2.3). 
We find 


(6.4) O= R{idW/ds— Wh = к} Y (io, — Dee) on y= 0, 


and 
E @ 
(6.5 0 = R(iedW/ds] = к} Y ido cer pm 


1 


Applying the lemmas about real dependence resp. semi-independence 
in case q is odd resp. even, we obtain as necessary and sufficient con- 
ditions for the validity of (6.4) 


(6.6) clio; — 1) St — с, (Фу; — 1), j-71:5,4—1 


Note that, for ј =g, we have is,—1 =0. In order to exploit (6.5), ob- 
serve that by (6.2) 


(6.7) 0, 1161/3 Сх с jeli/2, gol---,g. 
Hence (6.5) implies 
(6.8) fall rg. le ge © — tele ,c;, 
which reduces to 
Teiti eji T 06-10; 
or i = 


(6.9) Ce- {+1 юш Čj j ra 1, coe, q. 
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The equations (6.6) and (6.9) determine the c; but for a real factor 
independent of 7. We conclude directly 


(6.10) Če; = cio; — 1)/($o, + 1), gel, ¢—-1, 
or 
(6.11) cpi = cio; — 1)/ (с; + 1), ј= 1,::5,9- 1. 


The equations (6.11) are recursion formulae. They do not exhaust the 
implications of (6.6) and (6.9). Let q be even, and apply (6.10) with 
j=q/2 and (6.2): 

без = Ceall + 12) /(e 4? — 1). 
Now e"? mer!?/2 and p is odd. Hence 
(6.12) дуз = Cant ?, for q even. 
Let q be odd, and put j = (q +1) /2 in (6.9): 
(6. 13) C (e -1)/3 = C(er1)/1 OI C€(er1)/1 is real for q odd. 


Formulae (6.12) resp. (6.13) together with (6.11) show that the c; are 
determined but for a constant real factor. 
To compute the c, we observe that they are related to the coeff- 
cients a, .1 of f(£) in a simple manner. In fact, we had (4.5), 
а; = 0311 + 6)/(1 — ef), 
апа (6.11) which can be written 


cpi 7 c1 + e/)/(1 — e), py21,74—1 
Hence 
саз — $6,/8 | ео, 
апа 
(6.14) c; = 2310 1)'d, gm 58 


where d does not depend on ј. The absolute value of d is irrelevant, 
but its argument is of importance. Take q even and apply (6.12); 
we find 


Ce/3 = etili, 


with a real factor r. Substitute this value of cen in the formula (6.14) 
for j=q/2 and remember that all the coefficients a; are real. We find 


(6.15) | d «= соно, for q even. 


1946] WATER WAVES ON SLOPING BEACHES 751 


Next take g odd. Then, by (6.13), (6.14), 
(— +0124 = real, 
and 
(6.16) d m iDN, for q odd. 
From (6.14), (4.1), (4.10) we compute 


> c; — — if(— а, 
‚ (— Drda, | for q odd, 
(6.17) су = 1 (— 1) Cotu, for geven, р sa 1 (mod 4), 
j (— 1)*G.Ot(G*DAgU3 for gq even, ф m 3 (mod 4). 
Furthermore, by (6.14) and (4.11), 
(— $)ie-072, for q odd, 
i: ж for q even. 


Accordingly, our solution W(s), designated henceforth by WA(s), is 


(6.18) 


1 
(— $) «016-6 + penas (— Diaj exp [ssei*i»!«], 
3-1 
if q od 
(6.19) Wolt) = Е төн 
ien Cote) His LL. eriór 014" (— iia; exp [ísei*/»!«], 
ful 


if g even, 


with 
7 
д; = П cot (пря /24), ву = 1. 


In order to see that the coefficients с; actually satisfy (6.6) and 
(6.9), we notice that these relations contain at most 2g —1 linearly 
independent real equations, while on the other hand their conse- 
quences (6.11) and (6.12) resp. (6.13) are precisely 20—1 linearly 
independent relations. Thus the number of linearly independent equa- 
tions (6.6) and (6.9) is 2g — 1, and they follow from (6.11) and (6.12) 
resp. (6.13). 


7. Behavior of Ws) for z— =, For the applicability of (6.19) to 
the waye problem the behavior of Wo(s) at infinity is of importance. 
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Now the moduli of the terms under the sum in (6.19) tend to zero or 
infinity as s=x— ©, according to whether R {#e‘71/«} <0 or >0. Fur- 
thermore, it is readily seen that the modulus of the sum cannot re- 
main finite unless all terms tend to zero. Now let 1<p<2q and 
consider the angles 


(7.1) р Ёк/4, 2px/q, parus (q ™ 1)рт/9, 


and their conventional representation іп the unit circle. Among them 
there is at least one whose second side lies in the third or fourth quad- 
rant. This is evident if p >q, because pr/q has this property. For p <q 
we remember that there are at most (q— 1) positions available in the 
first and second quadrants, namely those of 


v/q, 2x /q, UT tg (9 — 1)v/q.. | 


If our contention were wrong, they would have to be filled each by a 
member of the set (7.1), since no two of them can occupy the same 
position by virtue of the fact that p and g are relatively prime. In 
particular there would be one, say kpr/q, which occupies the same 
position ав (q — 1)r/q. Hence kp =q — 1 --nq with even s. Here k xg — 1 
since otherwise р —1 becomes divisible by g in contradiction to p <q, 
4>1. But now (k --1)px/q is among the angles (7.1) and its second 
side is identical with that of 


((— 1 + £)x/a = (1+ (р — 0/o, 


which lies in the third or fourth quadrant. 

From the foregoing we gather that, for 1 <p < 2q, there exists a j 
with 13jXq—1 for which R{ie*i?/e} >0. Accordingly Wo(x) does 
not remain finite as х—э © in contradiction of the condition 5' of $2. 

For p=1, however, R {5621 «) <0 for ј=1, 2,-++, q—1, and 
W(x) remains finite ав x— «©. Hence RWo(s) represents a standing 
wave for p=1, it is free of singularities and behaves for s o like a 
simple standing wave in water of infinite depth. More precisely, 


RW (sz) ~ R{ ett ets} for q odd or even, 


and the complex factor e*-)/4 ig decisive in the location of the 
nodes of this simple wave. These nodes lie at х= (— (0 — 1) /4 --m)« 
with integral s. Accordingly, an increase of one unit in q makes the 
nodes of the simple wave move one-eighth of a wave length toward 
shore, if only angles 8 of the form 7/24 are considered. 

The standing wave RWo(z) was given by E. T. Hanson.? As we have 
proved, the angles B of the form x/2q between surface and floor of the 


? Loc. cit, 
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ocean are the only ones for which it will satisfy the condition of finite- 
ness at infinity. 

For the construction of a progressive wave, Hanson’s standing wave 
furnishes only one component for p~1. For this construction re- 
quires the exhibition of a second standing wave of the same period 
which at large distance from the shore becomes a simple wave whose 
nodes lie midway between those of the first component. 

Plan of the following investigation. The assumption E(z) =const. un- 
derlying the preceding section is a special case of (3.4). More gen- 
erally we can take 


E(s) = igit? = ko 0, +1, +2,---. 


All these choices may be expected to lead to a solution W(s) of (2.1) 
and (2.3), that is, to a W(s) satisfying the boundary conditions. But, 
generally speaking, these W(s) do not satisfy the condition of finite- 
ness at infinity, and some have too large a singularity at the origin. 
Our plan is to obtain suitable superpositions of the various solutions 
which insure finiteness at infinity, indeed two independent such super- 
positions, во as to enable us to prescribe the location of the nodes of 
the simple standing wave to which they become asymptotically equal. 
It is remarkable that this procedure proves successful, in that the 
number of conditions to be satisfied is larger than the number of 
available constants. Consequently, it becomes necessary to investi- 
gate in detail the asymptotic behavior of the solutions to be con- 
structed, and the algebraic character of the conditions which enforce 
finiteness at infinity. 

The result will be that for all angles B 5/29, 1 S8 «2q, p odd, 
there exist two standing waves, фу and фз, one which remains finite 
at the shore (and whose derivatives of first order (the velocity com- 
ponents) remain finite), the other having a logarithmic singularity 
at £0 (resp. having a velocity which becomes infinite like 1/| s| js 


8. Properties of exponential integrals. Unfortunately, the con- 
struction of waves runs in a similar, but not identical, pattern when 
fei (mod 4) and when f ез3 (mod 4). This necessitates two parallel 
sets of formulae for certain parta of the following investigation. 

We begin with p 93 (mod 4). Let a 2 0 and consider the integral 


cjs 
(8.1) f eR di, 
where 


(8.2) \ = (2kg/p) - 1 ЁЮ=0,&1,+2, © 
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The integral is a multi-valued function of s, but a single-valued func- 
tion of log s, once log с, and the path of integration on the Riemann 
surface of log s have been fixed. We shall take log s real for s=x>0 
(on the surface) and set, generally, 


(8.3) { == logs 

апа 

(8.4) Ti че log су 

with 

(8.5) T; = — pri/2 + jpri/q, jm 1,5559. 


This choice of the 7; has been made with a view to establishing for 
the т; the same relations of conjugation that hold for the с;. In fact, 
the analogues of (6.3) and (6.7) are 


(8.6) Tei = Pxi/2 — jpri/q = Fy, 138j«q 

and 

(8. "^ pri/(29).= pri/2 — p — 1/2)i/q = т-на — pri/(2g), 
| 15359. 


Accordingly, let the path of integration atart at that point а which 
belongs to а real valueof log a and end at that point o,s whose log is 
t +r; and define : 


«js 
(8.8) Lyt) = e» f oP di. 


For real log z, that is, for $&:x 0 (on the surface), this function satis- 
fies, because of (8.6) and (8.7), (8.3) and (8.4), 


(8.9) Lye) S 1... 300). 
For ù = log s = real —tpx/2g, that is, for se reV/1, r0 (on the bottom), 
(8.10) Лл) € Da ui). 


We find the differential equation 

(8.12) — (d/ds) ) — esa E) m AHP «= ate tel», 
valid for all f. Thus for real t, 3x» 0, 

(8.12) (2/ds)Ly0j($) = ИА) + (— 1), 

and for ¢ mreal—ipw/2q, 5 =7еЧ?, 
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(8.13) (d/ds) a уф) = oila) + г\(— 1) єл, 
Next take paul (mod 4). Set 
(8. 4’) ту = log (— v5), 
where, again, (8.5) is assumed: 
„= Бі јр 19,6. 


Then, we have the same relations of conjugations as before, namely 
(8.6) and (8.7). The definition paralleling (8.8) becomes 


(8.8) Ls) = er [ Фа, 


It introduces а single-valued function of { for «2:0, log а real, and 
A = (2kg/p) —1 as above. We conclude the same relations (8.9) and 
(8.10) of conjugation for the new definition (8.8^). Furthermore, the 
differential equation corresponding to (8.11) becomes 


(8.117 (d/ds) Lr, (t) = PETAI G E (— oP te, 


and its special cases corresponding to surface and bottom are again 
the equations (8.12) and (8.13). 
Now consider, no matter what p, the function W,(s) defined by 


1 


(8.14) Wi(s) mw ^ cias). 


fel 
We gather from (8.12) that on the surface where sx» 0 


даду) — Wi) = У eio — DD) +A DEL c; 
and on the bottom where s=re!/2, r>0, 
беча аву Wi(s) = » ic Popes + PC DMD с, 
Now, since 9 fc; із real by (6.17), we have on the surface 
R{i(@/d8) WA) — Р) = RY «Ges — Daal 
and on the bottom 


{а/а (8)) = RE аас (р). 
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But then the equations (6.6) and (6.8) are sufficient, because of the 
conjugation relations (8.9) and (8.10), to insure 


d 
[s — ) ma} = 0 on the surface, 
5 


R | ie!/i(d/ds) Wi(s)] = 0 on the bottom. 


- 


(8.15) 


This shows that RW,(s) is a harmonic function satisfying the bound- 
ary conditions on surface and bottom. 

It is of interest that the functions Z,,,,(¢) are linearly independent 
as functions of s for j*1, - - - , q; this implies their real independence 
or semi-ittdependence (see $5) on the surface as well as on the bottom. 
But since this fact is of no influence on the explicit formulae which 
we shall give for the waves, we suppress a proof thereof. 


9. Construction of a second standing wave for p -1. We are now 
in a position to complete the construction of the progressive wave for 
p=1 by establishing a second standing wave which behaves differ- 
ently at infinity from Hanson’s standing wave given by (6.19). 

This second standing wave is 


(9.1) RW (ж) = ку cL as. 


To show this we study the behavior of W.;(s) for large |s| in Sp. 

Notice that a change of the value of the positive lower limit æ in 
the definition (8.8^) of the integral affects W_;(s) merely by adding a 
real constant times Wo(s) to it. For simplicity's sake take a=1. We 
have 


ejs -F5 
Law) = е” [ arid, = f 69310}, 
1 1 


with the values (8.5) 
log — oj = туш — 11/2 -+ jri/q, j-1,:-:,3. 


Hence the arguments of —o,s lie between —axt/2 41/24 and 31/2, 
as s varies in the sector Ss. Thus the variable of integration may be 
restricted to the half-plane R(t) 20. 

With this in mind, let y =y, +72, 120, |w| 2:1. There exists an 
М> 0 such that 


(9.2) 





Y 
f ea 3 M. 
1 
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For we have 


T T 
[ etd = вт! 
i i 





T 
кї 
(9.3) : : 
us y De erry +f et—rt-*di 
1 " 


and 





т 
f вк 
i 


This latter estimate is obtained by making the path of integration 
proceed first on the unit circle and then on a ray through the origin 
and y. Consequently, (9.2) holds with any M for which 

M z | y| em ei + «/2), 


for example, for M «1 +4(2 -x/2). 

Hence W.i(z) remains bounded іп the sector 5; as long as |z] 2,1. 
Moreover, as s=x->0, Г. 1,„,(()-90 for j=l, --+, q—1; for from 
(9.3) with —c,x =y; Ру we gather y1>0 and 


т 1/3 
ends pe m I ens 
1 


S| vl? t+ etn + ew — 2y1) 
+ | yi = 2yr]. 


The terms of the last expression tend individually to zero ав x— o. 
On the other hand, consider 





sef а 5 «(1— [v1 4- х/2. 





te 
Law) = f e $ idi, 
1 


as x— ©, By a deformation of the path of integration in the left half- 
plane we obtain in a familiar way 


teo ч 
(9.4) | etidi = f etidi 4-1 5 ri, 
i 1 


where the sign f’ denotes the Cauchy principal value of the real in- 
tegral. Accordingly, 


is 
Wala) — ec f eFdi—-+0 as z— œw; 
1 
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this leads to 
W(x) = cer + ri) —5 0 as x— o, 


since the integral (9.4) converges. Thus W i(x)—rWo(x) behaves 
like с,6 Pri as x— =, while, by (6.18) and (6.19), И. (х) behaves like 
сє”. Obviously the nodes of MM lie midway between thoee of 
R {cyst}. 

Near the origin we find, since Ус, is real, in view of (6.17), that 


RW (s) ~ q!* log | s]. 


10. Asymptotic behavior of exponential integrals. We proceed to 
the study of the asymptotic behavior of the functions L4,,;([). For 
simplicity of notation, we set, for p m3 (mod 4), 


т 2 
Y= £0, Hy(y) = е? [ e! di 


where now k is supposed not to be divisible by p and 
(10. 1) à = (2kq/p) — 1, b-1,2,:-:-.. 
Furthermore 1 <p «24, a=0. Since л> 0, integration by parts yields 


T 
[ Pdi = — вр 
6 





7 T 
+a f 60—184, 
0 6 
Aly) = — ү ap АА – 1): Ast Dy 
7 
HAA — 1) 00 дет f єс, 
0 
a formula which holds for all integral s with 0<3 <А. In particular, 


we shall take the value s [A], defined as the largest integer lese than 
A. We find 


€ 


Wy(s) = 2, сл) 
10. ^^ "e 
zi M C RN ы 
HAQ = 1)+ ++ A= 5) 2 cen f ed, 
Now 


Уо сю = У cpt = У) самоті, 
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апа by (6.14) and (8.5) this becomes 
> ms meg d У в; a(— i) lg 798 fpi) ri 3] pg 7-1 
1 


= do, aji(— Die 1) m /(— ie)de(— 1) = 0, 


for by the lemma of §4 the roots of f(£) are —4$e, +. +, —%$6 1, 

Similarly J fco) 'ef(—ie!)-const.-0, where the constant de- 
notes a number which does not depend on the index ј of summation. 
Proceeding in a like manner, we get 


€ 
(10.3) 36e; = f(— te) const. = 0 


1 


for all s>0 with s$q—2. This is compatible with s = [АХ] = [2kq/p—1] 
for all & with 


(10.4) 15 А5 (р – 1)/2. 
In fact, then 
[200/+] 5 [(Ф— 1)4/2] S8 [@—4/?] 84 — 1, 
[A] = [24/р—1]54—2. 
For k satisfying (10.4) we conclude from (10.2) 
Wi(s) = Wise, (2) 
(10.5) 4 
= Г(254/2)(Г(254/2 — [2kg/8]))7 25 esL sonis tern (1). 


1 


Set 
(10. — Wale)  (T(25g/ ))-3Wo(s). 


Ву (8.15), Ws satisfies the boundary conditions on surface and bot- 
tom. 

In order to study the behavior of Wi*(s) for s=x— о and for 
Ез РЄ? r— o, consider one of the integrals on the right of (10.5) 
(it will suffice to consider only the first of the following alternatives 
in case p <q): 


je rdf 
е" | e IP 01718] resp. ge f | «рс 1001—2144, 
в 6 
Suppose first that j is such that 


(10.7) «/2 2 — ir; & — x/2 resp. ж/2 2; — ir; — px/24 & — x/2. 
Then 
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суз 


lim сї 01-146 = rA — Af) 


E-m 0 
resp. 
«yr df 
lim ер = rA — AD, 
эш 0 
whence 
ens [ etp- Ddi e TO — [М)н” — e [ вр 01—14; 
6 «js 
resp. 


grat 
einen Í ep- 011g; 
0 


= TQ — [Дует — етеп f ефта, 
ejr л 











Неге 
e = Kf e| u + oye idu 
Fj 0 
5 ea pm: f € *ds — 0, 

0 

resp. 
етеп — 0, 
sfr et 








since A— [A] —1 «0. Thus 


ef е: Igi — TO — i) —. 0, resp. 
0 "ою 


(10.8) 


eyra 
evan f 6-1-1 — TA — ad) — 0, 
6 roe 


if (10.7) holds. 

Observe that fde-tP—P1—-1di is multiplied by е" аз log y is increased 
by 2x8. Therefore we can generalize the previous result. Suppose m; 
defined equal to я, provided there exists an integral number п such 
that 
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either n2x + 4/2 2 — ir; 2 n2r — x/2 
or nln + х/2 > — ir; — фх/(2д) Z n2x — x/2. 


(Notice that р «2q so that these two conditions never lead to differ- 
ent values of 2,.) Then 


(10.9) 


lim eU etp- Didi m — A №) = (resp. 


sa 


(10.10) 


«тел 
lim tet [ cP I-A ае мог — ip) 20 
6 


f—> 


On the other hand, if one or both of the conditions (10.9) cannot be 
satisfied with integral п, but instead we have with some n 


n2x t+ x/2 < — ir; < m2r + 3r/2 resp. 
n2x + v/2 < — ir, — pr/2q < n2r + 3/2, 


then we must have, for example, 


(10.11) 




















le = f “(и + cj) Didy 5 | 
0 0 -—C, 
S zp-9 + | e| TA — AD; 
hence 
lim е” | б Didi = 0, resp. 
(10. 11.1) 
езт З 
lim gre ep DI-lgf жа 0), 
r3 0 
These estimates show that 
€ 
lim {wie - È cine) = 0, 
(10.12) 


im {wiren — з i 0, 


f= a 


where 8;, stands for 


oe pe if (10.9) holds, 
о ü if (10.11) holds 


(the value of n; in the second саве is immaterial for the validity of 
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(10.12) because of the vanishing of the exponential factor). The pos- 
sible values of s; in (10.9) are 


(10.14) ж; = (p+ 0/4; $ — 9/4---,0 — 1: (р 3/4. 


The first of these occurs only for j=q, that is, n= (р --1)/4. АП 
the other possible values of s; must be successive integers since two 
successive terms —4r,— fx/2q, —$r,or —t7,, —$T;,1— px/24 differ by 
фт /2q «xv. On the other hand, the smallest value of t; occurs either 
in 5/2 6/2 —11;,& nj2x +r/2 or in nx—-/2$S-—ir;—px/2q 
Sn;2r +r/2 when this », is the smallest integer following that one, s, 
which would occur if j could become equal to zero; this would give 


2n'v + x/2 = — fx/2, ж! c — (p + 1)/4. 


The alternative in the relations (10.9) to (10.14) is dictated by the 
possibility that p>g. Had we demanded that p <q, then the Phrag- 
mén-Lindeldf principle would have permitted us to fix our attention 
solely on the surface, as was explained in $2. 

Next we give the parallel developments for p ві (mod 4). Integrate 
by parts for AÀ 20: 


= 
[ Pdi = ef 
ё , 





— mes d 
-a f о ИЕА 
| 0 


е | еа ТОМ Cope à e EC 
tC DO 3750 — 20 754 D 
+ (= Deer f Lemma — 10: 0 3, 


where s= [A]. Then, by (8.87), 


Li 


Wj(s) wa 2 cilre Ct) 


4-1 


= »» |e- cæ) + Мод) t.e 


10.2 
"— ФА — s Ica) 


U15 


+ с(— Dres f cP“ + (A 9]. 


0 
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1 i € t А 
УК oj? - Yet? = d У apa(— Hiert 5) 
1 


1 1 
= const. >, ар1(— е) #1 = const. f(— ie) = 0, 


€ Ке ное ее ф евр фера ө s е ө ө y э | 


Е « 
2,e((—c))^* =з const. >) а (— 1) #100 0+0) 
1 1 


w const. /(— tet!) = 0, 


since (10.3) and (10.4) apply again. Hence, for k =1, 2, · - -, (p—1)/2, 


Wy'(s) = (TA + 1)) 107 (ж) 


10.6 ч 
? e (— 1) BATA — Dy 2^ owi-ua) 


satisfies the boundary conditions on surface and bottom. 
For large x, resp. large r, consider 


“уз —r;r A 
gi” f 6-01-14) resp. ere f eff A-d}, 
e $ 


For such j as make 
— x/2 < — ir; < r/2 resp. — т/2 < — ir; — Px/24 < x/2, 
we have R( —6,) > 0, and, with y= ~c ø, 


T T 
(10.11.19 e f КОД = f et TP 0-1 — 0, 
0 е 


ав x © ; ог resp. (10.11.1) holds with y = —о,7е/? and R(—o;e"") > 0 
ав r— о. Similarly, (10.11.1’) still holds if there is an integral м for 
which 


— r/2 + 2nw < — try < r/2 4 2як resp. 

— z/2 + 2wx < — ir, — фх/24 < т/2 + 20x. 

On the other hand, if there із an integral я such that 

т/2 + 29т 9 — ir; S 31/2 + 2nv. resp. 

1/2 + Ine S — ir; — фх/24 5 31/2 + 2n, 

then let м; be defined by n;=n in (10.9). We have Ry $0, where 


y= — ose resp y= —ogrel, 


(10. 11^ 


(10.9^ 
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e [| eem m ef «f 
0 Q 


f eem ка — [ si | Ep 01g | 1 gr 18) О—[М—1) 
0 0 


= e(inytl)rithe/e(— 1) Ue 5IT(, — [A]) 


le Í Lu = [ "атро 


0 
= f e*(« + y) 01)-71dg 
—- 


a y Bites, 








ав X— o resp. f— о. 


Hence 


v9 
lim & [ eP- 171g; 
к>» 0 
(10.107) 
— (— 1) »T(A — нА = 0, 
resp. a similar limit equation for r— o, if хо, ів replaced by ғо,є!/. 


Accordingly, by (10.6’) 


€ 
lira fwr) ~ У? Ве = (), resp. 
=--> 0 1 


(10.127 А 
lim {у гел) — > caer ex 0, 
тэм 1 
were now 
eria (23-072 if (10.117 holds, 
(10. 13’) bp = | : 
otherwise. 


Here the possible values of n; range from (p —1)/4, occurring for j =q 
when —o,=34, T," Px/2, to —(p—1)/4, occurring for the smallest 7 
for which (10.9^ holds. For this value exceeds by 1 the value 
— (p +3) /4 which would occur if ј =0 were admissible; for then 


3r/2-- 25x — — pz/2, т = — (p+ 3)v/A. | 


11. Extension to the case \ = —1, реЗ (mod 4). If k in (8.2) is 
set equal to zero, « cau no longer be chosen as zero if the integral 
(8.1) is to converge. We set оа = 1 and study the asymptotic behavior 
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of L.1,.,(f) defined by 


enis et dt for pm 3 (mod 4), 
(11.1) Last) T —5 c 
e» f et lds, for Ё m 1 (mod 4), 
1 


Here again the generalities about the multivalued character of the 
integral apply. If f increases by 2x4, L_1,,,(¢) changes in the following 
manner: 


(11.2) Lat T 2x1) T LUUD) + 297“, 
Furthermore, there exists the conjugation 
(11.3) Las) & L a4, 


where S; = 0; Let y 550, —r/2 Sarg y S&7/2,log y log |y] +4 arg y. 
T T | 
e fecu - o( [73 77) 
1 1 T 
= el [ Їй — [ et + y) 14 
1 0 


*Y Le] 
(11.4) et [ їйї — et [ F at sly, 
i i 





TJ © 
(11.5) of edt — er f edi 0 
1 1 


аву» ‹о, larg y| ST/2. Butif «-/2 4-6 €arg y «31/2— 8, > 0, consider 
e*f1e—t-1di where the integral is extended along a path leading in the 
upper half-plane from 1 to y/|v| and thence to y on a straight line. 
We have, with key/ |y] = — K1 ик, X1 sin 8>0, 


к Y 
вт [ etd 2» | f eee ; 
1 К 


kå 
f 6506101; 
1 








" 
ef ord 5 


1 


енча 


171/3 
s/f 
1 11/3 


S el log (| ү] /2) + 2| |). 
Hence e?/Te-'t-1dt—0 as 1/2 +8 Sarg y S3x/2— апа |y| — o. Con- 








[71 


+- 
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sequently, for я; as defined by (10.9) and {log x real resp. { log r 
— px / 24, log r real, 


x 


(11.6) Law — 2кїн{ез” — e! J etidi — 0, if Ro; & 0, 
1 
resp. 


OLD Lag At) — rington — enan f erdt 3 0, 
1 


if R(c,€/?) 2; 0, 


while always 

(11.8) lim L.1,,(f) 0, if Ro; < 0, { m log x, 
resp. 

(11.9) lim Lait) = 0, Ш R(s,d/?) «0, t = log (re). 


The formulae (11.6) and (11.7) lead to corresponding relations for 
? 
(11.10) Wild) = 2 Lu. 
1 


12. Extension to the case A= —1, pei (mod 4). Let R—o;>0. 
Then with some integral я and y= —o,x, Ry>0, 


т т 
of eft =œ 2wine 7 + [ eti di, 
1 1 


where the last integral can be taken along a straight line and 


viii Y 
f 1+] 
1 v/\7! 


3c? const. + e f 


1 





T 
f ecu s 
1 














Ry 
є. 


Consequently, if y tends to о on а ray through the origin which lies 
in Ry>0, we have «т [[е'—1@-э0. Now suppose n, defined by (10.97), 
that is, 


1/2 + 25;9 S — r5 S 3ж/2 4+ 2njv 


resp. 
т/2 + 2»; & — т, — pri/2q а 3x/2 + 2ngr. 
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We have in the first alternative 
—rjs е ejs 
en [oram е” (orae em (oras 
i i E 


where 


i 


[ etidi = [ etidi + (25; + 1), 
VI 1 


with f’ understood as Cauchy's principal value, and where the path 
of JZ% remains in the negative half-plane. Now as x— c, 


| e f eria mm 


" | fi " sy 5 571-00, 





—+:;8 
[ 6+1 10 
-A 





so that 


7—40 


—v«» 
(12. 1) e| f в — (25, + Iri — [ era -> 0, 
1 1 


for z— o, Ro; & 0. 
For the second alternative of (10.9’) we have similarly 


жуг! Poona 
(12.2) eve] f etr di — (25, + Iri — f тэй | — 0, 
1 1 


forr—> ©, Ro,” > 0). 


13. Construction of the finite standing wave. It is now possible to 
exhibit a solution of our boundary problem in the form 


(p—}) /2 
(13.1) Qs) = Wels) — 3, AWG); 
А-1 


05(s) remains bounded as s tends to infinity on the surface and bottom 
of Ss, and remains bounded as s—0. Moreover, the derivative 
dQo(s)/ds will also remain bounded near s=0 as is obvious from the 
definition (6.19) of Wo(s) and the definitions (10.6) resp. (10.6^) and 
(10.2) resp. (10.2^. Our problem is to determine the 4, in such a 
way as to eliminate by superposition the various infinities introduced 
for large |s| by each of the summands in (13.1). It suffices if this can 
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be done on the surface for P «q, and on the surface and bottom for 
qp «2q. Let р m3 (mod 4). Fix the attention first on the surface. 
The estimates (10.10) and (10.12) lead to the equation 


(13.2) № Ec E 2 c(t = Y bas) | = 0, 


kma 1 


where it is necessary to extend the sum У) only over those values j 

for which the first alternative of (10.9) applies. Now suppose that for 

those values of я, for which the first alternative (10.9) applies, but 

with the exception of j =q, we can solve the system of linear equations 
(9—1) 13 


(13.3) У; 845 = 1, jr 
lm 1 


in the unknowns A» Then (13.2) reduces to 
(>—1)/3 
(13.4) lim | а=) — Ce" (1 - M bats) | = (). 
kg. b] 


In order that f(x) should behave like a simple wave at infinity, we 
shall have to show in addition that 


(>—1)/3% 


(13.5) — 1+ 2, 4,7 0. 
kl 


It follows directly that Q(x) stays bounded also on the bottom if the 
A, satisfy the system of equations (13.3). 

Now (10.14) shows that (13.3) represents exactly (ф—1)/2 distinct 
equations, namely 


(>—1) [3 
(13.9 Ð Aimi а 1, з= (р 3)/4, Б (р — 3/4. 
kan} 
A similar analysis in the case p m1 (mod 4) shows the correspond- 
ing equations to be 
(9—1) /2 


(13.6) 2 A Lern O ED IP es, 


n= —(p—1)/4,--+,(p — 5/4. 


We proceed to give the values of the A, explicitly. There occurs in 
this deduction a remarkable analogy to the computation of the coeffi- 
cients a; of the polynomial f(£) introduced in $4, with the role of p 
апа д interchanged. Consider the polynomial of degree (p —1)/2, 
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(»—1)/3 
Fe) = 5, Ax? with Ag = — 1, 
0 
which vanishes at the (p —1)/2 distinct points 
(13.7) E = бітімі, 
n= (р 3/4. (р — 3/4 for p m 3, 


resp. 
(13.77) Ё ма givia(tetl)/p 
n = — (p — 1)/4,--+, (p — 5)/A, for р œ= 1 (mod 4). 
We have 
Fé) = JI @—1), т о, for p = 3 (mod 4), 
(13.8) ga 
F()--—]I[ nt), n= eels, for р m 1 (mod 4). 
а —(>—1)/4 


Evidently (13.6) resp. (13.6^) hold. To test (13.5) we write for 
pm3 (mod 4) 


»-—1)/1 


( 
(13.9) —1-4- Y, páp = F(t DUP) ша F(e(rtDerils) р Q 


b 


since eG tD eU» coincides with none of the roots (13.7). Similarly for 
pmi (mod 4) 


(p—1)/1 
ud BA, = F(etritel n GG-0/4H1) 
(13.9) + 2 eds = Flo ) 


= F(e(r*Deri/») 


which does not vanish for a similar reason. It is easy to evaluate the 
A, explicitly. We have for p £13 (mod 4) 


(pog FF) e ME OPE SS EOM), 


whence 
(»—1)/1 (»—1)/1 


У AH то) = у, Aug — 1) 0705 
8. 9 
But 


Pl? йи 1, yrit іи (— 1)* 
апа è 


770 HANS LEWY [September 


Ape (= Dt gt i ae) ayaa) 
so that 
A, = (— I)*4 y i(sin (2k — 1)ут/ф)/зїп 2kqr/p 
(13.10) ite гес віп (27 — 1)gx/p N 
1 Bin 2øgr/$ 
Similarly for p= 1 (mod 4) 
(E EEE ек Ку PE), 
DAG роо АДК ынк 0): 
Виї һеге 
1? s, P= (= 1)%, Aye (Ир ea — 1a 1),, 
Ay = (— 1)fAy1(sin (2k — 1)qx/p)/sin 2kgx/p, 


which again leads to the result (13.10). 
We find jointly for p =3 and f вні (mod 4) from (13.8) 


(— 1) (P+1)/2F (erie (P+1)/P) = (етм (р+1) Гр = eria 0711s) ks 


and by elementary simplification 


(2—1)/2 
(— 1) +0 р (веба (0) m вт(эї-1)/4») J] (eiriehio — g-trigh/ 2), 


1 
and by a reasoning similar to that employed in $4, 
(13.11) (— 1) @HD AR (оти) = етй(э1—1)/4»{(#—1)1(— 1) м Gen gut, 
Here N(2q, р) represents again the number of terms in the set 


gie», віхар... eri(70«/» whose imaginary part is negative. Ac- 
cordingly, by (13.4) and (13.9) resp. (13.9%, 


(13.12) lim [Qo(x) + c,ei*F(e(r*0«c17)] = 0, 


Or 


(13.13) 0 — lim [ Q(x) + c, ert G^ 
TT {GD q)N Ge» ODIT. 


14. Construction of a second standing wave for р m3 (mod 4). Sec- 
ond interpolating function G(£). Consider the polynomial 
(»—1)/1 


(14.1) GE) = >, Вы» 


1 
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where 
By = — i(41/2(* — 75) a + т^ — 2) 
= — (44/2) cot 2xqk/ 
is real. We have 
By = — (А/2)((1— (уру), 
(14.3) Gl) -GH= 272, Bip? — 1) = (3/2) ex #A,(1 + 2 


= (4/2)(F(é) + F(En) + 2), 


(14.2) 


since Å= —1. Also 
(9—1) [3% 
Сї) = Z B, 
1 


whence, by (13.8) and (14.3), 


(p—1)/2 


(14.4) С(л*) = in t+ 9, By forn = — (p — 3)/4,---, (р — 3)/4, 


_and 
(14.5) GD!) = i(p + 1)/4 + (4/2)F( Pt) + 5 Bs. 
Thus the B, are real numbers for which, with 8), from (10.13), 
(14.6) >> By > in, + УВ, if (10.9) with j = q, 
and 

25 Beer = ilp + 1)/4 + (5/2) (n(0*019) + 55 Вь. 
Set 


»-1)/1 


xil (s) = W (32) = ж > (в) By 
(14.7) | f К 
+ Wo(s) (=> В, — f era). 


By (14.7), (14.6), (11.6), (11.10) we have the limit relation 


(»—1)/1 
lim |- т0_1(2) + 2ri D0’ ceme — rY У) Вудс!” 
eum 2 tel 


^M 2r, Ber | = 0, 
1 
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where the sum >,’ extends over all j with (10.9). This immediately 
yields 


(14.8) lim [— «Q 4(x) — vícF(g Pt De е] — 0, 


Compare (14.8) with the limit formula (13.12) for Qo(x). Clearly the 
nodes of @ у(х) lie asymptotically midway between those of Q(x). 
In a similar manner it is seen that © 1(s)—0 on the bottom of Sz. 

For s—0, О (х) has a logarithmic singularity while Qo(s) remains 
finite. Furthermore, Q ,(s) satisfies the differential equations on sgur- 
face and bottom since it is a linear combination with real coefficients 
of functions having this property. Thus Ríl;(s) is the velocity po- 
tential of a second standing wave and 


cos ¢RQ,»(s) — sin КО (5) 
is the time-depending velocity potential of a progressive wave, ad- 
vancing toward the shore s=0, which at large distances from shore 


is a simple progressive wave of wave length 2x. We observe that it 
has a logarithmic singularity at s=0. 


15. Same for рэкі (mod 4). Set, as before 
(»-0/2 


600) = 2, Ви", 


with 
B, = — (4/2)A,((1 — ph — (1 — 4719-1) 
== — (44/2) cot (2v kq/ 5), | 
where now 
п = ritr, 
We find 
(15.1) G(En*) — GH) = (4/2) F®@ + Fn) + 2), 


since 4o» — 1. Also 
(15.2) Сб") = Gin) + in, n = — (p — 1)/4,---, +O — 5)/4, 
(15.3) GAHI = Gln) + ip — 1)/4 + G/DF N), 
Now, by (15.1), 
Gln) — GQ) = 4, 
since F(n) = F(37!) —0. Hence, because B, is real, 
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G(n) = 4/2 + real. 
Thus (15.2), (15.3) become 
Gènt) = (и + 1/2) + RG(y), 
ж = — (p — 1)/4,---, ($ — 5/4, 
G(g(r*0/7) e р 1)/4 + (4/2)F (Pt!) + RGC). 
Accordingly 
У, Bên = i(n + 1/2) + RG(n), 
if (10.9’) holds with j ¥g, 
2 Bibs = 4(ф + 1)/4 + (4/2)F (qt) + RGC). 
Set 
то _1(ж) = Woils) — 2n >) Wik(s) Bs 


+ Wols) (се) = J er) 
Then 


кеш |= х (ж) + 2 2, ci(2n, + 1)е” — 2x У cori у, В 
7 і b 


fw 


+ (28605 -— Í С eru) РЭ, 22! 


Consequently 
0 = lim [~ х0 у(х) — wic (et! +007) діа], 


The same conclusions about the behavior of Q(g) on the bottom and 
near 5 = (), and about the asymptotic distribution of the nodes of 
R% (x) and КО i(x), hold as did for p m3 (mod 4). Again 


cos £RQ,(s) — sin РО (х) 


is the velocity potential of a progressive wave advancing toward 
shore which at large distance from shore becomes a simple wave of 
length 2x and which has a logarithmic singularity at the shore. 


16. About the continuity of the standing wave as function of the 
angle pr/2q and the connection with the quadratic reciprocity law of 
number theory. Let us inspect the asymptotic location of the surface 
nodes of the finite standing wave Q)(s) ав s=x—>, On entering the 
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value of c, from (6.18) in (13.13) we find that Q(x) differs infinitely 
little from 


(— 4$) €-0/*-G-DIR(— 1)N P отар? Delangtm tit if q odd, 
(— 0а ао) hriala — 1)N Ое.) дів р, | if q even. 
Thus the nodes of RQo(x) come to lie asymptotically at the points 
x=x/2+mx --qpx/4—qw/Ap —x(¢ +p—2)/4, with m integral for q 
odd, x =mwar-+-opr /4 — qw /4p -^v(1-4-9)/4, with m integral for q even. 
If the oddness of p is utilized, it is seen that the nodes lie asymptoti- 
cally at 
(16.1) £= mx — x/4 — qx/Ap, 
no matter whether g is odd or even; for if q is odd, 
qP— q-— pe — 1 (mod 4), 
and if g is even 
gp — 1 — q ma — 1 (mod 4). 
The result (16.1) is the generalization of a property announced at the 
end of $7 for the case p= 1. 


Next let us study the ratio of іт, ..„(60%(х)) and 0(0). By (13.1), 
(10.6) 


000) = W,(0) = È cs 


as given by (6.17). Accordingly, by elementary simplification of the 
exponents, one obtains, for example, for odd p апа д the formula 


lim (6f"Qa(x))/2(0) 
m (— 1) (ж.р) + (pot arat Menma 0)14(3 /g) 1/9, 


Now suppose that the left-hand side depends continuously on the 
angle pr/2q between surface and bottom. Then the same applies to 
the right-hand side, whence in particular the expression 


(— 1)¥ Gc 5)EN (pe) (ay 7-0 fA 


must be continuous in p/q for p and q odd. But since it equals +1, 
this expression must have a constant value, which is determined as 
+1 by taking p=q=1 or p=1, g=3. Furthermore it is easily seen 
from the definition of N(f, д) that, for odd p and q, №№, 94) = N(2p, д). 
Thus the assumption of a continuous dependence of the finite stand- 
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ing wave on p/g implies 
(— 1)NGe» NO» = (— [\(#—1)(я—1)/4, 


This is, of course, the quadratic reciprocity law of number theory. 

We shall not investigate here the above continuity question, nor 
shall we go here into a discussion of those problems which are im- 
mediately suggested by the above embedding of a number theoretical 
fact concerning two integers p and g into a continuous law concerning 
the quantity p/q. 


UNIVERSITY OF CALIFORNIA 


VECTOR FIELDS AND RICCI CURVATURE 
8. BOCHNER 


We shall prove theorems on nonexistence of certain types of vector 
fields on a compact manifold with a positive definite Riemannian 
metric whose Ricci curvature! is either everywhere positive or every- - 
where negative. Actually we shall have some relaxations of the re- 
quirements both as to curvature and as to compactness. We shall 
deal with real spaces with a customary metric and with complex 
analytic spaces with an Hermitian metric. In the latter case we shall 
impose on the metric a certain restriction, first explicitly stated by 
E. Kaehler,! which will be quite indispensable to our argument. In 
order to elucidate the réle of this restriction we shall include a sys- 
. tematic introduction to the theory of Hermitian metric. 

For positive curvature we shall have the theorem that on a com- 
pact space there exists no vector field for which the divergences and 
curl both vanish. In the complex case there existe no vector feld 
whatsoever whose covariant components are analytic functions in the 
complex parameters. If we only assume that the curvature is non- 
negative, then there are some “exceptional” vector fields in directions 
of spatial flatness. À principal result will be the following theorem on 
meromorphic functions. If a complex space with positive curvature i8 
covered by a finite number of neighborhoods, if à meromorphic func- 
tional element is defined in each neighborhood, and if the difference 
of any two meromorphic elements is holomorphic wherever the ele- 
ments overlap, then there exists one meromorphic function on the 
space which differs by a holomorphic function from each meromorphic 
element given. In a previous paper? this conclusion was drawn in the 


Received by the editors June 28, 1946; published with the invited addresses for 
reasons of space and editorial convenience. 

! Also called mean curvature; the definition will be restated later in the text. In- 
teresting facts relating Ricci curvature to Riemann curvature have been given by 
T. Y. Thomas, On the variation of cursature in Riemann spaces of constant mean curva- 
ture, Annali di Matematica Pura ed Applicata (4) vol. 13 (1935) pp. 227—238, and 
New theorems on Riemann-Eiustetn spaces, Rec. Math. (Mat. Sbornik) N.S. vol. 3 
(1938) pp. 331-340. Also, for the application of the Laplacean on compact Riemannian 
spaces see T. Y. Thomas, Some applications of Green's theorem for compact Riemann 
spaces, Tohoku Math. J. vol. 46 (1940) pp. 261-266. 

! Ueber cine bemerkenswerte Hermstische Metrik, Abh. Math. Sem. Hamburgischen 
Univ. vol. 9 (1933) pp. 173—186; see also S. Chern, Charactertstic classes of Hermitian 
smasifolds, Ann. of Math. vol. 47 (1946) pp. 85—121, especially pp. 109—112. 

* S. Bochner, Analytic aud meromorphic continuation by means of Green's formula, 
Ann, of Math. vol. 44 (1943) pp. 652-673, expecially p. 672, Theorem 15. 
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case of a multi-torus; however, in that case, due to the flatness of the 
space, some necessary and sufficient conditions on the meromorphic 
elements had to be added. These conditions correspond to the “ex- 
ceptional” vector fields mentioned before, and they do not occur if 
the curvature is strictly positive. 

For negative curvature our theorem will in the main be a general- 
ization of a theorem of Schwarz and M. Noether‘ from one to several 
complex variables. It states that on an algebraic curve of genus p>1 
there 18 no one-parametric group of rational transformations. In 
other words, on such a compact two-dimensional surface in one com- 
plex variable there exists no continuous group of analytic homeomor- 
phisms. Now, the universal covering surface of such a surface can be 
identified with the unit circle |s| <1 and thus endowed with a hyper- 
bolic metric of (constant) negative curvature. Thus we can express 
the theorem of Schwarz and Noether in the following second version. 
If a “real” compact two-dimensional space with a Riemannian metric 
has (constant) negative curvature then there exists no continuous 
group of conformal (that is, angle-preserving) transformations into 
itself. Corresponding to these two versions we shall have two general- 
izations to several variables. The complex version will be that if a 
compact complex space in я variables with a suitable Hermitian met- 
ric has negative Ricci curvature (not necessarily constant), then there 
exists no continuous group of complex homeomorphisms. The “real” 
version will be less satisfactory but rather illuminating. We shall first 
show that for negative curvature in я variables there are no groups 
of motions. A motion preserves not only angles but also the lengths. 
In order to obtain a theorem on transformations which distort the 
length we shall have to add an assumption on the nature of the dis- 
tortion. However, this assumption will be automatically fulfilled for 
n= 2, and thus technically a proper generalization will be obtained. 
We ahall also have “exceptional” groups in case the curvature is only 
nonpositive, and we shall have a further statement in case the given 
compact space is a minimal variety in some higher-dimensional space 
of nonpositive curvature. i 

Finally we shall have some converse theorems, but only locally. A 
converse theorem states that if there are sufficiently many vector 
fields of one kind or another then the curvature is negative or positive 
respectively. Locally, a gradient field is a scalar function from which 
it is derived, and several gradient fields is therefore a mapping into 

tH. A. Schwarz, Gesanemelis Abhonudlungen, vol. 2, pp. 285-291; М. Noether, 


Math. Ann. vol. 20 (1882) pp. 59-62 and vol. 21 (1883) pp. 138-140. See also 
А. Hurwitz, Mathematische Werhe, vol. 1, pp. 241—259. 
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Euclidean space. Correspondingly we shall have the following theo- 
rems on complex space. Any piece of m-dimensional surface in n-di- 
mensional Euclidean space has negative curvature, but the presence 
of sufficiently many contravariant vector fields in commutation gives 
rise to a fundamental tensor whose curvature is positive. 

The most interesting problem in this connection is the problem of 
constructing a negative (hyperbolic) curvature from the existence of 
a noncommutative transitive group of analytic homeomorphisms on 
a piece of Euclidean or other space. This problem will not be ap- 
proached at all in the present context. 


I, REAL SPACES 

1. Lemmas. Let S be an n-dimensional coordinate space with a 
fixed positive definite Riemannian metric 
(1) ds! = g,,d2,02%;. 


The space is of differentiability class C*, and all scalars, vectors and 
tensors belong to class C*. For any scalar ф we can form the Laplacean 


? ape asm 1, 2 (args #) 
gilt дх, 0x; 

and we shall apply it so the square length 

(3) ф = EE, es ge, m (РН, 


where {¢,} is an arbitrary vector field on all of 5. We shall next have 
a definition. 
DEFINITION. A vector £; оп S is called a restrained vector, if either 


Ad(Po) < 0 
at some point P, in S, or 
(4) ¢(P) = constant 


throughout 5. 
This definition will be justified by the following theorem. 


LEMMA 1. On a compact space S every vector is resirasned relative to 
every meiric. 

On a general S a vector ts restrained sf sis length in some metric a- 
tains a (relative) maximum in 5, and thus in particular tf the length ts 
less than є outside some compact subset depending on є. 


Proor, The compact case can be dealt with by a “global” argu- 
ment, namely Stokes' formula 
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(5) [ (9:8 Logd d = 0. 


In fact, if 620, Aj z0, then (5) can hold only if $,;»0, that is, 

ф constant, as claimed. But there is also a “local” argument which 

implies the lemma in its entirety. This is the following theorem of 

E. Hopt.* If A$ = 0 in a neighborhood Т, and if there exists a point 

Pg in T such that $(P) <Ф(Р,) for all P in T, then $(P) =ф(Р,) in T. 
We now start from the formula 


(6) Turk & gU BR = 0 


where Ri is the curvature tensor. The Ricci tensor arises by con- 
traction, 

b lh i 
(7) Ram Rug Rup Rus 
and it has the following interpretation.’ If for a given point we con- 
sider * orthogonal unit vectors ny, t1, +++, n, which are co- 
oriented with xj, · * * , x,, and if we denote by x5, the curvature of 


the geodesic surface element which is determined by туу and ту, 
then the sum 


mu t aa t ob 
is given by 
t 1 
— Кууп у)» 


thus being dependent only on т itself. We shall call it the Ricci 
curvature in the direction ný. The curvature is called positive if it 
is strictly positive in all directions. 

Lemma 2. The quanisty 
(8 27A$ = ghg EE) sa m к", + Be ber att 
has the value 
(9) greta rte КЇ" ы + A 
where the remainder term 4s 

5 Flementare Bemerkungen ueber dis Loesungen paorheller Differemisalgisichungen 
sweiter Ordnung vom cilipiischen Typus, Preuse. Akad. Wise. Sitzungsber. vol. 19 
(1927) pp. 147-152. 

t See L. P. Eisenhart, Riemanstan geometry, p. 113. We have adopted Eisenhart's 
normalization throughout, and this explains why positive Ricci curvature corresponds 
to a negative Ricci quadratic form. 
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(10) A= Ete Ёа + atii 
1 also has the value 

(11) ergs + Кы + B 
visé 

(12) B m gg Eara F bree — basti 


In fact, from (6) we obtain 


EX ЗИ = beets = ГР, =з 0, 


If we add this to (8) we obtain (9), and if we subtract it from (8) we 
obtain (11). 


2. Positive curvature. Since the term 
(13) orig te tes 


is positive for arbitrary quantities £;,; except in the case where the 
latter are all 0, we firat obtain the following conclusion. 


THEOREM 1. The rematnder term A is obviously 0 whenever 


(14) E, = ze and git, = 0, 
thai ts, 
(15) curl = 0 and divi = 0, 


от more generally, whenever 
(16) (бы — End. = 0 and (£i). = 0. 


Therefore, there exists no resirasned vector field which satisfies relation 
(16) and | 


(17) Е RẸ, Р: 0 
unless we have 
(18) — REE; = 0, Ey = 0. 


Thus, the only exceptions are fields of parallel vectors in directions of 
Ricct-flatness, and they cannot arise, for instance, if the space as such 
has postisve Ricci curvature throughout. 


A vector field for which &,,,= &; is a local gradient field and can be 
described in the following way. There exists a covering of the space 
by a system of neighborhoods { U?}, which for a compact space is 
finite, and a scalar f? (x) on each U”, such that 
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(19) f(x) — f(x) = constant 
. whenever two neighborhoods U”, U* intersect. And £; is defined as 


(20) ye foa) 
OX; 


оп U*. The second part of (14) amounts to assuming that each ft») (x) 
shall in its neighborhood be a solution of the Laplacean 


(21) Af = 0, 


and our theorem states in particular that on a space of positive Ricci 
curvature every f} (x) is itself constant. It should be noted that this 
conclusion is trivial if S is simply connected, or if some simply con- 
nected covering space of S is compact, since in this case the system of 
equations (20) can be solved by one function f(x) in S; and since its 
Laplacean vanishes, it is a constant throughout. 


3. Negative curvature. We now turn to an analysis of the expres- 
sion (11) and we shall first have a detailed lemma on the influence of 
the remainder term B. 


LEMMA 3. The remainder term B vanishes if 


(22) Eig + Eza 0, 
or more generally «f 
(23) (a5 Е) a 7 0. 


Thus 4 vanishes tf the contravartant components B are an infinitesimal 
generalor of a one-parameiric group of тойон, that 4s, metric-preserving 
homeomorphisms, or, more generally, of affine colláneatsons. 

We have B gx 0, 4f there exists a scalar function \(x) such that 
(24) Es фы = M 


that is, tf E! represents a one-parametric group of angle-preserving (con- 
formal) homeomorphisms, provided we also have 


(25) (1 — n/2)g* Xt, г; 0, 
the latter condition being automatically fulfilled for н 2. 


Proor. If we multiply (23) by g", then due to the symmetry of g'i 
we obtain 
£5 as = 0, 


and thus (23) implies B =0. On any differentiable manifold, with or 
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without a Riemannian metric, a vector £ describes a local group of 
differentiable homeomorphisms. If a metric is given we can form the 
covariant components £;, (22) is the necessary and sufficient condition 
for the transformations to be motions,” and (23) for affine collinea- 
tions. 

Condition (24) expresses preservation of angles. If we differentiate 
it we obtain 


(26) Eos T Enos = aug 
and hence 
£g (Ee F Беа) = Eu. 
If, however, we multiply (26) by рор, we obtain 
— gg Era фо = — (9/2) us 
and thus (25) is equivalent with B20. 


THEOREM 2. There exists no resirasned group of moisons [e] for 
which 


unless we have 
(28) Eig = 0, RE i 0, 


that ts, unless и is a group of translatsons along Riccs-flat geodesics. 
For n=2, the same conclusion holds for conformal mappings {&*}, 
and for ng 3 ü will hold under ihe additional assumption (25). 


4. Almoat periodic vector flelds. Take a compact space S and its 
universal covering space T. If S has negative curvature, T most 
likely will not be compact. Introduce on T the group Г of automor- 
phisms for which S ів the set of co-sets, and denote by So a funda- 
mental domain in Т. It can be chosen compact. Every scalar or tensor 
function on S gives rise to such a function on T which is “periodic,” 
that is, invariant under Г. In particular the tensor g,; can be periodi- 
cally extended. Now take a vector field $, оп T which, though not 
necessarily periodic, is together with its second derivatives almost 
periodic with respect to Г. This means that if {yp} is a sequence in Г 
then there exists a sub-sequence {7,} such that the sequence of vec- 
tor fields &,(y,?) and their second derivatives is uniformly conver- 
gent in 7. 


т Eisenhart, p. 234. 
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THEOREM 3. Any almost periodic vector field £i on the covering space 
T of S 45 restrained in T, and thus Theorems 1 and 2, and similar theo- 
rems, apply to such vector fields in T. 


Proor. Due to its almost periodicity, the square length ф(Р) of £; 
is bounded and uniformly continuous, and there exists a sequence of 
points P, such that ' 


Ф(Р,) — sup Ф(Р). 


Each P, lies in some image у,(5,) of So, and owing to the compact- 
ness of So there exists a subsequence y, such that the sequence of 
translated functions $(y,P) and their second derivatives will con- 
verge uniformly in T towards a function ®(P) which assumes its 
maximum іп an interior point of T. Now, due to the periodicity of р;;, 
we have 


АФ(Р) = Aó(y,P) = AXP), 
and thus Ad Z0 implies Ab20. By Lemma 1, we therefore have 


Ф =сопві. However this implies ¢=const., and thus £, is restrained. 


5. Minimal varieties. If V, is a subspace of any space У, +: whose 
Riemann-Christoffel tensor vanishes, then for the Ricci tensor of V, 
we have R,» = g"(bi.5,; — biba) where 0,; are the coefficients of the 
second differential form.’ If V, is a minimal hypersurface of Va4, 
then g"5,,—0,* and therefore 


(29) Rati? = кюп 
where 
(30) n: = baf”. 


Thus the vanishing of (29) implies the vanishing of (30), and the 
vanishing of the latter for a group {£*} means that the orbits are 
asymptotic lines on V,.!° However, any geodesic line of V, which is 
asymptotic on V, is a geodesic of Vass itself. The same reasoning ap- 
plies to a minimal variety in a space V. of any higher dimension 
men +1, since we have in general 


ja WV sw bo) 
Ratt = Dog bat byt. 
fm! 
* Eisenhart, р. 190. 


з Eisenhart, p. 178. 
1 Eisenhart, р. 167, 
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Thus we obtain the following theorem. 


THEOREM 4. If ihe space V, is a minimal variety in a space Vu, 
теп +1, of vanishing Riemann curvature, and sf there exssis a one- 
parametric group of motions on V,, then the orbits are geodesics in the 
enveloping V. which are also asymptotic lines on Va. 


П. HERMITIAN METRIC 
6. Power series. We take independent complex variables 


(31) Bip ty fu. 


and we consider power series in these variables with complex coeffi- 
cients, each series converging in some (not fixed) neighborhood of the 
origin. Every “function,” that is scalar, scalar density or any com- 
ponent of a tensor shall be such a series. ' 

A *transformation? 


(32) Ho dur А), $i1,--., 


shall be given by functions $, which vanish at the origin, in order to 
allow unrestricted formation of the product of two transformations, 
and the Jacobian 
У ofti, MD і!) 
GIUE SPT aj і) 
shall be not equal to 0 at the origin. The totality of such transforma- 
tions forms a group, and we consider an arbitrary fixed subgroup Г of 
the group. The elements of T' shall be termed allowable transforma- 


tions and the resulting quantities і/ allowable variables. We сап now 
define as usual vectors and tensors 


£o р, & JT oy 


with upper and lower indices; also, contraction of an upper and Jower 
index is again permitted. A symmetric affine connection Гу, is again 
a system of functions with the customary rules of transformation. 
It gives rise to a mixed tensor 


I д t ð I m l - I 
(33) Rin = — Го Г ГГ»; —rns 
Gt; 9t, 
with which we can form the Ricci tensor 


(34) Ray = Rin; 
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it also gives rise to covariant differentiation of arbitrary tensors and 
tensor densities as usual. For instance 


OE, b 
(35) i ™ p — £1, 
ð 
(36) ен, 
ді, 


Also derivatives of sums, products and contractions are to be formed 
as usual. 

We next introduce a fundamental tensor g,;. For the present we 
only assume that it is symmetric 


(37) 8i; ^ Ens 


and that the determinant 


5 = ед|, з, 


is not equal to 0 at the origin. We emphasize that each component gi; 
is a complex power series in the complex variables (31) and that the 
symmetry condition (37) is not at all an “Hermitian” property. There 
exist functions g which are solutions of g¥g,,=6;, and they are a 
symmetric tensor. The expressions 


i = д ð д 
(38) r= 2 #( £i £n =m) 








Ф ren 


OF; Qf, ді; 


are an affine connection, and the tensors р,;, g can be used for pulling 
indices up and down in a manner compatible with covariant differ- 
entiation. Also 





(39) £a m 0, g% y= 0, 

and! 

(40) Ry = 27 "m log E - L Diy + DaDa 2 T5 = log = 
where Ce is the value of the determinant g at the origin. Also 

(41) Ё ы Е Riy T Rin == 0 

апа 

(42) Rim = — Rym = — Кыр. 


п Eisenhart, p. 21, 
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7. Self-adjointness. We now put m —2n and we replace the varia- 
bles (31) by the symbols 


(43) Big E 1557573) 
Allowable transformations shall be those having the special form 
(44) Ba = ф.(5 777, 5), Ba = №.(2 +++, E), 


where for each a=1,--+-, я the power series Yalt ---, és) arises 
from the power series @a(ti, · * * , 14) by replacing each coefficient by 
its conjugate complex value. Therefore, if each 2, is conjugate to в, 
then so is 3/ to s/, and therefore it will be consistent to assume 
henceforth that s, are complex parameters and &, their conjugate 
values. However a function in general will continue to be a power 
series in all 25 variables (43), or rather it will be a power series with 
complex coefficients in the 25 real components £a, ya; Sa™%a Буг. 
Special scalar or tensor functions whose power series depend only on 
Za wil be termed “complex analytic" or “analytic” for short. 

From now on #alic indices 4, ј, b, - - - will run from 1 to 2m; 
Greek indices a, B, · - - from 1 to n, and starred Greek indices will be 
n units more, a* =a-+n. We shall also star italic indices to indicate a 
change by я, thus 4% es n, j* =ј m. 

Let {; be a covariant vector. For a transformation (44) we have 








Thus the 25 components of {, separate completely into the blocks f. 
and fa. For all tensors this separation applies to each upper and lower 
index independently of the others. For instance, g,, separates into the 
blocks gas, Epa, EaP Zag, of n? components each. 

We call a tensor self-adjoimi if starring all indices simultaneously 
changes the value of a component into its conjugate: 





;* } 
Следе... m Dare 
For a vector it means 
Pus. fe = а, 


and for a symmetric tensor g, it means 





(45) Бай = Eba ™ fer = Epa’; 
(46) fam P Efa = fats x3 дш», 
A scalar shall be self-adjoint if it is real-valued. Self-adjointness is 
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preserved under addition, multiplication and contraction. If ру; is 
self-adjoint, then the inverse g“, and Г based on g,;, are self-adjoint, 
and во are the Riemann and Ricci tensors. Furthermore it is preserved 
under covariant differentiation. 

From now on all functions are assumed to be self-adjoint. 


8. Restrictions on the fundamental tensor. The first substantial 
restriction on the fundamental tensor shall be 


(47) gap = О = gap. 


Thus only the “interacting” components gap = gs. can be not equal to 
0, and gar = gas. We automatically also have 











g? = 0 

and (38) gives 

a —1 ad 0ge One 
(48) Т», = 2 g ( ' en), 

OSs дя; 

a —1 as’ дрво t) 
' (49 Га, == 2 ( = : 
(49) py E = a. 
(50) Tey = 0, 


and 5 other relations obtained by symmetry and self-adjointness. 
From (35) we now have 





Of. « 
(51) Sep ——— (Гар, 

OKs 

Of « « 
(52) v = = — HI ap. 

O35 


However we also want to have Гар 0, and this will be obtained by 
Kaehler’s restriction, which is: 


Okay fp 
ай ы n E 


53 
n Ofa д5. 
апа by adjointness also implies 


frat _ Of np 


54 
64) ða 8, 


This is equivalent with assuming that there exista (locally) a scalar 
function ¢(s, #) such that 
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д?Ф 
0£402, 


Self-adjointness demands that Ф shall be real-valued, and all these 
assumptions are indeed invariant under transformations of the type 
(43). We shall now list consequences of our restrictions. 


LEMMA 4. We have 





(55) fem = 





In particular tf ihe component [, 45 complex analytic, we have fag 0, 
and +f {° is complex analytic we have {= » 0). 


More generally, 4] the indices оп, - - - , a, are unstarred, we have 
S PETENS OEM ap 
et x xus mur ME EDU e 
ja ер? m TM m 


For the appreciation of the lemma it should be noted that if the я 
components f, are complex analytic the contravariant components 


pe =з gts, {© =» рер, 
will depend on all 2” variables (42) since the components g*^' во de- 
pend. 
LEMMA 5. For the Riemann tensor we have 


(56) Rasy» = 0. 

More generally, due to (42); only those components of Rup can be differ- 
ent from 0 for which, $n both pairs of indices (1, 4) and (1, k) simultane- 
ously, one elemeni in ihe pasr is a Greek unstarred and the other a Greek 
starred index. 


Proor. It suffices to prove that Rg, vanishes. From (33) we obtain 
for this component the value 
д г д Pod fr ГГА 
t; 8h 9 8i Bhi mj fri ті, 


and this vanishes since only the pure components I%, and Г, can 
be not equal to 0. 


LEMMA б. We also have 
Күз EN omm Rir. 
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Proor. In the Bianchi identity 
Rayi + Rys Rise = 0 
the middle term is 0 by Lemma 5. 


LEMMA 7. For the Ricci tensor we have 


8* log |G| 
58 Rap = ——_— 
(58) oo ду, 
where G ts the determinant 


G = [alai 
Proor. (57) follows from 
Rap = g^ Rus 
by Lemma 5, and (58) follows from (40). 


9. Positive fundamental tensor. F inally, we make the assumption 
that the matrix gas is positive-definite. Consequently, for any vector 
{; the “square length” 

(59) $ = epp = 2g ruf 


is non-negative. For the Laplacean we have 


(60) Аф = рф сз == goo e t gU b urs, 
and by Lemma 4 this is 

д%ф 
ÖZ 407. | 


Now, if we herein put £, «x, +47, then the resulting expression is a 
type of Laplacean in the variables (£e, ya) to which Lemma 1 will 
apply. 

If Ф із the function occurring in (55), the positiveness of the tensor 
is expressed by the relation 





2g"? 


oid 
04035 


which is supposed to hold for every vector (*. Also, we shall say that 
the Ricci curvature із nonpositive if А.С 2:0, and on account of 
(58) thia is 


(61) te ж 0, 
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(62) n жарай, 
f. 


which is the same type of relation as (61) is. It is not hard to see that 
relations (61) and (62) must hold for arbitrary complex numbers ` 
fo, +--+, 680. In particular, if we introduce a complex curve £,=3,(w), 
о 1 +to, and (*=ds,/dw, then we must have 036/8006 20, that is, 
0*5 /Ou* --09*/0v! 2 0. In other words the function Ф must be a sub- 
harmonic function on any analytic curve. Similarly in the case (62), 
the function log G must be subharmonic in the manner stated. 
III. COMPLEX SPACES 


10. Vector fields. A complex space is a coordinate space in 2n real 
variables. Every basic neighborhood is the topological image of a 
neighborhood of the Euclidean space in я complex parameters. If two 
basic neighborhoods intersect, then the two images of the intersection 
are mapped into each other by analytic functions 


(63) Sa = Qalin t, Za), a-1,::-:,m. 


It is easily seen that all concepts and results of Chapter II can be ex- 
tended to a complex space in the large. In particular we assume the 
existence of a tensor gi with all properties and restrictions as enumer- 
ated before. We define a resiras$ned vector field as before, and on a 
compact space every vector field is again restrained. 


LEMMA 8. If ihe covarsant components a are complex ањиуйс then 
for the scalar 


(64) ф = 26°. 
we have 
Аф = geg P a Smee — RP atp. 
If however ihe coniravariant components [*\are analytic then we have 
{Аф = С gari " MT oe H Rapt to 
Proor. In the first case we have on basis of Lemmas 4 and 6 
Ag = рир) „е = EITR P ов F EIT & Eau eben 
Now 
Lene m Due EES 


and by Lemma 6 this is 
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+ Rear Шир D Rue. 
Therefore 


pe? o «А 
E E Daneta = — bg Кар =` — АВ. 
In the second case we have, as claimed, 
М а б p Ма В ре" ti 
E Ebo = — E Кав Rep = — g Ret t 
ps? "x ftx 
= — g Reo ff = Rott. 
From Lemma 8 we obtain directly the following theorem, the first 


half of which is an unqualified extension of the theorem of Schwarz 
and Noether from one to several complex variables. 


THEOREM 5. On а compact space of negative Ricct curvature there 
extsts no one-parametric group of analytic homeomorphisms whatsoever. 
More specsfically, tf on any space in a resiricted vector field the contra- 
variant components |° are complex analytic and Ро S0 holds, 
then we of necessity have [*,=0 and Raph tt” —0. 

If however ihe covartani components С. are analytic then the inequality 
— Кәр >0 must be a sirici equality and $$ $mplies [.,4=0. 

It should be noted that the second half of the theorem is sot re- 
stricted to local gradient fields as was Theorem 1. | 

It is very easy to extend Theorem 5 from vectors to tensors. 

THEOREM 6. If a compact space has positive Ricci curvature then there 
exists no analytic covariant tensor $a...a, whatsoever, and for nega- 
live curvature there exssis no analytic coniravarsani tensor whatsoever. 

Proor. For instance, in the case p=2, if we put 

$ e А =з езу а urs 
we obtain 

8-1Д$ IT gre шы awry cias a risu +A 

where 

А = g^" g P1 ey ш, aT ta 
However, 

A М 
С aas;o e = { аазур,в* ЕЗ (ainra — fra K аш? fapk ay, 


жу broek але ES DR; aye? 
Therefore 
А = — Da gun КОР = Sart pry Regu, \ 


and the conclusion follows. 
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11. Meromorphic functions. We consider a (self-adjoint) vector 
field which in the neighborhood of every point can be represented in 
the form 
д] _. of 
шш ee 
It is not a local gradient field in the proper sense unless f =f; that is, 
if f is real-valued, and in our application it will definitely not be so. 
We introduce the associate vector 

af of 
ma J Th a* кз s 

0f, д8. 
These two vectors аге not subject to Lemma 4; however they have 
the following alternate properties 





(65) Sa ™ 











Past ine Fap Sp 0% 
Naf = Na Nar fe ™ Dina 
Sap? "Thu Sap "© Ng, 
For ф &2g?f*t.t» we obtain 
873A$ = A+B+C 
where 
А c раг. + Taote) 
В = рро, 
Саз gtg рр ре. 


If we substitute Cage ms (E иш (ra Im booa) MI, al, we 
РХ, we obtain 


B = gO (grt, s) abe ЮР, 
and if we put 
[rat = Tune = Meee + nune 7 unum) = Net t OR м 
we obtain by Lemma 5 


C = go (gon, at) fh a 
Finally we introduce the assumption 


(66) РС, = 0, 
that is, 
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(67) | Af = 0. 


This will also imply g**',,. == 0, and if for the sake of a later application 
we interchange the variables (s,) and (2.) we obtain the following 
lemma. В 


ГЕММА 9. If on d compad space wiih positive Ricci curvature a (self- 


adjosnt) vector field [; has the property that in the neighborhood of every 
poini the components [ a can be represented $n the form 





(68) of, 
{а* = 2: with Af=0 


then [ em), that is, f is complex analytec. 
If the curvature is only non-negative then С. 0, that 3з, the dertva- 
toes Of /03, are not necessarily 0 but have covariant derivative 0. 


Finally we shall have the following theorem. 


THEOREM 6. If a compact space with positive Ricci curvature is sub- 
divided into simplices Sy, +--+, Sa of for each r, 1 S7 Si, there ts defined 
a meromorphic functonal element d.(zi, -- + , 8a) $n some neighborhood 
U, of the closure of S,, and sf each difference ф, —4, is holomorphsc in 
the intersection of U, and U, (whenever not empty), then there exists one 
meromorphic function (z - - - s) in S such that, for each U,, the dif- 
ference  —d, 45 holomorphic. 


Proor. The proof proceeds as follows. We replace each ¢, in U, by 
another function fy, which has no singularities but which on the 
other hand may also depend on the conjugate values #„. In other 
words, 0f(4/903, need not be not equal to 0. However, each fi shall 
be a solution of the Laplacean Af =0, and the difference fip —f( shall 
be equal to $4 —6, for all (p, 9). If such functions fe, can be found 
then the components 





3 a = 1,.--., A, 


are uniquely defined in S, and Lemma 9 applies immediately. Thus, 
for positive curvature, the components all vanish. In other words, the 
functions f, are automatically analytic, and the expression 


$ = by — fi) ™ Oe — fio 


will define a meromorphic function in S. A similar proof holds for non- 
negative curvature. Therefore the only remaining task is the con- 
struction of the functions fy). This is a problem in potential theory 
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and has a solution in either real or Hermitian space. We shall only 
indicate its solution since an elaboration of details would lead us far 
afield. 

Suppose we are dealing with a compact m-dimensional space with 
a real positive fundamental form. We set up the Laplacean, and it is 
known? that there always exists a Green's function G(x; £). It has the 
proper type of singularity for x ^£, and it satisfies the relation 


A,G(x; 8) = — 1. 


Let S, and U, have the same meaning ав in the theorem and let B,, 
denote the (#—1)-dimensional face separating 5, and .5,, if such a 
face exists. In the integral to follow each such face will appear twice 
with opposite orientations. Now, for each r, let фо be an “arbitrary” 
function in U, with “singularities.” By this we mean that it need be 
defined and differentiable only in some subset of U, However, the 
differences” 

(69) Фм = Ф, — Ф, 


shall be each defined and differentiable in some neighborhood of the 
closure of B,,. We now set up the Cauchy-Green integral 


1 { ™ OG 76 
Э È (st Е — G(x, $) = ENa р 


а Pel Bm m дЕ, o£, 


The symbol o denotes a certain invariant (m —1)-dimensional ex- 
ternal differential form, which in the Euclidean case is 


(— ртр + d£adES i: dE, 


whereas w is a numerical constant. For variable x the integral as it 
stands defines a function in the interior of each S, Denoting this func- 
tion by f(x), we can show that it can be continued beyond 5, 
through the interior of each (m —1)-dimensional face, that f,»)(x) 
—f((x) has the value ¢,,(x) on Bpa and that it is a solution of the 
Laplacean.4 All this would be true for arbitrary functions ¢,,(£) on 
Bpa but then f,,,(x) need not be continuable through the interior of 
the boundary faces of dimension not greater than m —2. If however 
the prescribed saltus function has the special form (69) then fi (x) 
can be continued into an entire neighborhood of the closure of .S,, as 
needed. 

In our complex space with a Laplacean of Hermitian type the 








3 Compare, for instance, S. Bochner, Awalgtic mapping of compact Riemann spaces 
into Ewchdeam space, Duke Math. J. vol. 3 (1937) pp. 339-354. 
D See the paper quoted in footnote 3, p. 657. 
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existence of the Green’s function could be proven by an adaptation 
of the proof for the real case. However the duplication can be avoided, 
and the complex case can be directly reduced to the real case, if we 
make the additional assumption on S that it is basically a real space 
which in some of its allowable coordinates is also Hermitian. By this 
we mean that there exists a 2n-dimensional Riemannian space So 
which is in topological correspondence with S. Each allowable coordi- 
nate system in 5 is in correspondence with some coordinate system 
of So and the Laplacean on S із a transcription into complex parame- 
ters of the real Laplacean as defined on So. 


12. Subspaces of Euclidean space. The following statements are 
of a local character. Suppose we are given several analytic covariant 
vector fields in a neighborhood of n complex parameters. We denote 
them by fwa, where the subscript k identifies the vector, and we at- 
tempt to define a fundamental tensor by the formula 


I 
Еа = 2, Swat hyp 
1 


Our first concern must be to secure restriction (53). The obvious way 
of securing it is to assume that we have 


(70) Dac з 


where $4(s) is an analytic scalar, because in this case 


a? 

= 1 à 
Bem QS.0X, ( |9, ) 

This is a crude way of securing (53) and there probably is some more 

elaborate condition; we shall deal with it nevertheless, since geometri- 

cally it corresponds to a mapping of our s-neighborhood into a W- 

neighborhood by the functions Ws=4¢,(/). 


ТнковЕм 7. If 





Wi = halli Sa), kalee, h 


43 a parameirizalson of a subspace of Euchdean space, then iis Hermsisan 
tensor 
L 044 дф» 


№] O24 03, 








Bam = 


generates a negative Ricci curvature. 
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Proor. If we evaluate the determinant G of Еа then we find for its 
value the expression | | 


Cub 


(71) | 2, D,D,, 


pol 


where each D, is the value of some #-dimensional determinant of the 
н by / matrix 


é 








(72) cM. a-1,:---,n;k-1,---.,l. 
We now put 
ð? log G 
ийүү? 
and form the sum 
(73) — Rae 


for an arbitrary complex number Me. Now, if we carry out the differ- 
entiations and if we put 


oD? 


9? = 





^^, 


then it turns out that the sum (71) has the value 
с-з У? | 5*D* — у» Ы 


P.t 
and this is non-negative. Also, if the matrix (71) has rank #, this must 
be strictly positive for some À*, as claimed. 

For the positiveness of (71) it is not necessary to assume that our 
vectors have the special form (70); however in general the matrix 
(73) is not the Ricci tensor and has no immediate geometrical inter- 
pretation. 


13. Commutative analytic groups. We now assume the existence of 
contravariant analytic vectors {к and we set up the corresponding 


tensor 
} 


t 
в" = УЬ. 
b1 


If we denote its determinant by Н, then by our last remark the 
matrix 


1946} VECTOR FIELDS AND RICCI CURVATURE 797 


80! log H 
054084 


is positive definite. If we introduce the inverse tensor ёол", then 
G = H-!, and this would prove that the Ricci curvature is positive, 
provided fas’ satisfies restriction (53). Now the identity 

















Bref = б 
implies 
Ofpe y 
an, FF Bag T 
or 
дез" др а 
0f, a д5 pam 
In applying (53) we hence obtain 
aghe agr“ 
Сезге 


which is equivalent with 
ar, ar, — 
> hat У пн. 
P.t дзв st OSs 


The only obvious way of securing this relation is to assume that 
at, в Of в 


shee ue 
da gcn P 

for all a, p, q. But this is the classical condition for commutative 

groups. Thus if the rank of the matrix | {| is я, and the group opera- 

tors are commutative, they give rise to an Hermitian metric with 

positive curvature. 


PRIMCETON UNIVERSITY 


BOOK REVIEW 


Vorlesungen über Diferential- und Integralrechnung. Vol. 1. Funk- 
honen esner Varsablen. By A. Ostrowski. Basel, Birkhüuser, 1945. 
124-373 pp. 47.50 s.fr. 


According to the author's statement, this volume is intended to 
serve as the basis of a one semester course introducing the student to 
the fundamental concepts and techniques of analysis. The book con- 
sists of seven chapters. Chapter I is devoted to a treatment of the real ' 
- number system, not as something built up in stages from the integers, 
but as a system described axiomatically. Mathematical induction, 
ordered fields, and Dedekind cuts are discussed carefully and at 
length. In Chapter II the limit concept for sequences and functions 
is introduced, first for convergence to zero, and then in general. Chap- 
ters III and IV introduce the two fundamental concepts of calculus. 
The definition of the definite integral precedes that of the derivative. 
A proof, employing Dedekind cuts, is given of the existence of the 
integral of a continuous function, but the author suggests that the 
student may very well pass over the proof lightly at first. The de- 
velopment of technique in differentiation and integration 1s attended 
to in Chapters V and VI. These chapters also contain discussions of 
monotone functions and their inverses, and of logarithmic and ex- 
ponential functions. Curiously, the general development in Chapter 
III is interrupted by placing a section on the trigonometric functions 
between the treatment of continuous functions and the definition of 
the definite integral. The book concludes with a chapter containing 
the following topics: uses of the first and second derivatives in study- 
ing the properties of functions and in tracing curves; indeterminate 
forms; series expansions of the logarithm and the inverse tangent; 
Taylor's formula with remainder; Euler’s formulas. 

The emphasis throughout is upon hypotheses, definitions, and fun- 
damental concepts. The book begins with a brief discussion of the 
characteristics of mathematics as a discipline. There are some good 
observations about the importance of clear definitione and about the 
necessity for proof even of the intuitively obvious. The proofs of cer- 
tain theorems (the properties of functions continuous on a closed 
interval, and the sufficiency of the Cauchy convergence criterion) are 
omitted. It is interesting to note, in comparison with Ámerican prac- 
tice in introductions to calculus, that nearly one fourth of the book is 
taken up with the subject matter of the first two chapters alone. 

Roughly one fourth of the book is devoted to exercises. Virtually 
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all of these pertain strictly to analysis; there are no applications to 
physics or the other sciences, nor to the calculation of volumes and 
arc lengths. Analytic geometry is used sparingly. There are relatively 
few (48) figures; these are uneven in quality. 

Several interesting and unusual features deserve brief mention. 
There is a short discussion of the possibility of defining the inverse 
trigonometric functions by definite integrals, and then studying the 
trigonometric functions as the inverses of the functions so defined. 
The history of elliptic integrals and the theory of elliptic functions 
is cited in this connection (pp. 206-207). There is a beautifully simple 
discussion of the law of natural growth (pp. 262-263). There is a more 
than usually full discussion of the computing of logarithms by series 
(pp. 337-340). 

ANGUS E. TAYLOR 


NOTES 


Professor E. S. Pearson of University College, London, has re- 
ceived the honor of being named Commander of the Order of the 
British Empire. 

The following have been elected honorary members of the Royal 
Society of Edinburgh: Professor P. A. M. Dirac of the University of 
Cambridge, Professor Emeritus Jacques Hadamard of the Collége de 
France and l'École Polytechnique, and Professor Emeritus G. H. 
Hardy of the University of Cambridge. 

Among the new members recently elected to the American Acad- 
emy of Arts and Sciences were the following members of the American 
Mathematical Society: Professor J. L. Barnes of Tufts College, Pro- 
fessor Subrahmanyan Chandrasekhar of Yerkes Observatory, Uni- 
versity of Chicago, and Profesaor O. E. Neugebauer of Brown Uni- 
versity. 

Professor Theodor von Kármán of the Guggenheim Aeronautics 
Laboratory, California Institute of Technology, has been elected to 
membership in the Royal Society. 

Professor Emeritus L. L. Dines of Carnegie Institute of Technology 
has been awarded the honorary degree of doctor of laws by the Uni- 
versity of Saskatchewan. 

Professor Norbert Wiener of Massachusetts Institute of Technol- 
ogy has received an honorary degree from Tufts College. 

Associate Professor К. F. Rinehart of the Case School of Applied 
Science has received the Medal for Merit from the United States 
Navy and the Medal of Freedom from the United States Ármy. 

Professor B. L. Remick of Kansas State College of Agriculture and 
Applied Science has retired with the title emeritus. 

Professor D. H. Richert of Bethel College, North Newton, Kansas, 
has retired with the title emeritus. 

Dr. D. S. Miller and Dr. W. C. Strodt have received fellowship 
appointments for 1946-1947 from the National Research Council. 

Assistant Professor T. A. Bancroft of Iowa State College of Agri- 
culture and Mechanical Arts has been appointed to an associate 
professorship at the University of Georgia. 

Dr. Valentine Bargmann of the Institute for Advanced Study has 
been appointed visiting lecturer at Princeton University. 

Dr. W. D. Berg has been appointed to a visiting assistant profes- 
sorship at Kenyon College. 

Associate Professor R. A. Beth of Michigan State College has been 
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appointed to a professorship of physics at Western Reserve Univer- 
sity. ` 
Associate Professor M. T. Bird of Utah State Agricultural College 
has been appointed to an assistant professorship at Allegheny College. 

Assistant Professor D. H. Blackwell of Howard University has been 
promoted to an associate professorship. 

Dr. Archie Blake has been appointed senior statistician in the Office 
of the Ármy Surgeon General, Washington, D. C. 

Assistant Professor W. E. Bleick of the Postgraduate School, 
United States Naval Academy, has been promoted to an associate 
professorship. 

Associate Professor Salomon Bochner of Princeton University has 
been promoted to a professorship. 

Dr. Т. A. Botts has been appointed to an assistant professorship 
at the University of Delaware. 

Associate Professor Richard Brauer of the University of Toronto 
has been promoted to a professorship. 

Dr. H. K. Brown of Lehigh University has been promoted to an 
assistant professorship of mechanics. 

Assistant Professor L. H. Bunyan of Rutgers University has been 
promoted to an associate professorship. 

Dr. К. S. Burington has been appointed chief mathematician in the 
Bureau of Ordnance. 

Dr. A. W. Burks of Swarthmore College has been appointed to an 
assistant professorship in philosophy at the University of Michigan. 

Mr. W. R. Callahan of Yale University has been appointed to an 
assistant professorship of mechanical engineering at Northeastern 
University, Boston, Massachusetts. 

Dr. J. D. Campbell of Rensselaer Polytechnic Institute has been 
promoted to an assistant professorship. 

Dr. C. R. Cassity of the New Mexico School of Mines has been pro- 
moted to an associate professorship. 

Assistant Professor Harold Chatland of Montana State University 
has been promoted to an associate professorship. 

Associate Professor Claude Chevalley of Princeton University haa 
been promoted to a professorship. 

Dr. D. E. Christie of Bowdoin College has been promoted to an 
assistant professorship. 

Dr. Paul Civin of the University of Buffalo has been appointed to 
an assistant professorship at the University of Oregon. 

Mr. C. A. Cope has been appointed to an assistant oe at 
the University of Georgia. 
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Dr. Robert Cortell of the College of the City of New York has been 
promoted te an assistant professorship. 

Dr. V. F. Cowling of Ohio State University has been appointed to 
an assistant professorship at Lehigh University. 

Associate Professor J. T. Culbertson of Southwestern University, 
Georgetown, Texas, has been appointed to an assistant professorship 
of Philosophy at Michigan State College. 

Mr. W. J. A. Culmer has been appointed to an assistant professor- 
ship at Hamline University, St. Paul, Minnesota. 

Dr. L. E. Cunningham has been appointed to an assistant pro- 
fessorship of astronomy at the University of California. 

Assistant Professor John DeCicco of the Illinois Institute of Tech- 
nology is on leave and will be a visiting associate professor at Colum- 
bia University. 

Associate Professor C. H. Denbow of Ohio University, Athens, 
Ohio, has been appointed to an associate professorship at the Post- 
graduate School, United States Naval Academy. 

Associate Professor W. J. Dixon of the University of Oklahoma has 
been appointed to an associate professorship at the University of 
Oregon. 

Dr. C. L. Dolph has been appointed a member of the technical 
staff of Bell Telephone Laboratories, Murray Hill, New Jersey. 

Dr. D. M. Dribin has been appointed research analyst with the 
Army Security Agency, Washington, D.C. 

Dr. Roy Dubisch of Montana State University has been appointed 
to an assistant professorship at Syracuse University. 

Dr. W. D. Duthie of the University of Michigan has been ap- 
pointed to a professorship in aerological engineering at the Postgradu- 
ate School, United States Naval Academy. 

Dr. J. E. Eaton of Queens College, Flushing, New York, has been 
appointed mathematician at the Naval Research Laboratory. 

Mr. W. R. Eikelberger has been appointed to an assistant profes- 
sorship at the University of Denver. 

Mr. D. H. Erkiletian of the University of Missouri has been pro- 
moted to an assistant professorship. 

Dr. A. B. Farnell of the United States Military Academy has been 
appointed to an assistant professorship at the University of Colorado. 

Dr. Herbert Federer of Brown University has been promoted to 
an assistant professorship. 

Assistant Professor D. G. Fulton of the University of New Hamp- 
ahire has been appointed to an associate professorship at Tufts Col- 
lege. 
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Dr. B. H. Gere of the Postgraduate School, United States Naval 
Academy, has been promoted to an assistant professorship. 

Dr. David Gilbarg of the Naval Ordnance Laboratory has been 
appointed to an assistant professorship at Indiana University. 

Assistant Professor B. E. Gillam of Drake University has been pro- 
moted to an associate professorship. 

Dr. L. J. Green of Case School of Applied Science has been pro- 
moted to an assistant professorship. 

Mr. Edison Greer of the University of Kansas has been appointed 
to an associate professorship at Kansas State College. 

Assistant Professor P. R. Halmos of Syracuse University has been 
appointed to an assistant professorship at the University of Chicago. 

Assistant Professor H. J. Hamilton of Pomona College has been 
promoted to an associate professorship. 

Assistant Professor R. W. Hamming of the University of Louisville 
has been appointed a member of the technical staff at Bell Telephone 
Laboratories, Murray Hill, New Jersey 

Dr E. A. Hedberg has been appointed to an associate professorship 
at the University of South Carolina. 

Assistant Professor A. E. Heins of Purdue University has been ap- 
pointed to an associate professorship at the Carnegie Institute of 
Technology. 

Dr. Olaf Helmer bas been appointed research mathematician at the 
Naval Ordnance Test Station, Inyokern, California. 

Dr. К. G. Helsel of Ohio State University has been promoted to 
an assiatant professorship. 

Dr. Erik Hemmingsen has been appointed to an assistant profes- 
sorship at the University of Georgia. 

Dr. J. G. Herriot of Stanford University has been promoted to an 
assistant professorship. 

Dr. Edwin Hewitt of the Institute for Advanced Study has been 
appointed to an assistant professorship at Bryn Mawr College. 

Assistant Profeasor F. E. Hohn of Guilford College, Guilford Col- 
lege, North Carolina, has been appointed to an assistant professorship 
at the University of Maine. 

Dr. P. L. Hsu has been appointed to an associate professorship at 
the University of North Carolina. 

Associate Professor G. B. Huff of the Southern Methodist Univer- 
sity has been appointed to an associate professorship at the Univer- 
sity of Georgia. 

Mr. W. N. Huff of the University of Rochester has been appointed 
to an assistant professoiship at the University of Oklahoma. 
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Dr. H. D. Huskey of the University of Pennsylvania has been ap- 
pointed to an assistant professorship at the University of Oklahoma. 

Assistant Professor S. B. Jackson of the University of Maryland 
has been promoted to an associate professorship. 

Dr. L. (G.) Jones has been appointed research engineer at General 
Precision Laboratory, Pleasantville, New York. ` 
Associate Professor E. C. Kennedy of the Texas College of Arts and 
Industries has accepted a position as research engineer with the Con- 

solidated Vultee Aircraft Corporation, Daingerfield, Texas. 

Dr. D. E. Kibbey of the United States Military Academy has been 
appointed to an assistant professorship at Syracuse University. 

Associate Professor B. O. Koopman of Columbia University has 
been promoted to a professorship. 

Dr. D. M. Krabill of West Virginia University has been appointed 
to an associate professorship at Bowling Green State University, 
Bowling Green, Ohio. 

Dr. Mary E. Ladue of Barnard College, Columbia University, has 
been promoted to an assistant professorship. 

Dr. J. A. Larrivee of the Applied Physics Laboratory, Johns Hop- 
king University, has been appointed to an assistant professorship at 
the University of Vermont. 

Dr. J. P. LaSalle has been appointed to an assistant professorship 
at the University of Notre Dame. 

Miss Mary A. Lee has been appointed to an assistant professorship 
at Sweet Briar College. 

Mr. (T.) H. Lee of Louisiana State University has been appointed 
to an adjunct professorship at the University of South Carolina. 

Assistant Professor B. A. Lengyel of the University of Rochester 
has accepted a position as physicist with the Naval Research Labora- 
tory, Washington, D. C. 

Associate Professor D. C. Lewis of the University of New Hamp- 
shire has been appointed to a professorship at the University of Mary- 
land. 

Dr. J. V. Lewis has been appointed to an assistant professorship at 
the University of Nevada. 

Assistant Professor C. C. Lin of Brown University has been pro- 
moted to an associate professorship. | 
Dr. J. F. Locke of the United States Naval Academy has been ар- 

pointed to a professorship at Birmingham Southern College 

Assistant Professor W. L. Massey of the University of Chattanooga 
has been promoted to an associate professorship. 

Professor C. E. Miller of the University of New Brunswick has been 
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appointed to a professorship at the University of Saskatchewan. 

Mr. R. A. Miller has been appointed to an assistant professorship 
at the University of Mississippi. 

Dr. W. M. Miller has been appointed to a professorship at Robert 
College, Istanbul, Turkey. 

Mr. W. B. Morgan has been appointed to an assistant professorship 
at Bluffton College, Bluffton, Ohio. 

Dr. Н. T. Muhly of the United States Naval Academy has been 
promoted to an assistant professorship. 

Ássociate Professor W. R. Murray of Franklin and Marshall Col- 
lege, Lancaster, Pennsylvania, has been promoted to a professorship. 

Assistant Professor E. N. Nilson of Mount Holyoke College has 
been appointed research mathematician at Pratt and Whitney Air- 
craft, East Hartford, Connecticut. 

Assistant Professor J. W. Odle of Pennsylvania State College has 
been appointed acting head of the mathematics section, Naval 
Ordnance Test Station, Inyokern, California. 

Mr. E. R. Ott has been appointed to an associate professorship at 
Rutgers University. 

Dr. O. G. Owens of the University of California has been appointed 
to an assistant professorship at the University of Nevada. 

Associate Professor Gordon Pall of McGill University has been ap- 
pointed to a professorship at Illinois Institute of Technology. 

Dr. A. M. Peiser has been appointed to an assistant professorship 
at Rutgers University. 

. Dr. C. К. Phelps has been appointed to an ЕА professorship 
at Rutgers University. 

Dr. R. S. Phillips of the Massachusetts Institute of Technology has 
been appointed to an assistant professorship at New York University. 

Dr. Harry Pollard of Yale University has been appointed to an 
assistant professorship at Cornell University. 

Associate Professor R. G. Putnam of New York University has 
been promoted to a professorship. 

Miss Margaret Ramsey of Linfield College, McMinnville, Oregon, 
has been promoted to an associate professorship. 

Associate Professor G. E. Raynor of Lehigh University has been 
promoted to a professorship. 

Mr. E. K. Ritter has been appointed to an assistant professorship 
at the Postgraduate School, United States Naval Academy. 

Dr: H. E. Robbins of New York University has been appointed to 
an associate professorship at the University of North Carolina. 

Assistant Professor M. S. Robertson of Rutgers University has been 
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promoted to an associate professorship. 

Dr. D. Н. Rock has been appointed to an assistant professorship at 
Iowa State College. 

Ássistant Professor Árthur Rosenthal of the University of New 
Mexico has been promoted to an associate professorship. 

Dr. Robert Schatten of the Institute for Advanced Study has been 
appointed to an associate professorship at the University of Kansas. 

Associate Professor C. H. W. Sedgewick of the University of Con- 
necticut has been promoted to a professorship. 

Dr. J. K. Senior of the University of Chicago has been promoted 
to an associate profeseorship. 

Dr. C. B. Smith has been appointed to an associate profeseorship 
at the University of Florida. 

Professor I. S. Sokolnikoff of the University of Wisconsin has been 
appointed to a professorship at the University of California at Los 
Angeles. 

Mr. E. L. Stanley of Clemson Agricultural College, Clemson, South 
Carolina, has been promoted to an assistant professorehip. 

Dr. A. C. Sugar of Brown University has been appointed to an as- 
sociate professorship at Oklahoma Agricultural and Mechanical Col- 
lege. 

Dr. Feodor Theilheimer ef Trinity College, Hartford, Connecticut, 
has been promoted to an assistant professorship. 

Mr. J. S. Thompson has been elected president of The Mutual 
Benefit Life Insurance Company, Newark, New Jersey. 

Mr. C. W. Topp of Fenn College, Cleveland, Ohio, has been pro- 
moted to an assistant professorship. 

Associate Professor A. W. Tucker of Princeton University has been 
promoted to a professorship. 

Assistant Professor С. В. Tucker of Kansas State Teachers College, 
Emporia, Kansas, has been promoted to an associate profeasorship. 

Assistant Profeasor H. L. Turrittin of the University of Minnesota 
has been promoted to an associate professorship. 

Assistant Professor К. J. Walker of Cornell University has been 
promoted to an associate professorship. 

Professor Н. S. Wall of the Illinois Institute of Technology has been 
appointed to a professorship at the University of Texas. 

Dr. W. R. Wasow of New York University has been appointed to 
an assistant professorship at Swarthmore College. 

Associate Professor M. A. Zorn of the University of California at 
Los Angeles has been appointed to a professorship at Indiana Uni- 
versity. 
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The following appointments to instructorships are announced: 
Brown University: Mr. Winfield Keck; Columbia University: Dr. 
T. W. Anderson, Mr. J. L. Bogdanoff; Dartmouth College: Dr. Wil- 
liam H. Durfee, Dr. W. C. G. Fraser; Fenn College, Cleveland, Ohio: 
Mr. Е. Н. McGar; University of Florida: Mr. К. С. Blake, Mr. R. E. 
Lee, Mr. W. L. Pickard, Mr. J. W. Young; University of Georgia: 
Mr. Eugene Park; Harvard University: Dr. Lowell Schoenfeld; 
Hofstra College, Hempstead, New York: Miss Ethel M. Hove; Uni- 
versity of Illinois: Mr. B. E. Meserve; Johns Hopkins University: 
Dr. Murray Mannos; Madison College, Harrisonburg, Virginia: Miss 
Mary F. Suter; Massachusetts Institute of Technology: Dr. F. E. 
Bothwell, Dr. A. V. Martin; University of Michigan: Dr. W. F. 
Eberlein, Dr. Leonard Tornheim; Montana State University: Mr. 
Walter Hook; Mount Holyoke College: Miss Grace E. Bates; Paul 
Smith's College of Arts and Sciences, Paul Smiths, New York: Miss 
Dorothy I. Coyne; Princeton University: Mr. Richard Bellman; 
Rensselaer Polytechnic Institute: Mr. A. F. Bartholomay; Syracuse 
University: Dr. Ruth. O. Goodman, Miss Kathryn A. Morgan; 
Temple University: Miss Irma R. Moses; United States Naval Acad- 
emy: Mr. K. F. McLaughlin; University of Virginia: Mr. V. L. Klee; 
Washington University: Mr. R. E. Roberson; University of Wiscon- 
sin: Dr. R. E. Fullerton; Wright Junior College: Miss Alice M. 
Christiansen. 

Assistant Professor А. S. McMaster of the University of Colorado 
died May 24, 1946. He had been a member of the Society since 1929. 

Dr. J. A. Miller of Wallingford, Pennsylvania, died June 15, 1946, 
at the age of eighty-seven years. He had been a member of the Society 
since 1899. 

Associate Professor A. E. Staniland of the University of Pittsburgh 
died June 28, 1946, at the age of forty-eight years. 

The editors wish to correct an error which appeared in the Notes 
department of the July issue of the Bulletin, page 610. Dr. Shiffman’s 
appointment at New York University was at the rank of associate 
professor. 


ABSTRACTS OF PAPERS 
SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary and the 
Associate Secretaries of the Society for presentation at meetings of the 
Society. They are numbered serially throughout this volume. Cross 
references to them in the reports of the meetings will give the num- 
ber of this volume, the number of this issue, and the serial number of 
the abstract. 


ALGEBRA AND THEORY OF NUMBERS 


262. P. T. Bateman: On the representations of a number as the sum 
of three squares. 


In determining r,(5), the number of representations of a positive integer м as the 
sum of s squares, it is known that the singular series o,(w) constructed by Hardy 
(Trans. Amer. Math. Soc. vol. 21 (1920) pp. 255—284) gives exact results for 35538. 
For 5 2:58 Hardy proved this by showing that the function ¥,(r) = 1--У sppe (n), 
(r) >0, has exactly the same behavior under the modular subgroup Г; as the function 
д›(0| 1) m (QOL TTT) m 1-419 amarna, For s=3, 4 the double series of partial 
fractions for ¥,(r) which Hardy used to establish the modular properties of Y,(7) is 
no longer absolutely convergent, even though the proof is correct formally. For s=4 
absolute convergence is easily restored by grouping terms, but for s=3 this is not 
possible. In this paper the case s=3 is successfully treated by supplementing the 
Hardy method with a limit process of the kind used by Hecke in defining his general- 
ized Eisenstein series, There are some analytical intricacies in applying the limit proc- 
ess, but no formal difficulties. A particular result is that for м square free, 7:(я) 
= Cry? 57 (—и/) 1, where Cm0 if nm 7 (mod 8), C=16 if #3 (mod 8), 
and Cm 24 if m1, 2, 5, 6 (mod 8). (Received July 13, 1946.) 


263. Garrett Birkhoff and P. M. Whitman: Represeniaison iheory 
for certain non-assoctative algebras. 


It is known that the ways of embedding a Lie algebra L in a linear associative 
enveloping algebra are all obtained from a “universal” enveloping algebra A,(Z) with 
infinite basis, by setting a suitable ideal of L equal to zero. It is shown that a corre- 
sponding theorem holds for any Jordan algebra J, but that 4,(J) has a finite basis if J 
does. Particular examples are worked out for Lie and Jordan algebras. If L or J is 
“solvable,” then the finite basis theorem is valid in A,(L) and A,(J). (Received July 
15, 1946.) 


264. A. T. Brauer: Limits for the characteristic roots of a тайча. 


Let А = (а) be a matrix with real or complex elements. Set ein - R,, 
bM Qo | =T); I8X,.1,, . - a Ru] “К, таху-1.з,.. «Т | Т; R,— |а| ™ Pr, 
Гу |аухх| =Q. It is proved that each characteristic root оу of A lies in at least one 
of the circles [s—aa| SP, and in at least one of the circles |s—ay,| 5 Оу. It follows 
that | | S min (R, T). This generalizes a result of Frobenius for matrices with posi- 
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tive elements and improves results of E. T. Browne, W. V. Parker, and A. B. Farnell. 
Also тах | «| = min (R, T) if and only if Res Ram +++ =R, or Tim Tams: - T, 
and if arg (a) *$-F4«— Фу. И these conditions are satisfied, then e»«* min (R, T) 
is one of the characteristic roots. Suppose that A has real elements. If for a given m 
and for each à one has |as —ax| >Pa+Py, then the circle |за. | SP. contains 
one and only one characteristic root; this root is real. If this holds for each m, then 
all the characteristic roots are real. (Received July 13, 1946.) 


265. Ellen F. Buck and R. C. Buck: A note on fintiely-addttive 
measures. 


In the space I of integers, the class D, of sets which are essentially finite unions 
of arithmetic progressions forms a finitely additive measure class. If S is a countable 
space and Q isa countable family of subsets of S which are measurable under a finitely 
additive measure function, satisfying certain simple restrictions, there exist one-to-one 
point transformations of S into J which preserve measure in the Carathéodory closure 
of Q. This is in a sense a stronger form of a theorem stated by Ulam. The topology in 
I determined by the class D, is also discussed. (Received July 12, 1946.) 


266. К. C. Buck: The measure-theoretic approach to density. 


Ordinary density, D(A) —-lim #/ax, has some of the properties of a finitely additive 
measure on the countable space J composed of the positive integers. This paper is 
devoted to an analysis of a special measure u obtained by applying the Carathéodory 
extension to a simple basic measure-density. The measurability and nonmeasurability 
of certain sets is proved using methods of elementary number theory; in particular, 
if a is irrational, the set { [aw-I-8]] intersects every set of positive measure in an in- 
finite set, and is nonmeasurable. Sequences of sets are used to show that the range of 
values of и is the closed unit interval. Generalized limit densities are discussed, using 
properties of regular summability transforms; it is shown that if A is any set having a 
positive limit density, determined by a regular transform, and if A does not contain 
a pair of consecutive integers, then there is a set B, also having a generalized density, 
such that AUB and Af )\B do not. (Received July 12, 1946.) 


267. C. J. Everett and H. J. Ryser: Ratsonal vector spaces. 


Infinite-dimensional rational vectors spaces V(R) are isomorphic if their cardinals 
are equal. Every cardinal is the cardinal of some V(R). There is no universel V(R). 
Spaces V(R) with ratonal inner product possess analogues of Schwarz, Bessel, tri- 
angle, and Hadamard inequalities, and Schmidt process. Necessary and sufficient 
conditions that a norm be an inner product norm are given. Inner products in finite- 
dimensional V(R) are completely determined via the Hasse invariants. Infinite inner 
product spaces are studied in the countable, and in the separable case. Legendre 
polynomials arise naturally in the former. Normal algebraic number fields R(») with 
normal maximal real subfield admit trace T'(«fi) as inner product (a, 8). A field with 
basis 31, * - * , 8 so that 7(8,8,) = 8, is called an I-field. The only quadratic I-field 
is R(s); every normal cubic is; the cyclotomic (f?) field is if and only if p2. Dirichlet 
I-felds are determined. The function [la] = (T(aa))'* is a pseudo-valuation of R(p), 
the [| ||-completion of which is a direct sum of s real or #/2 complex fields. (Received 
June 17, 1946.) 
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268. J. S. Frame: On the reduction of the conjugating representation 
of a finite group. 

Let y be a column vector whose entries are the р elements y; of a finite group С, 
so arranged that the А, elements of a class of conjugate elements C, (c1, - +» 7) 
come together. The gg permutation matrices R(y,) and L(y,) of the right and left 
regular representations, respectively, are defined by the equations vy; (тх), 
vor = Loy. Write ys tyrim P (y) т, where P (yo) = L(y 73) RGro, and call the permuta- 
tion representation P of degree р, whose matrices are P(y,), the conjugating representa- 
tion of G. Because of the arrangement of group elements, P is a direct sum of transitive 
permutation matrix representations P, of degrees ke, om 1, - - - , 7, each of which is 
the same as a group of permutations on the right cosets of the normalizer N, of an ele- 
ment of C,. A g X g “entry” matrix Z =||s,|| with unitary orthogonal columns is defined 
by assigning to the fth row in a specified order the? s, = g linearly independent entries 
(or coefficients) for the group element yin a complete set of r nonequivalent irreduci- 
ble representations Г,. The principal theorem states that the representation Z 1PZ 
is the direct sum of the representations I, XT,. Some illustrations and consequences 
of this are discussed. (Received July 11, 1946.) 


269. S. A. Jennings: The group ring of a class of infinite ntlpotent 
groups. 

Let G be a nilpotent group with lower central series G= H, DH; +++ DH, 
DH, е {1} such that Hy/Hyy1,¢—1,2,+++,¢, is a direct product of a finite num- 
ber of infinite cyclic groups, and let Г be the group ring of G over any field of charac- 
teristic 0. The structure of Г is studied, and in particular it is shown that T contains 
a two-sided ideal A such that T/A is isomorphic to the coefficient field and / \А» = 0. 
By taking the powers of the ideal A as a system of neighborhoods of 0 a natural 
topology may be introduced in T. If I, A* are the completions of Г, A m this topology 
then A* is the Jacobson radical of Г”. The methods of this paper are similar to those 
of an earlier investigation of the group ring of a p-group over a field of characteristic 
p (Trans. Amer. Math. Soc. vol. 50 (1941) pp. 175-185). (Received July 15, 1946.) 


270. B. E. Meserve: Inequalsites of higher degree. 


A system compoeed of a finite number of inequalities of the form 0 «f where f 
is a real-valued function of real variables z;, s, ++ +, x, has as content all sets of x's 
(or points) for which 0 «f is satisfied. Bounds are determined for the number & of 
segments, a «x <В, in the content of a single inequality 0 «f where f is a polynomial 
and for the number К of segments in the content of a finite system 0 « р(х). The con- 
tent of a single polynomial inequality in two indeterminates is discussed. A system 
O«bE, ($—1,2,*** , m) where E, is the elementary symmetric polynomial of de- 
gree £imz, x4, © °°, Sa basa solution if and only if 0 545,5, - - + бы. General solutions 
are given for several particular systems 0 < E. (Received July 3, 1946.) 


271. C. N. Moore: On the infinstude of prime pairs. 


In his address entitled Geldste und ungel dsie Probleme aus der Theorte der Primsakl- 
verieijung und der Riemannschen Zetafunkison, delivered at the Fifth International 
Congress of Mathematicians (Cambridge, 1912), Edmund Landau mentioned four 
problems which be regarded as “unangreifbar beim gegenwartigen Stande der Wissen- 
schaften." One of these problems was the question of the infinitude of prime pairs. 
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It therefore seems desirable to place on record any attack on this problem that gives 
promise of leading to a solution. In the present communication the problem is solved 
under the assumption of an unproved property of the functions corresponding to 
certain types of Dirichlet’s series. The Dirichlet’s series in question are similar to 
those that correspond to the functions (L'/L)(s, x), arising in the discussion of the 
number of primes in an arithmetic progression, and the property assumed for the re- 
lated functions ів one possessed by the functions (L'/L)(s, x). Accordingly the as 
sumption, which concerns the asymptotic behavior of the related functions on certain 
curves asymptotic to the axis of imaginaries, appears at least equally reasonable with 
the classical Riemann hypothesis regarding the roots of the zeta-function. (Received 
July 2, 1946.) 


272. Irma R. Moses: On the represeniation, tn the ring of p-adic 
integers, of a quadratic form in n variables by one in m variables. 


The following theorem is proved: Let S and T be symmetric, nonsingular, ration- 
ally integral matrices, of dimensions m by m and я by s respectively. If there exist a 
real transformation and transformations in all p-adic rings, each taking S into T, 
then there exists a rational transformation without essential denominator, taking S 
into T. This theorem was proved by C. L. Siegel (Amer. J. Math. vol. 63 (1941) pp. 
678—680) in case эк =н. A considerable portion of his proof must be modified in case 
t y&x. The modification consists principally in establishing the hypothesis of another 
theorem of Siegel (Ann. of Math. vol. 36 (1935) p. 536), which gives a relation be- 
tween p-adic transformations taking S into Т; or, more specifically, it consists m show- 
ing that a certain determinant is nonvanishing. In doing this, the author uses canoni- 
cal forms for T in the p-adic rings. In the case of the 2-adic ring, canonical forms were 
obtained from some results of B. W. Jones (Duke Math. J. vol. 9 (1942) pp. 726-727) 
and Gordon Pall (Quart. J. Math. Oxford Ser. vol. 6 (1935) pp. 35-38). (Received 
July 16, 1946.) 


273. C. E. Rickert: The singular elements of a Banach algebra. 


An element of a B-algebra c/f is said to be regular provided it possesses a two-sided 
inverse, otherwise it is seid to be singular. И there exista {su} Ce such that |а| =1 
and either 213,0 or s,z—0, then x is called a gensralisod null-devisor (g.n.d.) (Silov, 
С.К. (Doklady) Acad. Sci. URSS. vol. 22 (1939) pp. 7-10). If x is a g.n.d., then it is 
necessarily singular in every B-algebra which contains e4. If every singular element 
o d ipaq. then е/ is said to be proper. The class P of all elements of «/f, not 
g.n.d., is an open set and the component of P which contains tbe identity element is a 
group under multiplication. This generalizes a result of M. Nagumo (Jap. J. Math. 
vol. 13 (1936) pp. me It follows that, г is connected, oA is proper. «4 will also 
be proper if it possesses adjoint operation. If e/f is commutative and 
its norm satisfies аасы condition iion [esl =| | = ||], m it can be embedded in a B-algebra e/f' 
which is proper and in which every element of A, not a g.n.d., is regular. (Received 
July 13, 1946.) 


274. R. M. Robinson: Primilive recursive functions. 


Recursion with one parameter has the form F(s, 0)eA(w), F(s, x+1) 
m B(x, x, F(u, x)). lf B(x, x, y) does not depend on the parameter я, the scheme is 
called iteration; if it does not depend on x, pure recursion; and if it depends only on 4, 
pure iteration. It is shown that all primitive recursive functions, that is, all arithmeti- 
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cal functions which can be obtained from the identity, zero, and successor functions, 
by repeated substitutions and recursions with any number of parameters, can be 
defined using recursion only in the special form of iteration with one parameter. It is 
shown further that still more special schemes are sufficient if certain adjunctions are 
made to the initial functions: pure recursion with one parameter, if the predecessor 
function is adjoined; pure iteration with one parameter, if the characteristic function 
of squares is adjoined; recursion with no parameter, by adjoining sum and the charac- 
teristic function of squares, or absolute difference; pure recursion with no parameter, 
by adjoining sum and excess over the preceding square, or absolute difference and the 
characteristic function of squares. In the last case, sum and the characteristic func- 
tion of squares would not be sufficient to adjoin. (Received July 11, 1946.) 


275. R. D. Schafer: Concerning automorphisms of non-assoctative 
algebras. 


М. Jacobson pointed out (A note om non-assoctatios algebras, Duke Math. J. vol. 3 
(1937) pp. 544—548) that an automorphism S of a non-associative algebra 31 deter- 
minesin a natural way an automorphism Z of the (associative) transformation algebra 
TŒ). Let A have unity element 1. With a suitable multiplication defined, the set of 
residue classes of 7 (V) modulo R, the right ideal of transformations NET(A) an- 
nihilating 1, forms an algebra equivalent to Ж. Then S— Z defines a natural isomor- 
phism between the automorphism group @ of A and the group $ of all automorphisms 
Z of T(31) under which 3t and the right multiplication space R(W) are their own 
images. The study of © reduces to that of a well-defined subgroup $ of the automor- 
phism group of the associative algebra Т(#). (Received July 15, 1946.) 


276. A. R. Schweitzer: Sums and products of ordered dyads $n the 
foundations of algebra. II. 


The quasi-determinant A(a; a) = |, аца, | ($,/—1,2, -- - , 1; n-1,2, * --) 
is “modular” if the configurational sets of dyads A,, in its expansion are subject to 
equivalence relations; A(A; a) is then reduced relatively to the latter. This reduction 
may be effected (1) corresponding to the reduction (by equivalence relations) of the 
symmetric group С of degree я 4-1 to any subgroup Н of G (2) by assuming that two 
A,, are equivalent if they occur in a subgroup H of G or in the same co-set af G 
relatively to Н. Then if Ge H+} H „= НУ! ‘Hand if J, s.(I, з, ) are elements 
of the cyclic group of order #-+-1, numerical expressions result from replacing con- 
figurational sets corresponding to І, s,(I, sí) by roots of the equation s**1&1 with 
Gia yc ^oc c ауланы 91. For ff 91, AC; а) then reduces to a determinant. Another 
type of modular quasi-determinants is obtained by subjecting the dyads a,a, in 
A(^; а) to equivalence relations. For example, by assuming (1) ara, = ara; if and only 
if aga, and «ец occur in the same Ay, of a regular group, and (2) M; Aa if and only if 
aua, m ax, à modular “group quasi«determinant" is obtained analogous to the group 
determinant discussed by Frobenius and others. (Received July 11, 1946.) 


277. A. R. Schweitzer: Sums and products of ordered dyads $n the 
foundatsons of algebra. IV. 


The quasi-determinant A(^; a) in expanded form is interpreted as a special case 
of a hypercomplex number with group elements as units in a group algebra. More 
generally, a representation of a group algebra is based on the additión and multiplica- 
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tion of linear functions of ordered dyads Хьы(а) =) rma, m1, 2,-°°, +1) 
with coefficients +; in a suitable domain D (field Е) relatively to any given abstract 
group G of order m-+1 (m1, 2, + + +) represented as a regular group of configura- 
tional sets of dyads on m-++1 elements. Two dyads оңа, and aya; are then equivalent 
if and only if they occur in the same configurational set of dyads. Multiplication is 
determined by asa; Xaar a.a, and by the preceding equivalences, Other instances 
of dyadic representation of linear algebras are given by two examples: 1. Xi(a) 
x,0]xj--X»a,x; with equivalences очот ayes, cim —ayn. 2. Xala) m? оца; 
(j 1, 2, 3, 4) with equivalences corresponding to those given by the author (Math. 
Ann. vol. 69 p. 584). In both examples multiplication is determined by a,a;Xa,ay 
» ay and by the associated equivalences. (Received July 11, 1946.) 


278. М. C. Sholander: On the exssience of ihe inverse operation sn 
certain spaces. 

In a set 5 of elements x, y, - - - which admits a binary operation—here denoted 
by multiplication-—an element a will be called regular if both (1) ax *ay implies x = y 
and (1) xa = ya implies x — y. An element a will be called proper if for each element b 
in S there exist unique solutions х and y in 5 for the equations ax =b and ya =b, 
It is well known that if the multiplication is commutative and associative 5 can be 
imbedded in a space S’ of the same type in such a way that all elements regular іп .5 
are proper in S’. In this paper it is shown the imbedding process can also be carried 
out in case the multiplication is one satisfying the alternation law (ad) (cd) = (ac) (bd) 
and in case the regular elements of S are closed under multiplication. Thus if all 
elements of S are regular, S’ is a quasi-group of a type studied, for example, by D. С. 
Murdoch (Trans. Amer. Math. Soc. vol. 49 (1941) pp. 392-409) and R. H. Bruck 
(Trans. Amer. Math. Soc. vol. 55 (1944) pp. 19-52). Various conditions which insure 
the necessary closure property in S are given in the paper. (Received July 26, 1946.) 


279. T. M. Thomas: EAmtnanis. 


If R(a, b) denotes the resultant to two polynomials x(t), y(t) whoee constant terms 
are a, b, the polynomial R(a —s, b — y) in the two indeterminates x, y is the eliminant 
E(x, y) of x(0, y(i). This paper (1) proves E(x, y) «f*, where f is an irreducible poly- 
nomial and & is a positive integer; (ii) proves E(x, y) is reducible (1 <k) if and only 
if x(£, y(t) are also polynomials in a second parameter which is itself a polynomial 
of degree at least two in /; (iii) expresses in terms of E(x, y) algebraic conditions that 
a single polynomial »(/) be a polynomial in x(/) of degree b, where 1 <$ « deg y (these 
last polynomials have been called by Ritt composite polynomials, Trans. Amer. Math. 
Soc. vol. 23 (1922) pp. 51-66). (Received July 27, 1946.) 


280. J. H. M. Wedderburn: Note on Goldbach's theorem. 


It is shown in thie note that, if p and g are primes and r= (p4-9)/2 is e prime, then 
$-—43i5 a multiple of 12 unless r has the form 2p —3 or, when unity is reckoned as a 
prime, also r=2—1. The proof is elementary and depends on reducing modulo 12. 
Similar statements apply if g is replaced by —g. (Received July 30, 1946.) 


ANALYSIS 


281. R. P. Agnew: Methods of summability which evaluate sequences 
of zeros and ones summable C1. 
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It is shown that if A is a method of summability belonging to a famillar general 
clase, and if each divergent sequence of тегов and ones summable С, is summable A to 
the same value, then A must be regular. (Recetved July 13, 1946.) 


282, R. P. Agnew: Subserses of series which are not absolutely con- 
rer geni. 


If 0(1) +а(2) + - - - is a series of real or complex terms which fails to converge 
abeolutely, then there is an increasing sequence 1 &5s1«»4«m € ++ of integers such 
that иь мэ © as pœ o and the subseries a(»)) -a(m1) + ->> is divergent. (Re- 
ceived July 13, 1946.) 


283. H. P. Atkins: On fractional derivaisves of univalent funcitons. 


The following theorem is proved: If f(s) is analytic and univalent in the unit 
circle with /(0) =0 and f’(0) = 1, and if a is any real number and #-+-1 the smallest non- 
negative integer greater than a, then (without restriction if a $3, but assuming the 
Bieberbach conjecture if a»3) |4D7f( Уе, «D; OO | 3 — |era) 
: [aI(n--1—a, 24-2) + | s| I(» —a, 64-2) } for 540. Equality is attained for real posi- 
tive x by the function f(s) =s(1 —s) 1, The sum from 1 to s is to be interpreted as 0 
if » «1, and D? °70)(0) means the derivative of order a —j of the constant ft)(0). 
The function J(5, g) as used above represents the ratio of the incomplete beta function 
from 0 to |s] to the corresponding complete beta function. A correspondingly weaker 
relation may be obtained using the Littlewood inequality instead of the Bieberbach 
conjecture. The theorem is a generalization of a relation for a=0 and сі due to 
С. Pick and proved for the remaining positive integers by F. Marty (Sur les dérivdes 
d'une fonction unfociente, С. R. Acad. Sci. Paris vol. 194 (1932) p. 1308). (Received 
June 19, 1945.) 


284. J. D. Bankier: Modified regular continued fractions. Preliminary 
report. 


If the algorithm for the expansion of a real number, уе, into a regular continued 
fraction (r.c.f.), is modified by requiring that ba (#=0, 1,2, ^ - - ) be either the in- 
teger nearest to Ys, or, (1) if Ya = I--1/2, where J is an integer, J or 1--1 according 
as y, is positive or negative, the resulting expansion is called a modified regular con- 
tinued fraction (m.r.c.f.). The m.r.c.f. expansion terminates, if y, is rational, and does 
not have more elements than the corresponding r.c.f. If yo is irrational, its m.r.c.f. 
-expansion converges to the value yẹ at least as rapidly as the corresponding r.c.f. 
Necessary and sufficient conditions that a continued fraction be a m.r.c.f. are that its 
elements be integers such that (2) || 22, (3) if |] =2, 5 55,50 (—1,2,3, +++) 
and (1) holds if the continued fraction terminates. A m.r.c.f. is periodic if and only 
if it converges to a quadratic irrational. A method is given for obtaining the m.r.c.f. 
expansion of a number directly from the corresponding r.c.f. (Recetved July 2, 1946.) 


285. Stefan Bergman: The “extended class” in the theory of funcisons 
of two complex cartables. 

Let Mt be a domain with a distinguished boundary surface *. Let Н (я, в) bea 
* (real) continuous function defined on $j*. As is well known, there does not exist in 
general a biharmonic function (real part of an analytic function of two complex 
variables) which is regular in 24 and equals H(s;, si) on fy!. Let U = О Н, Н) be the 
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totality of functions which are biharmonic in open #4, continuous in closed 854, and 
such that for every BEV, B=H on $. Let U(s, э) -lim inf B(x, n), BE О, 
(ri, №) Є W. Similarly, let £, denote the totality of biharmonic functions for which 
B= Hon § and L(r,, ж) =lim sup B(s, з), BEL. Under certain assumptions on Н, 
it is possible to show that U = Lon the boundary m?of DH. A harmonic function of four 
real variables which assumes on m? these values is denoted as a function of M-extended 
class belonging to H. Various applications to the theory of value distribution of func- 
tions of two complex variables and to the theory of peeudo-conformal mapping are 
made. (Recetved July 15, 1946.) 


286. J. P. Brown: Cyclic characteristic curves of a system of differ- 
ential equaitons. 

Geometrical properties of the cyclic characteristic curves (c.c.c.), and in particular 
of the limit cycles.of Poincaré, corresponding to the periodic solutions of {dx/d# 
=X(x, y); dy/di- Y(x, y)} are studied. Hurewicz’s results (Ordénary differential 
equaitons in the real domain, Brown University, 1943) on the topology and stability 
of c.c.c. and of other limit sets of characteristic curves are restated. A curve without 
contac (c.w.c.) is defined to be a simple closed curve with continuously turning tan- 
gent, passing through no singularity of the vector field ((X, Y) and nowhere tangent 
to (X, Y). There are two types of c.w.c., according as the vector (.X, Y) points inside 
or outside the c.w.c. A c.c.c. is defined to be perststent if small arbitrary changes of 
X and Y change its position arbitrarily little. А c.c.c. is found to be persistent if and 
only if there exist c.w.c. of both kinds arbitrarily close to it. This result is interpreted 
in terms of the existence of limit cycles arbitrarily cloee to the c.c.c. Analogous defini- 
tions are set up and results obtained for the stable persistence of a c.c.c. (Received 
July 19, 1946.) 


287. C Ci Canin: Тин ай equations with kernels Raving disconiinus- 
hes along two diagonals. 


If the kernel of s(x) -AfK(x, y)u(y)dy is the smallest of the quantities x, y, 
1—x, 1—y, its partial derivatives have discontinuities along у= and у=1—х. For 
thie simple case (x) = C віп (2k-+-1)ex. An equivalent integro-differential system has 
been used to extend the theory to kernels which are more general. For example, if 
the kernel is normalized, has symmetry with respect to the line x=1/2, satisfies the 
condition of a constant jump in K. across the secondary diagonal, and if Kæ(x, y) 
multiplied by a certain constant poseesees & reciprocal kernel, then it may be shown 
that the usual expansion theorem holds for a function f(x) such that f(x) =f{(1—<) 
(Received July 15, 1946.) 


288. J. A. Clarkson: A characterization of C-spaces. 


The set C(T) of all bounded continuous real-valued functions x(t) defined over a 
topological space T is a real Banach space. The following conditions are shown to be 
necessary and sufficient for a given real Banach space B to be equivalent to a space 
of this kind (that is, a “C-space”). (Space B is not assumed to be a ring, or partially 
ordered.) (1) S, the surface of the unit sphere in В, contains an element v such that 
if x is any element of S, one of the two segments [z, v], [x, —v] lies in S. (2) Let (? 
be the set of all points x such that x lies on a ray terminating at апа passing through 
another point of S. Then (? has the property that the intersection of two of its trans- 
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lates is again a tranalate. The proof utilizes results of Kakutani concerning partially 
ordered Banach spaces (Concrete reprasentaison of abstrad (M)-spaces, Ann. of Math. 
vol. 42 (1941) pp. 994-1024). (Received July 6, 1946.) 


289. H. V. Craig: Os the structure of intrinsic derivatives. 


The primary purpose of the present paper is to express the Mth order iterated 
intrinsic derivative of a higher order absolute tensor as a contraction. A method is 
developed for constructing extensors from higher order tensors by differentiating with 
respect to the curve parameter. Contraction of these derived extensors with certain 
generalized components of connection yields the Mth order iterated intrinsic deriva- 
tive of the original tensor. The iterated intrinsic derivatives considered are the tensors 
obtained by repeatedly applying the classical intrinsic differentiation process of tensor 
analysis. (Received July 15, 1946.) 


290. Bernard Epstein: Integral representations of solultons of certain 
classes of partial differential equations. 


The method of integral operators developed by Bergman (see especially Trans. 
Amer. Math. Soc. vol. 53 and recent volumes of Duke Math. J.) is employed to study 
singularities of solutions of certain clasees of elliptic equations in three variables, in 
particular the existence of solutions having singularities only along a sequence of 
prescribed closed curves. As a preliminary step, a theorem for harmonic functions 
of three variables similar to the Mittag-Leffler theorem of function theory is estab- 
lished. Then the use of the integral operator method leads directly to an analogous 
theorem for solutions of the above-mentioned more general types of equations. 
Finally, a similar theorem is obtained for solutions of a certain class of nonlinear 
equations. (Received July 8, 1946.) 


291. N. J. Fine: On the Walsh functions. Preliminary report. 


In 1923 Walsh completed the Rademacher system and studied some of its prop- 
erties, pointing out the great similarity between the completed system and the trigo- 
nometric system. Ít is shown in the present paper that this similarity is not acci- 
dental, but is based on the fact that each system may be regarded as the character 
group of a certain compact commutative group. Some of the differences are shown 
to stem directly from the topological and algebraic structures of the underlying 
groupe. The behavior of the Fourier expansion of a given function in terms of the 
Walsh functions is studied in more detail, and certain conditions sufficient for con- 
vergence are obtained. Questions of (C, 1) and Abel summability are taken up for 
certain classes of functions. A discussion of the Lebesgue constants 1s given, covering 
their recursive and explicit representations, their generating function, and their maxi- 
mal and average orders. The Riemann theory for general Walsh series is developed, 
with some important differences in method. It is proved that a Walsh series which 
converges everywhere to an integrable function is the Fourier series of its sum. (Re- 
ceived July 24, 1946.) ‹ 


292. A. W. Goodman: On some determinants related to p-valent func- 
Hons. Preliminary report. 


The elementary inequality | sin мб /віп J Sn is generalized to give exact upper 
bounds for the ratios of certain fth order determinants involving sin мд, 
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$91, 2, * ++, p. Exact upper bounds are also obtained for analogous expressions 
involving cos #9; which are generalizations of | сов 0| 51. A similar result is ob- 
tained for the ratios of certain modified Vandermonde determinants. Bieberbach's 
conjecture that | b.| ж || for univalent functions is generalized to the set of func- 
tions -valent in the unit circle. It is shown that the first set of trigonometric inequali- 
ties has a relation to this generalized conjecture. (Received July 11 1946.) 


293. S. H. Gould: Lagrange multipliers and functional determinants. 


A geometric interpretation is given of the Lagrange multiplier rule, which is shown 
to be identical with the Jacobian rule for functional dependence with substitution 
of the words “stationary at a point" for “constant in a neighborhood." (Received 
July 12, 1946.) 


294. R. N. Haskell: Mean values and btharmontc polynomials. 


A clase of functions is studied which at the centers of regular polygons are equal 
to certain linear combinations of the areal and peripheral means of the functions on 
the polygons. Let Pa(xe yo; 7; V), | Pe(z« Yoi riy)] and | (so, уе; г; v) |, or for brevity 
P, |P| and |p|, be the closed finite region, its area and the length of the boundary 
respectively of the regular s-gon p, (xs, ye; r; y) whosecenter is at (xo, Yo). The letters 
rand ұ denote respectively the radius of the inscribed circle and the smallest positive 
angle made by any diagonal of the polygon with the positive x-axis. À typical result 
of the paper is the following. Given a function f(x, y) summable superficially in the 
interior of a finite simply connected domain D, я a fixed integer, я 2;3, and y fixed, 
then a necessary and sufficient condition that f(xs, ye) «2| P| ff efdtdg — | p| 17а 
hold at each point (xo, yo) of D, and for all Ф. (хь yo; 7; v) in D for which /,fds exists, 
is that f(x, y) shall be a biharmonic polynomial of degree at most s-1-2. (Received 
July 15, 1946.) 


295. M. H. Heins: On the Phragmén-Lindel of principle. 


The problem has been propoeed by Ahlfors (Trans. Amer. Math. Soc. vol. 41) 
to determine under the hypotheses of the classical Phragmén-Lindelóf principle for 
а half-plane whether or not lim,,,.(log M(r))/r exists in all cases, the notation being 
that conventionally used (cf. Nevanlinna, Fandewisge analytische Funktionen, p. 43). 
This question is answered affirmatively. The limit exists and is never finite and strictly 
negative. The proof is based upon the following lemma: Let f(s) denote a function 
which is analytic and of modulus not exceeding one for R(s)>0, let «denote a given 
positive number, and let E(r, e) denote for given r the set of 0 for which log | f(re“)| 
< — er. If lim sup,.,.meas. E(r, e) 20, then there exists a strictly positive constant к 
such that |f(s)| Sexp[—«R(s)] for (к) 0. This lemma admits generalization in 
many directions and taken with its generalizations serves as a useful instrument for 
investigating the properties of the class of functions which are admitted by the hy- 
potheses of the Phragmén-Lindelóf principle and in addition satisfy lim,..(log M(r))/r 
< + œ. (Received June 10, 1946.) 


296. J. G. Herriot: On the restricted summability of muliiple Fourier 
series. Preliminary report. 


Consider the Fourier series of an integrable function of & variables, periodic of 
period 2x in each variable. In a previous paper (Duke Math, J. vol. 11 (1944) pp. 
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735—754) the author showed that if #23, restricted Abel summability and many re- 
stricted multiple Nórlund methods including restricted (C, a, В, - • •, к), а, 8, - * *,x 
2:0, applied to such Fourier series do not possess the localization property. Bochner 
(Trans. Amer. Math. Soc. vol. 40 (1936) pp. 175-207) showed that the same result is 
true for restricted Riess summability of type X, * and any positive order. It is now 
shown that restricted Riesx summability of type A4»! and non-negative integral 
order 8 applied to such Fourier series does not possess the localization property for 
555—2. The condition 454—2 is necessary at least for k 25 since it is shown that 
restricted Riesz summability of type A, =? and non-negative integral order ё applied 
to these Fourier series does possess the localization property for 8g k—1 provided 
834. This contradicts a remark of Bochner that these methods possess the localization 
property if 8 k but not if 5 « k. It is conjectured that the restriction 64-4 is not es 
sential. (Received July 10, 1946.) 


297. H. К. Hughes and Cleota G. Fry: Asymptotic developments of 
types of generalized Bessel functions. 


Methods already developed by W. B. Ford, Newsom, and Hughes are employed 
to obtain general theorems giving the asymptotic behavior in the neighborhood of 
gm e of theentire functions fi(s) -2 ^ ,s*/T (kw--g) (n --9) 1>0;1-+-%>0) and fals) 
m e SIT (en 4-9) / T (I +E) (>k 0), where P and g are any suitable real or complex 
constants, From these theorems follow the asymptotic expanaions of several impor- 
tant functions of Bessel types. One of these functions is the “generalized Beseel func- 
tion” j(s) =}. s*/s1 T (kn--q), k» —1. (Received July 13, 1946.) 


298. D. C. Lewis: On polynomial interpolation and extrapolation by 
least squares with arbitrary weight function. 


Let G*" (s, f) be defined as that polynomial in x of degree not greater than я which 
best fits (in the sense of least squares with distribution, a(x), having at least м-|-1 
points of increase, on the interval aS x 3 b) the function g(x, i) defined as follows: 
£g"? (x, t) m (2-0) for az i, and g™ (x, £) m0 for tx 56. Let f(x) be any continu- 
ous function (defined for A $3x3B, with A 3a«ba3 B) with continuous derivatives 
up to and including the one of order m —1, and let the mth derivative f (x) exist 
almost everywhere (including the points xa and +=}, where it is also continuous) 
and let f(x) be of bounded variation. Let P,(x) be the polynomial of degree not 
greater than ж which best fits f(x) on the interval a 9235 with respect to the same dis- 
tribution a(x). It is proved in this paper that the following formula holds at every 
point on the interval A Sx3B with 1mm: f(a) = Р„() (1/10) fo (x — о 
4-(1/m1) АС (x, DA (t). Certain generalizations of this theorem are also 
(Received July 8, 1946.) 


299, Szolem Mandelbrojt and С. К. MacLane: On funcisons holo- 
morphic in a strip region and an extension of Watson's problem. 


Let A be a region in the s=o-}-+t plane given by ea (ag, — æ), n <g(o), where 
gle) is of bounded variation in (a, ©) and lim,a(o) -x/2. Let N(o) be an increasing 
function, and let Slo) == /2f*(1/g(x))ds, с>а. A necessary and sufficient condition 
that there exist a function F(s), not identically zero, holomorphic in A, continuous in 
the closure of A, and satisfying the inequality | F(o-+ig(s))| Slog M(c) 5 — N(e), 
where M(c) = Махи) F(o+##)|, is that (1) J, Ne) 8(0do < c. If moreover g' (e) 
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exists with |g'(c)| <M, glo) (л) >A(or—01) (A <0, e^o) then if F(s) 340, 
f. log | Floig(c)) |72900 > — o. If My >0 (n2 1) and if lim Mi = ©, then a neces- 
sary and sufficient condition (since F(s) is holomorphic in A, continuous in the closure 
of A, and satisfies there the inequalities | F(s)| < Me™ (ж 2,1) implying that F(s) m0) 
is that (2) >. exp [—S(log( M2,:/ M) |= =, where { М} is the convex 

sequence of {M,}, regularized by окай Еа; These theorems generalize classical 
theorems known for the case in which A is the strip n « 1/4, S(c) *« —c, and (2) be- 
comes УМ М че ©. (Received June 11, 1946.) 


300. P. R. Masani: Laurent factorization of analytic functions $n 
normed rings. 


Let Р, and D, be regions in the complex plane, Р « Р. VD4940, and f be an analytic 
function on D which possesses an inverse, with values in a normed ring X. This paper 
shows that under suitable assumptions as to D; and D, f can be factored on D: 
f(s) —fi(s) : fa(s), where fı and fs are analytic and possess inverses on D; and D; respec- 
tively. This question, which is deep when X is not commutative, has been studied for 
matrix-valued functions by Plemelj, G. D. Birkhoff, and H. Cartan. In this paper 
their results are generalized and proved by product integration. It is first shown that 
every function f analytic inside a closed contour C and continuous on C admits the 
Cauchy product integral representation exp (2rif(s)) =.# [1-- De (exp/(r s) Yar} 

-dw |. Here sis a point inside C, 1 is the unit of X, D, denotes product differentiation, 

J stands for the additive integral along C from a fixed point to w, and $ stands for 
the product contour integral along C. From here on this proof is practically perallel 
to the classical proof of Laurent's theorem. (Received Jüly 9, 1946.) 


301. P. R. Masani: Mulitplicative Riemann integration in normed 
rings. 


The author studies Riemann product-integration of functions from a real interval 
with values in a normed ring X. Volterra, Schlesinger, and Rasch have treated con- 
tinuous matrix-valued functions. Garrett Birkhoff has studied continuous functions 
in an infinite-dimensional nonlinear space. The present theory is completely general 
in that it includes discontinuous functions. This extension is not trivial for even 
functions discontinuous everywhere may be R-integrable; and the product of such 
functions need not be R-integrable. The following results are obtained: properly prod- 
uct integrable functions are bounded; additive and product integrability are equiva- 
lent; the class of R-integrable functions is not in general a ring, when X is infinite- 
dimensional; the Peano-series development is valid, if the integrand is R-integrable; 
the indefinite product integral and product primitive agree up to a constant factor, 
whenever both exist; the rule for product integration by parts holda if the functions 
involved are R-integrable; the familiar method of integration after change of variable 
is generally valid. (Received July 9, 1946.) 


302. Josephine M. Mitchell: Value distribution of a function of two 
complex variables $n a domain with distinguished boundary surface. 

The author considers meromorphic functions f(s, =) of two complex variables 
Sam x+n k= 1, 2, In а certain clase of domains with distinguished boundary sur- 
face F?, namely in Mad us BH n) where Buy” ) is a domain in the plane EN 
bounded by a simple closed curve b!(g")- [а = А(7, 3), O33 32x], ka, 0) 
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m k(x” , 2x). Domains with distinguished boundary surfaces were introduced by 
S. Bergman (Math. Деп. vol. 39 (1934) pp. 76-94, 605—608). Ав an example cases 
where h(a, X) =) i. Аба)", Alh) analytic in |а 51, are discussed. The notion 
of density function D(a, жт, m) in M'* with respect to Pad uisa) of the surfaces 
f(t, в) =a is introduced and bounds are derived for D(a, ж, m). Let К? be a manifold 
which lies in P: E? =} 93134 СО), 0 «a 24, where CHA) = E [n = В (ж, X), а = (1, X), 
05121], x(0) =0, [x.(1)| - 1. By means of the Milloux theorem and a method indi- 
cated by Bergman (Travaux de l'Institut Mathématique de Tbilisei vol. 1 (1937) 
pp. 187—204) the author obtains theorems concerning the value distribution of f in 
Ж in terms of D(0, s, з), D( ©, э, я) and the maximum of [f| on РЗ. (Received July 
10, 1946.) 


303. George Piranian: Infinite Негайоп of totally regular iransforma- 
Mons. Preliminary report. 


The core C(14) of a sequence з, in the complex plane is the intersection of all con- 
vex sets thet contain all finite and infinite limit points of the sequence. A transforma- 
tion A is totally regular provided C(s,) D C(As,) for every sequence Sx. For a totally 
regular transformation A the central A core C(A“s,) of s, is the intersection of the 
cores C(A*s,) (ke1,2, ---). THEOREM. If 4 and B are totally regular and AB = ВА, 
the central cores C(A"s,) and C(B*s,) have a common potni, for each sequence зь. The 
essential central A core of s, is the intersection of all central X cores of зь, where X 
ranges over the set of totally egies transformations for which AX = ХА. (Received 
July 17, 1946.) 


304. Harry Pollard: The inversion of the transforms with reiterated 
Sitelijes kernels. 


It is shown that the transforms f, Н.(х, y)da(y), where H,(x, y) is the sth iterate 
of the Stieltjes kernel (x4-3) !, can be inverted by a linear differential operator of 
infinite order. (Received July 12, 1946.) 


305. Harry Pollard: Tke representation of 67% as a Laplace integral. 


The inverse Laplace transform of exp (--22), 0<A<1, is computed explicitly, 
using Post's theory of the Laplace transform (Trans. Amer. Math. Soc. vol. 32 (1930) 
pp. 723—781). (Received July 12, 1946.) 


306. W. T. Reid: Soluitons of linear dsfferenhal equations. 


This paper is concerned with criteria for a function y(x) to be a “weak solution” 
in the sense of Bochner (Ánn. of Math. vol. 47 (1946) pp. 202-212) of a differential 
equation J^ [y]--£(x) =0, where [у] їз a homogeneous linear differential operator 
involving ordinary or partial derivatives whose coefficients satisfy suitable differ- 
entiability conditions, and g(x) is a given integrable function. One criterion presented 
is an extension of the condition on weak convergence used by Bochner for equations 
[y] -0 with constant coefficients, while another involving difference quotients is 
cloeely related to previous results of the author (Duke Math. J. vol. 12 (1945) pp. 
685—694) for ordinary linear differential equations. (Received July 12, 1946.) 


307. I. M. Sheffer: On k-periodac systems of linear equations. 
Let (1) У анн (5—0, 1, 2, - -- ) be a system of linear equations, and 


~ 
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let (2) А„()=? 5а; . The system (1) is A-periodic, if (3) Aj) mA,(#) 
(30, 1, 0..6, b—1;s—0,1,2,-+-+), The following results are obtained for suitable 
conditions on {am} and [c]: (i) A &-periodic system can be transformed into a 
1-регіойіс system (but the process is not reversible). (ii) A &-periodic system can be 
factored into a product of &-periodic systems each of simple type. (iii) If (suitably 
restricted) perturbation terms are added to a k-periodic system, a factorization into 
factors of simple type is again possible. (iv) The number of independent solutions of a 
k-periodic system is determined. (Received July 8, 1946.) 


308. Abraham Spitzbart: The minsnum of a certain sniegral. 


Let f(s) be analytic within the unit circle C: |=] = Í, continuous within and on C, 
and with the value f'(a) = 4 prescribed at a point s=a within C. It is shown that 
for any such function the minimum of the integral fo|/(s)|7|ds|, p21, is given 
by 2«|4|»1—|a| r^ (20 -|a| 5] (6 —0| a] + pea )Ma}o-a[p+ | |+ 
ее if р514[а|, and by IUe m d е al)? if 
p21+)a|. If $1, the first form applies and reduces to a result of Macintyre and 

inski (Mathematical Notes, Edinburgh Math. Soc., vol. 35 (1945) pp. 1-3). 
(Received July 12, 1946.) 


309. W. J. Trjitzinsky: Singular integral equaisons of the first kind 
and those related to permutabslity and tteratton. 


This is a systematic study of the topics indicated in the title when the kernels m- 
volved are Z4 separately in each variable, a fact which renders these problems singular. 
Essentially two methods are used, of which one involves suitable types of spectral 
theory. (Received July 12, 1946.) 


310. Y. W. Tschen: Branch points and flat potnts of minimal sur- 
faces in R. 


The object of this paper ia to study the behavior of minimal surfaces (in R’) in 
the neighborhood of a branch point and to find an expression for the Anzahl of the 
branch points and of the flat points, respectively, for minimal surfaces with bound- 
aries and given topological structure. Let the surface be denoted by the real parts 
of ilw), #=1, 2, 3, with branch points defined by œ (w)=0, #—1, 2, 3. To each 
branch point В belong two integers k>1 and Iz 1: in the neighborhood of B the sur- 
face has & sheets and the normal vectors (with components Ё,, += 1, 2, 3) turn 1 times 
around the normal at B. Self-intersection of the surface at B is discussed. Branch 
points and flat points together are the points where the analytic function (of в) 
Ed" + £x" + Eds 0, From this is derived an analytic function which vanishes 
only at the branch points. Regularity of the functions on the boundaries 1s assumed 
in order to form the Anzahl by integration. Specific results are derived for polygon 
boundaries. (Received July 11, 1946.) 


311. Frantisek Wolf: On the continuation of analytic functions. 


T. Carleman has proved that if x€(a, 5) —limg.o[fi(x 4y) —/%(®—%у)]—0 uni- 
formly, then fi(s), fi(s) are parts of the same analytic function f(s) which is analytic 
also on the open segment (a, b). If one drops the uniformity the same is true, except 
that f(s) is analytic only m an everywhere dense set of intervals in (a, Б). If the addı- 
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tional condition fi(x4-5y), Л(®—%у) =o(1/9*) is introduced, then f(s) may have on 
(a, b) only poles and limit points of them of an even order lese than x. The set of poles 
forms a set, of which no component is dense in itself. (Received July 29, 1946.) 


APPLIED MATHEMATICS 


312. Hillel Poritsky апа D. W. Dudley: Conjugate action of tnvolute 
helical gears with inclined axes. 

By an involute helical surface is meant a surface consisting of helices of a proper 
screw motion about an axis and such that a section by a plane perpendicular to the 
axis is an involute of a proper “base” circle. It is shown that two mvolute helical sur- 
faces with inclined axes mate correctly in the sense that a uniform rotation of the one 
surface about its axis A is transformed into a uniform rotation of the other surface 
about its axis A’, provided that certain inequalities in the distance and angle be- 
tween A, A’ are satisfied; the ratio of the two rotational velocities w/w’ is independent 
of the distance between the two axes. The point of contact of the mating surfaces 
always moves along a fixed straight line in space with uniform velocity, this line being 
normal to each surface. Certain industrial applications are briefly discussed. (Re- 
ceived July 23, 1946.) 


313. William Prager: On the variational principles of plasticity. 


In earlier papers the author outlined & new mathematical theory of plasticity 
(Prikladnaia Matematika i Mekhanika N.S. vol. 5 (1941) pp. 419—430) and discussed 
certain variational principles associated with this theory (Duke Math. J. vol. 9 
(1942) pp. 228-233). These variational principles were established under the assump- 
tion that the velocities or rates of stressing prescribed at the surface produce “loading” 
throughout the body. In the present paper this restriction is dropped and the general 
variational principles associated with the new theory of plasticity are established. 
(Received July 15, 1946.) 


314. 5. S. Shü: On Taylor and Maccoll's equation of a cone шш: 
tn the air with supersonic speed. 


When an infinite cone is moving in the air with supersonic speed, the shock phe- 
nomena occur. Taylor and Maccoll (Proc. Roy. Soc. London, Ser. A. vol. 139 (1933) 
pp. 278-311) considered a conical flow behind an oblique shock wave and deduced a 
nonlinear ordinary differential equation which was integrated numerically. The pur- 
pose of the present note is first to transpose the equation to the differential-integral 
form —A (6) = S, exp /Je((2-4-1/9) /A^)d6/p sin 8 (where Sy is a constant, @ is the ratio 
of the radial component of the velocity of the flow to the speed of the gas if allowed 
to be discharged into a vacuum and p? 1«1 —6(1-+-29)) for which the author as- 
sumes the position and the intensity of the shock wave known and for which succes- 
sive approximations are applied. In some cases, the sequence generated by the 
successive approximations is proved to be monotone and equi-continuous and there- 
fore it converges uniformly to a solution of the problem in the large. A method is 
suggested for the practical calculation of the angle of the solid cone. The first approxi- 
mation in which only the rational forms of elementary functions are involved gives a 
fairly good coincidence with Taylor and Maccoll's calculations, (Received July 20, 
1946.) 
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315. J. L. Synge: Approximations in elasitctty based on the concept 
of funciton space. 

A state of an elastic body is defined by a set of six stress components, given as 
functions of position throughout the body. Such a state defines a point or vector S 
in function space, without any implication that the equations of equilibrium or com- 
patibility or the boundary conditions are satisfied. A metric in the function space is 
defined by means of the strain-energy function. If S is the solution to a problem in 
which surface stress is given, S' an arbitrary state satisfying the equations of equi- 
librium and the boundary conditions (but not the equations of compatibility), and 
S” another arbitrary state satisfying the equations of compatibility (but not the 
equations of equilibrium or the boundary conditions), then S is aituated on the in- 
tersection of a hypersphere determined by S’ and a hyperplane determined by S"'. 
The center C of this hypercircle may be regarded as the “best” approximation. Its 
energy-error is given through the radius R of the hypercircle, which may be calculated 
from the formula Re271|S' —S''(S'-S')/S'^1]. The method can be extended by 
using a sequence of states S;", S", - --, and may also be used when the surface 
displacement is given instead of the surface stress. (Received July 22, 1946.) 


316. C. A. Truesdell: Os Behrbohm and Pinl's linearisation of the 
equation of two-dimensional steady flow of a compressible adiabatic fluid, 


In a recent note Behrbohm and Pinl (Zeitschrift für angewandte Mathematik 
und Mechanik vol. 21 (1941) pp. 193-203) have achieved а new linearization of the 
potential equation of two-dimensional steady adiabatic compressible flow in general- 
ization of the Minkowski linearization of the equation for minimal surfaces. The 
author shows that Behrbohm and Ріпі'а result is equivalent by a simple change of 
variable to the ordinary linearization by Legendre’s transformation, that Behrbohm 
and Pinl’s subsidiary condition on the variables is superfluous, and that hence two 
of their variables may be interpreted physically as components of the velocity vector. 
He shows that Behrbohm and Pinl's equation suggests immediately the classical solu- 
tions of Tachaplygin. He discusses the possibility of other separations of the variables, 
and concludes that it is unlikely that any exist. (Received July 12, 1946.) 


317. Alexander Weinstein: On the method of sources and sinks. 


This paper contains an extension of the method of sources and sinks. New types of 
flows are obtained by taking sources distributed on circumferences, disks and cylin- 
ders, The procedure requires a modification of several formulae given by Beltrami 
who failed to recognize that Stokes’ stream function of a circumference is a many- 
valued function. (Received July 6, 1946.) 


GEOMETRY 


318. L. A. Dye: A Cremona transformation in Sı defined by a pencsl 
of quarc surfaces. 

Ап involutorial Cremona transformation in 5, is defined by means of a pencil of 
quartic surfaces | F.| with yn of genus 14 and ys of genus 2, (уп, тз] 18 as a base. 
The ys lies on а quadric H which intersects | F4| in yy and a system of twisted cubics 
| aj. The residual intersections of the bisecants of a C, cut from the associated Fi 
are pairs of conjugate points in the involution J, The y, is invariant, not fundamental, 
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and each Ci is parasitic. After буе factors Н are removed from the equation of a gen- 
eral homoloid there remains an Sis: Th +354 4-45. The 35 quadrisecants of yu and 
the 4 conics which meet it in 8 points are fundamental curves of the second species. 
(Received July 11, 1946.) 


319. Michael Goldberg: Tubular linkages. 


Special cases of movable polyhedral linkages are derived. They are composed of 
two or more prismatic linkages. In particular, if two quadrilateral prismatic linkages 
are joined to form a movable linkage, the quadrilateral joint may be a plane parallelo- 
gram, a skew deltoid or а skew isogram (а skew quadnlateral in which the opposite 
sides are equal). Some of these are derivable from the Bricard deformable octahedron. 
(See G. T. Bennett, Proc. London Math. Soc. (2) vol. 10 (1911-1912) pp. 309-343.) 
Combinations, including toroidal configurations, are exhibited. (Received July 2, 
1946.) 


320. V. G. Grove: On congruences and conjugate nets. 


This paper is concerned with a metric study of congruences and conjugate nets on 
а surface in euclidian space of three dimensions. The formulas convenient to the study 
аге written in terms of arbitrary parameters of the surface, and in terms of certain 
normalized components of vectors in the tangents to the curves of the net. An invari- 
ant is found which plays a role similar to that played by the geodesic curvature. Geo- 
metric constructions of all congruences conjugate to a surface and of all normal 
congruences are found. (Received June 27, 1946.) 


321. C. C. Hsiung: Projectsve theory of surfaces and conjugate nets 
1n four-dimenstonal space. 


The purpose of this paper is to establish a theory of the projective differential ge- 
ometry of surfaces sustaining a conjugate net in space .S, of four dimensions. By 
purely geometric determinations a completely integrable system of linear homo- 
geneous partial differential equations in canonical form is introduced, defining a con- 
jugate net in Sy except for a projective transformation. Some invariants of the 
parametric conjugate net N, on an integral surface S of these equations are cal- 
culated. If one uses the local power series expansions for S, the curves of N, and 
the Laplace transformed surfaces S_;, Sı, the equations in local coordinates of some 
canonical configurations for S and hyperquadrics having contact of various orders 
with the surfaces and the curves are obtained. Further, some special classes of con- 
jugate nets are also studied. One of their characterizations may be stated as follows: 
Conjugate nets with equal and nonzero Laplace-Darboux invariants in .5; are charac- 
terized by the property that there exists a proper hyperquadric (and therefore х * 
such hyperquadrics) having second order contact with both S_i, Sı at the Laplace 
transformed points x_1, x; respectively. (Received July 5, 1946.) 


322. Edward Kasner and John DeCicco: Geometry of harmonic 
lransformaitons. 

The authors study the geometry of the infinite set (H) of harmonic transformations 
of the plane. Any such correspondence is defined by a pair of independent harmonic 
functions. This set (Н) does not constitute a group. It is proved that the only real 
groupe contained in (H) are the conformal group, the affine group, and the subgroups 
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of these. The set (H) is characterized by means of the Kasner circle of the polygenic 
function in the following manner. A point transformation T is harmonic if and only 
if the associated center transformation is direct conformal. Another characterization 
is ав follows. If, by a point transformation T, every parallel pencil of mes in the trans- 
formed plane corresponds to an isothermal family of curves in the original plane, 
then T is harmonic. Conformalities are the only real maps whereby every pencil of 
lines and every concentric aet of circles correspond to isothermal families. Finally the 
transformation theory of the third order differential elements at & point, which is 
induced by (H), is studied. The harmonic set (H) induces a twelve-parameter set 51 
of the total fifteen-parameter group Gu which is induced by the group of arbitrary 
point transformations. (Received July 19, 1946.) 


323. Fred Supnick: Os the packing of spheres. I. 


Let a set of circles cn - - - , c with radii ri 57935 t=- Sra, respectively, be packed 
(tangent, non-overlapping, connected) into a strip of width, A, A/2 272, bounded by the 
parallel lines ДА and h, such that if c; is tangent to А, and c and c tangent to су and А, 
then c and ¢ have no interior point in common. Then the smallest rectangle of width 
A containing &,*--, Ca is obtained by the packing { +-+- сщ +++ сюк: 
$i: |} and the largest by {асас а "5 Са-0С4Сь 102} where any two 
adjacent c's are tangent to each other and to opposite sides of the strip. Analogous 
theorems are proved for the packing of spheres into containers, in particular, into 
cylinders of circular or regular polygonal croes section. (Received July 13, 1946.) 


324. M. L. Vest: An tnvolutorial space transformation associated 
with a Qia congruence. 


The plane #-ic r, a line s meeting r at an (s —1)-point A, and a pencil of surfaces 
| Fa) : 71g... are given. Through a generic point P(y) there passes a single For | F|. 
The unique line ¢ belonging to the congruence and passing through P(y) meets Fa 
second time іп one residual point Q(x), image of P(y) under the transformation thus 
defined. The residual base curve of | F| is of order 4m —4 and is considered non- 
compoeite. It is shown that r, s and g are fundamental curves of the involution and 
that A is a fundamental point of the second kind. (Received June 28, 1946.) 


325. G. W. Walker: Games of the checkers family in line, plane, and 
space. 


Many variants from classical checkers can be made by varying the rules of play, 
particularly the typical move of the typical piece. If the move is 1n one dimension 
only, one has linear checkers. In two dimensions, the move may be across an edge of 
the cell, or through a corner, or both, or there may be a more complicated move like 
the knight's move in cheee. Games can be based on various combinations. Interesting 
new features appear. In space, using a suitable frame, several excellent cube checker 
games can be defined, with many interesting new features. The field of play may bea 
network of white or black cells, or a looser network of cells holding together by their 
corners, or the entire frame. Places of local safety like the familiar double corner, and 
other strategical features, appear in new forms. There are many poesible kinds of 
cube checker games, pure, combination, and hybrid games, multiple games, interfering 
games, cyclical games, and others. The best have already proved more interesting to 
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play than the classical checker game. The checkers family can also be extended to 
spaces of higher dimensions. (Received July 12, 1946.)  . | 


STATISTICS AND PROBABILITY 
'326. Н. W. Becker: Stirling's numbers of the third kind. 


These are defined by 4.54.1 = (2 bcr) Seir Sr in which the weighting co- 
efficient combines the characteristics of the recurrences for the Stirling’s numbers 
of the first and second kinds, However, tables of the four varieties + + are not only 
matrix products of certain tables of the first two kinds, but also unexpectedly simple 
vector multiples of the table of binomial coefficients, Summed over c, these are ex- 
pressible by polynomials which are Chrystal-Jordan factorials of Stirling's polyno- 
mials of the second kind, and have the remarkable property of a triple recurrence. 
For example, 55.4 (1d (2)! e G5- s) m б-а PBS m 2 er (r+) 
#715, е5, (6—7) SL. The combinatorial interpretations are rather intricate 
in terms of either permutations or rhyme schemes, (Received July 15, 1946.) 


327. David Blackwell: Conditional expectation and unbiased se- 
quenisal estimation. 

It is shown that E[ f(x.) Ey] - E(fy) whenever E(fy) is finite, and that o" (E,y) 
mm o7(y), with equality holding only if Kay =y, where Коу denotes the conditional er- 
pectation of y with respect to the family of chance variables ха. These results imply 
that whenever there is a sufficient statistic и and an unbiased estimate /, not a function 
of и only, for a parameter f, the function E.t, which is a function of # only, is an un- 
biased estimate for p with variance smaller than that of 4. А sequential unbiased esti- 
mate for a parameter is obtained, such that when the sequential test terminates after 
$ observations, the estimate is a function of a sufficient statistic for the parameter 
with respect to these obeervations. A special case of this estimate is that obtained 
by Girahick, Mosteller, and Savage (Ann. Math. Statist. vol. 17 (1946) pp. 13—23) 
for the parameter of a binomial distribution. (Received July 5, 1946.) 


328. Paul Boschan: The consolidated Doolsttile technique. 


The quadratic matrix notation is interpreted as a segment in a sequence of mat- 
rices.wherein each successor matrix is augmented by a bordering row and column. 
Extension theorems based on this idea date back into the last century. The step from 
the original concept to one of higher order is also fruitful in discussing inverse mat- 
rices, specifically the inverse of a symmetric matrix. The symmetry of the matrix of 
normal equations for a set of multiple regression-coefficients is restored by adding the 
transpose of the column on the right side of the equations, that is, the co-variances 
with the dependent variable and the variance of the dependent variable itself. The 
inverse of this matrix can be constructed as a partial sum over a series of matrices. 
Each individual element of this series is in itself meaningful. The solution for the set 
of multiple regression coefficients relating the kth variable to the preceding (k—1) 
variables is a column matrix, The product of this matrix with its transpose expressed 
in terms of the residual variance forma the kth term in the matrix series. The summa- 
tion of the first # products yields the inverse matrix. This characteristic of the inverse 
can be used to great advantage in the standardization of elementary computational 
steps, (Received July 17, 1946.) 
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329. Р. С. Hoel: The effictency of the mean moving range. 


The statistic twm ү |а, | х!/1/2(и —1) is studied as an estimate of о for 
a normal variable subject to trend effects. It is shown that the efficiency of w compares 
favorably with that of the mean square successive difference, 8. The proof that ж, 
and also 33, is asymptotically normally distributed is made to depend upon a general 
result that can be derived from в theorem of S. Bernstein on dependent variables. 
(Received July 13, 1946.) 


330. Leo Katz: On the dass of functions defined by the difference 
equation (x+1)f(x+1) = (a--bx)f(x). 


The difference equation defines only three discrete functions: the binomial, the 
Poisson and the Pascal functions; the first and third have one parameter (N) slightly 
generalixed. It is shown that the Pascal function with this generalization is identical 
with the Polya-Eggenburgher distribution, which is a very useful form of the com- 
pound Poisson law and has been used to explain probability situations involving 
contagion. Areas for all functions in the clase are given in terms of existing tables of 
the incomplete- and B-functions. Observed distributions are fitted by two moments. 
As Carver (Handbook of mathematical statistecs) pointed out, the advantages of fitting 
by difference equations are many; not the least is the fact that it is unnecessary to 
discriminate among the various functions in fitting an observed distribution. The 
problem of discrimination, posed by Frisch (Metron vol. 10) and others, may be re- 
solved in terms of the sampling distribution of variances for the Poisson function, 
since the three functions correspond to situations where the variance is less than, equal 
t9, or greater than the mean, respectively. (Received July 13, 1946.) 


331. B. F. Kimball: Some baste theorems for developing tests of fit 
for the case of the non-parametric probability distribution function. 


Given a universe with c.d.f, P[X 3x]- F(x), consider a random sample of # val- 
ues x which have been ordered so that х, $441. The successive differences of the true 
c.d.f. values at X =z; are denoted by sm. Thus и = F(xi), эң = F(x) — F(a), 22%», 
841991 — F(x). Theorem 1: The product power moments E(w?w;w, +++) for any or 
all different indices from 1 to #-+1, where the powers are real numbers greater than 
—1, are given by E(u * * * ) - T(n--1) T (p--1) qt) (etl) +++ /Patit+e 
+g+w+t--+). Theorem 2: Given a test function of s, Y=) „s4, where p із а 
real positive number, and the sum is for ж indices chosen at random on the range 
1 to &4-1, let P and о? denote the mean and variance of this test function. Establish 
a convention for increasing the indices included in the above sum for increasing 
m as я increases, such that [m/(»--1)] const, to nearest multiple of 1/(#-+-1). 
It is proved that the asymptotic distribution of (Y — Ў) /о for increasing s, subject 
to the above condition, is the normal distribution with zero mean and unit variance, 
except in the trivial case m=a-+1, p=1. (Received July 16, 1946.) 


332. Herman Rubin: Asymptotic dtsirtbuiton of moments from a sys- 
lem of linear stochastic difference equations. 

Let? Вус. Ги =u; (11,2, * ++) be a complete system of linear stochastic 
difference equations determining ya ida ccu d £20, in terms of Ун, 
130, and s, (the coordinates of ж), which are assumed to be fixed variates, and 
the random variables им (the coordinates of w,). Such a system is called stable if 
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for every bounded set of fixed variates, and E(ut и) uniformly bounded, E(y; yò is 
uniformly bounded. This condition is shown to be equivalent to ? PM finite, where 
yt УН, (1-5, — Гю) +) nca] toy, ів the solution of the above difference equa- 
tion. Let О, be an infinite quadratic form in Yir, and sí, (т, »—0, 1, - +.) with co- 
efficients depending only on +, k, т, and ». Such e quadratic form is called convergent 
if the sum of the abeolute values of the coefficients is finite. It is shown under fairly 
general conditions that the mean of a convergent quadratic form is asymptotically 
normally distributed with variance O(1/T). (Received July 8, 1946.) 


333. F. E. Satterthwaite: Retention of decimal places in matrix cal- 
culaitons. 


The accumulation of errors in matrix calculations has been studied by the author 
and others for special types of matrices and for special methods of calculation. In 
the present paper, error formulae are developed for the standard Doolittle and Waugh- 
Dwyer compact routines, These formulae do not place any restrictions on the matrices 
involved and do not require any extra calculations or initial approximations. Simple 
rules are developed which give for each step in the calculations the number of decimal 
places which must be retained. These rules are efficient in the sense that the retention 
of fewer places will, except for good fortune in balancing of errors, lead to results lees 
accurate than those specified. The rules also assist in choosing that arrangement of 
the calculations which will lead to the smallest average number of significant figures 
which must be reteined for the calculation as a whole. (Received July 15, 1946.) 


334. J. W. Tukey: Sampling from contaminated distributions. Pre- 
liminary report. 


À contaminated distribution is a nearly normal distribution in which extreme ob- 
servations are more frequent than in a normal distribution. By studying the bias and 
variability of several measures of dispersion when applied to samples from particular 
one-parameter families of contaminated distributions it is shown that: (1) for nearly 
normal distributions, the mean deviation is often better than the standard deviation; 
(ii) small changes in the underlying distribution may increase the sampling variance 
of the standard deviation by a factor of three. This suggests that, in a broad class of 
cases, the mean deviation is safer than the standard deviation when a single dispersion 
is estimated from a set of data. This conclusion need not apply in an analysis of vari- 
ance situation, (Received July 13, 1946.) 


335. Jacob Wolfowitz: Confidence limits for the fraction of a normal 
population which Hes between two given limits. 


Let х,-+++, sy be N independent observations from a normal population 
with mean и and variance с? both unknown. Let N#=—) x; and (№--1)7 
mS (х, — 2)! define # and з? Let Lı and Z4 be given constants with L <La, and let 
ym ((2ж) 0) 1/5 exp (—1/2) [(y— 5) /o ] dy. By a lower confidence limit on y with 
confidence coefficient а is meant a function D(m, +++, xy) such that the probability 
is a that D 3 y. Since £ and з? are sufficient estimates of и and с? the restriction that 
D be a function of 2 and s only is imposed. It is assumed that there exist (a) a poai- 
tive d such that L;--d «ui «14—d, (b) a positive C such that e« C. From these it 
follows that there exists a lower bound G=G(d, C) on y. Let xia be that number 
for which P(x'«xi.4]*1—ae, where x* has N—1 degrees of freedom, and let 
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ча ШЕ UE It is shown that if D be defined as follows: (1) if ү ана 
Da (2) HS le { —y2/2}dy, (2) D -G otherwise, then | PÍD 3*4] —a| ap- ' 
proaches Mic NE Thus D isa large sample lower confidence limit. The extension 
to upper and two-sided limits presents no difficulty. (Received July 8, 1946.) 


TOPOLOGY 


336. К. F. Arens: Convex topological algebras. Preliminary report. 


A convex topological algebra A is a convex topological linear space in which a 
multiplication of elements is defined, which is, as is addition and scalar multiplication 
(for definitenesa, take the case of real scalars), continuous simultaneously in both fac- 
tors. This is a generalization of the concept of normed rings. However, the elements 
with inverses do not form an open set, пог is inversion continuous when posaible. The 
author provee that if A is a division algebra, and is complete in some metric, then A 
is finite-dimensional, and hence its structure follows from Frobenius’ theorem. This 
result is fundamental for the representation theory of convex topological algebras. 
(Recetved June 7, 1946.) 


337. R. F. Arens: Duality tn topological linear spaces. 


Let L be any topological linear space with elements x. Let L* be the set of continu- 
ous linear functionals f defined on L, and use in L" the topology in which convergence 
of directed sets means uniform convergence on each compact subeet of L (the k-to- 
pology). Let this construction be repeated, using L* instead of L, and giving rise to L**, 
with elements X. Then for each X there is an 26-1, such that X(f) =f(x) for each 
JEL". This natural mapping from L** back into L is 1-1 and continuous if L is con- 
vex; if furthermore L is complete in some invariant metric (in particular, ií L is a 
Banach space) then the natural mapping is bicontinuous. (Received July 10, 1946.) 


338. R. H. Bing: Skew seis. 


No plane set G contains a collection 6f five mutually separated sets such that the 
closure of the sum of any pair of these five sets is the closure of a connected subset 
of G which is open in G. (Received July 10, 1946.) 


339. G. D. Birkhoff and D. C. Lewis: Chromatic polynomials. 


The number of ways a map Pap of &4-3 regions can be colored with А colors is 
given by a polynomial Pap (à) of degree м--3. Certain new properties of these chro- 
matic polynomials are established. For instance, if Pa,s is regular and if ( —1)*a, is 
the coefficient of (A —2)* ^ in the expansion of P4,30)/A(X —1)(& —2) in powers of 
№ —2, it is shown that binomial coefficient Са 5005 CE". Similar results are ob- 
tained for expansions in powers of 1 —5. Moreover, extensive numerical calculations 
indicate that both P,40)/40 —1)(—2) —&.—3)* and ( —2)* — Р, 4400/10. —1) & —2) 
are positively completely monotonic for А24. This conjecture is a very strong form 
of the usual four-color proposition that P.(4)>0. In connection with reducibility, 
reduction formulas, and the analysis of rings, the theory of Kempe chains, which has 
been applied qualitatively with considerable success to the case à= 4, is generalized 
so as to yield quantitative results on chromatic polynomials for all values of A. Typical 
results on reducible configurations, previously obtained only by use of Kempe chains, 
are also obtained inductively. The present paper therefore to some extent attempts to 
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bridge the gap between two previously separated methods of attacking the four-color 
problem. (Received June 27, 1946.) 


340. Herbert Federer: Dimension and measure. 


According to Szpilrajn the dimension of a separable metric spece X does not ex- 
ceed p, dim X Sp, if and only if X has a homeomorph Y C Epy such that the (p+1)- 
dimensional Hausdorff measure of Y equals zero, Н?" (¥)=0. (See Hurewicz and 
Wallman, Dimension theory, chap. 7.) In the present paper it is shown that the fore- 
going statement remains true if the Hausdorff measure HZ”, is replaced by the 
(p-+1)-dimensional integralgeometric Favard measure ie (For its definition see 
Federer, The (¢, k) rectifiable subsets of n space, Bull. Amer. Math. Soc. Abstract 
52-5-145.) Now suppose A C En, H*(A) < œ and B is the set of all those points of A at 
which A does wot have a k-dimensional approximate tangent plane. Then Szpilrajn's 
theorem implies that dim B Sdim A 3k. However it was proved by the writer (in 
the paper quoted above) that РВ) =0. Hence the new theorem implies that 
dim Bgk—1. This inequality is the best possible. (Received July 10, 1946.) 


341. Witold Hurewicz: Algebra$c and topological classification of 
mappings. 

Let X and Y be locally finite polytopes of finite dimensions. Given an abelian 
group С, denote by H*(X, С), H*(Y, С) the m-dimenslonal cohomology groupe of X 
and Y, with coefficients from the group G. If fi and fs are continuous mappings of X 
into оте ооа 
Л and fy induce identical homomorphisms of H*(Y, С) into H*(X, С); and fx ts 
homotopic to fy in dimension т, if fı and fy are homotopic when restricted to the m-di- 
mensional skeleton of X. For 9252, Ta is the #-dimensional homotopy group of Y,. 
and H, the w-dimensional homology group of Y with integer coefficients. The natural 
homomorphism of ть into Ha induces a homomorphism of H*(X, ть) into H*(X, Ha). 
The following assumptions are made: (1) Y is simple in dimension жш (this means 
that a continuous image of the m-sphere in Y determines uniquely an element of ra). 
(2) The natural homomorphism of H*(X, x4) into H*(X, Hm) is an isomorphism (be- 
tween A(X, fa) and a subgroup of H=(X, H4)). Under these conditions the theorem 
holds: If f| $s homotopic to fy ін dimension m —1 and homologous to fy in dimension m, 
then fi is homotopic to fy in demonston m. (Received July 19, 1946.) 


342. Fred Supnick: A theorem on rectilinear deformation. 


Let Gi, $—1, - ++, ж, be simple closed polygons with G; in the interior of Gia 
Let rectilinear suspended chains lying in the interior of the ring bounded by Giu 
and С; join a vertex of Gy; to a vertex of G, such that no two chains have the same 
end points or intersect each other. The author proves that any such graph can be 
rectilinearly deformed so that MC E (Re- 
ceived July 13, 1946.) 


343. Fred Supnick: Topology of spies clusters. I. 


The author defines a regular u-sphere clusier as a connected set of mutually ex- 
ternal, equal Euclidean s-spheres, each tangent to exactly N others. N is called the 
degree of the cluster. The regular circle clusters fall into classes of degrees 0, 1, 2, and 3. 


NEW PUBLICATIONS 


Geary, Á., Lowry, H. V., and Haypen, Н. A. Advanced mathematics for technical 
students. Part 1. London, Longmans, Green, 1945. 84-419 рр. 12s. 6d. 

HAYDEN, H. A. See Grary, А. 

Lowry, Н. V. See GRARY, A. 

McKay, H. The world of numbers. Cambridge University Press, 1946. 7+-198 pp. 
8s. 6d. 

A manual of operation for the automatic sequence controlled calculator. Cambridge, 
Harvard University Press; London, Oxford University Press, 1946. 104-561 pp. 
$10.00. 

Mathematical tables. Vol. I: Circular and hyperbolic functions, exponential and sine 
and cosine integrals, factorial function and allied functions, Hermitian probabil- 
ity functions, 2d ed. Cambridge University Press, 1946. 114-72 pp. $2.50. 

Tables of the modified Hankel functions of order one-third and of their derivatives. 
Cambridge, Harvard University Press; London, Oxford University Press, 1945, 
36+-235 pp. $10.00. 
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The structural properties of these classes are studied. The regular 3-sphere clusters 
fall into clames of degrees 0, 1,°+-, 8. Certain sets of regular 3-sphere clusters of 
degrees 2, 3, 4, and 5 are constructed and their structural properties studied. The au- 
thor has constructed an infinite set of regular 3-sphere clusters of degree 6. These 
have a complicated structure. Sphere clusters of higher dimension are also considered. 
(Received July 13, 1946.) 


344. Fred Supnick: Topology of sphere clusiers. II. Analogue of 
Kuratowsks's theorem. 


Let a sphere cluster of equal, mutually external, Euclidean 3-spheres be given. The 
linear graph whose vertices are the centers of the spheres and whose edges are the line 
segments joining the centers of two spheres if and only if they are tangent is called 
by the author the sirwcwral graph of the cluster. The author calls a sphere cluster 
planar if the structural graph of the cluster is planar. It is proved that (1) every sphere 
cluster of less than eight spheres must be planar and (2) eight spheres are sufficient to 
obtain each of the non-planar graphs appearing in Kuratowski’s theorem. (Received 
July 13, 1946.) 


345. Sister Petronia Van Straten: Toroidal and non-toroidal graphs. 


A one-dimensional complex of 10 points 0, * - - , 9, and 30 arcs 01, 02, 03, 05, 06, 
09, 12, 13, 16, 17, 18, 23, 24, 25, 28, 34, 37, 39, 45, 47, 48, 49, 56, 58, 59, 67, 68, 69, 78, 79 
which are mutually disjoint except for terminal points is called a Desargues graph. 
The Desargues graph is irreducibly non-toroidal in the sense that it is not homeomor- 
phic with a subset of the torus while the sum of every 29 of the 30 segments can be 
embedded into the torus. The Desargues graph can be embedded into the sphere with 
two handles. The complex of 9 points 1, - - +, 9 and 27 disjoint arcs 12, 23, 31, 45, 
56, 64, 78, 89, 97, 14, 47, 71, 25, 58, 82, 36, 69, 93, 35, 57, 73, 24, 49, 92, 68, 81, 16 is 
called a Pappus graph. The Pappus graph can be topologically embedded into the 
torus. The names of the graphs are derived from the corresponding projective con- 
figurations. (Received June 28, 1946.) 


346. J. W. T. Youngs: T he representation problem for Fréchet sur- 
faces. Preliminary report. 

This paper contains a solution of the representation problem for Fréchet surfaces 
in which the base space is the closure of a region on the place bounded by a finite 
number of Jordan curves. The solution is a generalization of a result announced in 
Bull. Amer. Math. Soc. Abstract 52-5-221. (Received July 5, 1946.) 
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Since Yı, ys, ++ are all on OSt<p}, it follows that с, cs, - * - аге 
integers satisfying 0 Sc, Sp—1. Hence we have a correspondence 
(B _. усэ {cy} 


from all reals yo 20, to sequences of integers as described. 


3. Termination in p —1. We ask now whether, under the algorithm, 
sequences may appear terminating in р —1, p—i,---. Such is the 
саве if and only if, for the function f(é): 

(C) There exists a yo— p —1--f(yo), b—1-«vo« f. 

Obviously such a yo>{p—1, $—1,--- } under (А). On the other 
hand, if a number б, under (A) yields a sequence terminating in 


p—1,p—1, - +--+, thisimplies that some å, itself yields p—1,p—1, ---. 
Suppose then that yo (253, under (A) gives yor p-—1-f(v), 
yim—l-fy зс, ер 11 (уна), and so on. If (C) is false, 
it follows from continuity of f(#) that: 
(D) fünü»i-—í(p—1, foraléonp—-1St <p. 

We should then have yi— (p —1) < (у) 9vo— (P —1), va — (p — 1) 
< (уа) -1— (b —1), and so on, with p>yo>y>yw> ++. >р—1. 


Hence із = lim y, exists, with p —1 Sto <p. But from y, =p —1 -f(ysa), 
we have io p —1--f(fo), a contradiction. 

Indeed, the condition “not C? is equivalent to (D), and (D) may 
in turn be rephrased as a slope condition 


(D’) ОФ) —f))/@ -#) «1onp—1st«p. 

Moreover, if ay. satisfying (C) exists, then not only yo but every б 
on ¥o<d0<p will yield {p—1, p—i, - - - } under (А). For yo p—1 
Tf(yo) < 0 € p implies 8, p —1--f(0;), hence yo « 01 <p, and so on. 
Since our final object is to obtain a one-one correspondence (B), we 
assume from this point on the necessary condition (D^). T'he corre- 
spondence (B) then maps all reals yog; 0 onto non-(p—1)-terminating 
sequences. 


4. Upper and lower limits. Let {c,} be an arbitrary sequence of in- 
tegers with 0:566: о; 0Sc,Sp—1, » 1,2, · - - , not (p—1)-termi- 
nating. We define Cj =с,у-Ҥ/(схы- сзсз (o4) and DTPa 
+ сал+ +f(ex.+1), where the last parentheses are »-fold. 
Then, from monotonicity, one has с, 5 C^ 3 Cmr «Ta^ Sl, Sat, 
so that the limits C^ lim CP, I? elim T, exist and satisfy 


(E) с, & УО <& Г^д о +1. 
Since CP =¢,+f(C2*) we have Cse,+/(C*t)) and similarly 


REPRESENTATIONS FOR REAL NUMBERS 
C. J. EVERETT! 


1. Introduction. In a recent paper? [1] B. H. Bissinger generalized 
continued fractions by iteration of more general decreasing functions 
than the 1/x of the classical case. We extend here the algorithm by 
which real numbers are represented as décimals of base p, to general 
continuous increasing functions on (0, р), including the classical х/ф 
as special case. This sets up a correspondence from real numbers to 
sequences of integers mod p. Weak sufficient conditions are given that 
the correspondence be one-one. In the one-one case, algebraic ex- 
amples are noted. The limit involved in the inscribed polygon prob- 
lem appears here in a natural way. In the many-one case, the 
algorithm defines a set L of limit numbers which is perfect and 
nowhere dense. These sets are closely related. to the Cantor perfect 
get. Finally, the relation between the above theory and the topologi- 
cal transformations F; of the unit interval into itself is studied. The 
latter yield sequences { Fp} of our functions, p=2, 3, - - ·, and their 
structure is reflected in the limit sets Га, Га, · · ·. 


2. The algorithm. Let p22 bea fixed integer and f(t) a continuous, 
strictly increasing function on the interval 0 <i S p, with f(0) 20 and 
f(p) =1 (cf. [4)). 

Such a function may be used to associate with every real number 
Yo20, a sequence {c,} of integers, with 0Ос,< =, O0S¢,Sp-—1, 
p-1,2,:: : , by way of the following algorithm. We write, for y.2,0, 
yo = co + fly), co S Yo < co + 1, 

0 S со < o,0zwyc«f 
ү m à + flys), asn<a+ti, 
О5а858№ - 1,057 <}, 


(А) 


апа во ор. 

Thus, at each step, c, is the greatest integer in Y, and Y» is the 
uniquely defined real number on the interval 0Si<p such that 
fy) =Y, — c, where 0S y,— с, « 1. 


Presented to the Society, September 17, 1945; received by the editors July 10, 
1945, and, in revised form, April 9, 1946. 

1 The work here reported was supported by the Wisconsin Alumni Research 
Foundation. 

з The numbers in brackets refer to the references cited at the end of the paper. 
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must have a limiting relative frequency of exactly 8-1. In a similar 
manner it can be shown that the limiting relative frequency of any 
combination of k digits is 8-5. Hence the theorem is proved. 

We make the following conjectures. First let f(x) be any polyno- 
mial. It ів very likely that 0.f(1)f(2) +++ is normal. Besicovitch* 
proved this for f(x) —x*. In fact he proved that the squares of almost 
all integers аге (e, k} normal. This no doubt holds for polynomials. 

Second let £i, Bs, · · ·, B, be integers such that no В is a power 
of any other. Then for any 5 »0 and large enough r the number of 
integers т 57 which are not (e, k) normal for any of the bases В;, 
5 <7, is lesa than n". We cannot prove this conjecture. 


UNIVERSITY OF MICHIGAN 


4 Ibid. p. 154. 
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a( $585 Уһ) < B(x + 1) L(or*^8)* + (o3 *8)*] 


< piel) < № 


and the lemma is established for (е, 1) normality. 

The extension to the case of (е, k) normality is accomplished by a 
method similar to that used by Borel? and we shall only outline the 
proof. Consider the digits Бо, b, · + - of a number mS № grouped as 
follows: 


bo, bis + b aibi ЕН bam ee y ТЕНШ 


Each of these groups represents a single digit of m when m is expressed 
in the base B*. Hence there are at most №? integers m SN for which 
the frequency among these groups of a given combination of k digits 
falls outside the interval from 8-*— є to B-*+e. 


The same holds for 
bi, 0s, +++ ba; Dy s cor ац 
and so on. This gives our result. 
To prove the theorem consider the numbers a1, дз, - ОЁ the in- 


creasing sequence up to the largest a less than or equal to N where 
№ = В", At least N* №С-0 of these numbers have at least n(1 — в) 
digits since by hypothesis there are at least N* of the numbers in 
this sequence and since at most 8^9 = Nt of them have fewer 
than n(i—e) digits. Hence these numbers altogether have at least 
n(i—e(N'—N'-*) digits. Let fy be the relative frequency of the 
digit 0. It follows from the lemma that the number of a's for which 
.the frequency of the digit 0 exceeds B7!--e is at most N?’ and hence 


i 
joel. Em 
al eNe — NES) 
NWN 
= 8-1 pa pU 
8^ -+ e+ (1—9ü м9 


Since we are permitted to take 0 greater than ё and greater than 1— є 
it follows that limy.» fy is at most B-!++e and hence at most 87!. Of 
course we have allowed N to become infinite only through values of 
the form В" but this restriction can readily be removed. A similar re- 
sult holds for the digits 1, 2, - - - , B—1 and hence each of these digits 


5 Ibid. p. 147. 
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We prove the following lemma. 


LEMMA. The number of integers up to N (N sufficiently large) which 
are not (e, k) normal with respect to a given base В is less than № where 
b= 0(є, k, B) <1. 


Firat we prove the lemma for (e, 1) normality. Let x be such that 
B* x N <В". Then there are at most 


ВУ. В, + BD Вь 


numbers up to № among whose digits there are less than x(1— є) /В 
0's, 1°, and зо оп, ог more than x(1-++e«)/8 0’s, 1's, and so on, where 
By=(8—1)*-*C,,, and where the summations 2 and 2 are extended 
over those values of k for which k «(1 —€)x/B and k» (14-e)x/B, re- 
spectively. The remaining numbers must have between x(1— є) and 
x(1--€) digits and hence for these remaining numbers the relative fre- 
quencies of 0’s, 1's, 2's, and so on, must lie between (1— є) /8(1-- е) 
and (1--e)/8(1— е). We have to show that (> £1--» a1) < N°. The 
following inequalities result from the fact that the terma of the bi- 
nomial expansion increase up to a maximum and then decrease. 


(1) Dapa < (2 + DB — a8 < (2+ DB, 
where 
(2) rı = |(1 — 65/6], r= [(1 + òx/8] 


and where [(1—е)х/8] is the largest integer less than or equal to 
(1— е)х/В. Similarly for т. By repeated application of the relation 


(3) Вь+1/Вь == (x — А)/(Ё + 1)(8 — 1) 
we obtain 
Papi < Bry < В" 
where 
ri = [(1—e/2)/B], pı = (2 т) (т + 1)8— 1) 
and where pi>1 for x sufficiently large. It follows that 
Ba < Gi*B* 


and similarly 
Bry < (оғ“В)“. 


Hence 


NOTE ON NORMAL NUMBERS 
ARTHUR H. COPELAND AND PAUL ERDOS 
D. G. Champernowne! proved that the infinite decimal 
0.123456789101112 - - - 


was normal (in the sense of Borel) with respect to the base 10, a 
normal number being one whose digits exhibit a complete random- 
ness. More precisely a number is normal provided each of the digits 
0, 1, 2, +++, 9 occurs with a limiting relative frequency of 1/10 and 
each of the 10* sequences’of k digits occurs with the frequency 107°. 
Champernowne conjectured that if the sequence of all integers were 
replaced Ьу the sequence of primes then the corresponding decimal 


0.12357111317 - - - 


would be normal with respect to the base 10. We propose to show not 
only the truth of his conjecture but to obtain a somewhat more gen- 
eral result, namely: 


THEOREM. 7f a1, аз, - - - ds an increasing sequence of iniegers such 
that for every 0 «1 the number of a's up to N exceeds № provided N is 
sufficiently large, then ihe tnfinste decimal 


0.810303 · - 
45 normal with respect to ihe base В tn which these integers are expressed. 


On the basis of this theorem the conjecture of Champernowne fol- 
lows from the fact that the number of primes up to № exceeds 
cN/log N for any c«1 provided N is sufficiently large. The corre- 
sponding result holds far the sequence of integers which can be repre- 
sented as the sum of two squares since every prime of the form 4k +1 
is also of the form x*-I-y! and the number of these primes up to N 
exceeds c’N/log N for sufficiently large N when c' «1/2. 

The above theorem is based on the following concept of Besico- 
vitch.? 


DEFINITION. A number A (tn the base В) ts said to be (e, k) normal 
if any combination of k digits appears consecutsvely among the dsgsis of 
А with a relative frequency between B-*—«¢ and B-*-e. 

Presented to the Society, September 17, 1945; received by the editors June 30, 
1945, and, in revised form, January 3, 1946. 


1]. London Math. Soc. vol. 8 (1933) pp. 254-260. 
з Math. Zeit. vol. 39 (1935) pp. 146—147. 
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[rao] < a| —— | A = 1,2, D, 


mml 
then P(x) is irreducible in ihe field of rational numbers. 
Proor. If P(x) is reducible, then 
P(x) = f(x) -g(z). 


If the degree of f(x) is k* 23/2, then the degree of р(х) is n—k*. It 
follows from Theorem За that k*Sk—1, and from Theorem 4a that 
n—-k*Skh—1, hencenSk+h—2. This gives a contradiction. 


UNMIVERSTTY OF NORTH CAROLINA 
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COROLLARY. Lei h(x) be an arbstrary integral polynomial of degree 
n—1 and xii, Xs, ++, xı dsfferent integers. The integral polynomial 
P(x) of degree n, 


P(x) = (z— x)(x — а) + (x — a) A(x) +t, 


ss irreducshle in the field of rational numbers 4f 12,5, n5 1» n/2 and 
15|!| <H where Н = [04-1)/2] for 12,7 and H=3/2 for 1=6 and 5. 


For the proof of Theorem 4 for [>12 it is sufficient to prove only 
(26) instead of (24). We proved here (24) in order to obtain the fol- 
lowing theorem. 


THEOREM 4a. Let P(x) be an integral polynomial of degree n; let k 
and | be integers satisfying the folowing conditions: | 


n> I> 9/2, [> ho 2, and i» 12, or 1 = 11, 9. 
If for 1 different integers xi, Ха, °° +, x1 





^ rul—1 
о «| P] <9) = T| : | 


then P(x) cannot contain a factor of degree h* with h Sh" 35/2. 
Proor. If P(x) contains a factor of degree А*, then by (28) and (24) 
mar |Р(љ)| 2 max |a| E ohh ze. 
A-1,3,*, 0 Am1,9,°°°, 2 
This contradicts our assumption. 
A similar theorem can be obtained for 1-12, 10, 8, апа 7. 


By combining Theorems 3a and 4a the following theorem is ob- 
tained. 


THEOREM 5. Lat P(x) be an integral polynomial of degree n, and k, 
l, and h $niegers satisfying the following conditions: 


k= [(s+1)/2], —»1»n/2, 1» 12 or 1 = 11 or 9, 
[> kh, "gh--h-—1. 
If for n different integers x1, 35, >+, x. 


t 





о «| 269] « e A] (= 1,2,---, 2), 


and for і of these x,, say x (9, x, - +, 2, 
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since G —2 <7(1-— 1). It follows from (22), (23), and (12) that (19) 
holds for odd /> 7, too. 
Now we have by (16) and (19) 


(24) $(k-+ 1) 2 elk) for 25 ki — 2, and 1] > 12,1 = 11,9. 
By direct calculation we obtain 
$(5) > (6) > (4) for L= 12, 


(25) o(4) > $(5) > $(3) for F= 10, 
$(3) > (4) > (2) for }=8 andi = 7. 


By (24) and (25) we have for 2z;7 


Q9 90) 2602) = |= —] I > =] =H (3Sk<), 





and by direct calculation 

(27) Ф(В) &3/2= H for 1— 6 and 5 (250 <, 
hence, by (15), (26), and (27), 

(28) mar | P(m)| 2; mer | £(2)| >; o(k) z H. 


This contradicts our assumption, and P(x) must be irreducible. 
Theorem 4 cannot be improved further. If we assume instead of 


only 
0<|P(x)| s [E 0/2] (А = 1,2,: D, 


then P(x) may be reducible. 
This is shown by the following examples 


Р(х) = 2L П (x? — А) + i} for even I, 


P(x) = {кә (= — =A TT (2! — \?) + i} for odd /, 
2 ml 


where A(x) is an arbitrary integral polynomial of degree n—}—1. We 
have here Р(х) = for х= +1, t2,---, +1/2 for even ], and 
xm +1, +2,--+, Ж(1—1)/2, +0+1)/2 for odd 1. At } integral 
points these polynomials take values which are different from zero 
and, without regard to sign, less than or equal to [(J-+1)/2]; but they 
are reducible. 
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(19) $(k-- 1) olk) for iL» 12 and Р = 11, 9. 


For even } we have k = (1 —2)/2. It follows from (7) and (8) that 
for > 12 


soc e nem sor ШЕН 


mo] 
= 2-101.1.3.5.7. ————— 
Bl 





(20) 


and 


n of] 
АЕРАТА СЕА BLT 
е ЕЕЕ 
Now [(6}—2)/(}—2)]=6 since 6/—2 «7(1—2) for і>12. Similarly 
[27—2)/0—2)] 2 and [(44—2)/(}—2)]=4, hence 

















(21) olk) > 9924.6. -| 


Since 3 5 7>2-2-4-6, it follows from (20), (21), and (12) that (19) 
holds for even 7 12. 
Now, let / be odd. Here we have by (7) and (9) for 2» 7 





L+ 1 кі — 1 
k+ 1) = [= | = 24.1.3 5.7. 
ф(® + 1) «( : ) i] 


ка 2—(H1)/1.1.3. 5.7. U] 


FEN k+1 
" (—— 
p(k) (——) 


TE 


2-0-0/.2.4 6. In -| 
k 


(22) 


and 














JJ 
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where Н. [(4-1)/2] for 1z 7, H=3/2 for 1 — 6and 5, then P(x) is irre- 
дисбе in the field of rational numbers. 


Proor. If P(x) is reducible, then it must contain a factor g(x) of 
degree k less than or equal to s/2 with integral coefficients. Here 
k 4. For a linear polynomial takes each value only once, hence the } 
integers р(х), g(x3), * · - , g(xi) must be different. However, only the 
2|[0—1)/2] values +1, +2,--+, + [(.—1)/2] are possible because 


i 1 
0<|e(m)|s| Pim |< E s I (ceci, E i 


This gives a contradiction since J>2 [(1—1)/2]. 
It follows from Theorem 2 that 


(15) max | ¢(m)| a 2 |= - 1 


Amy Be Ї cm] k 





We denote the right-hand side of (15), for a given /, similarly as in 
(10), by ġ(k) and maintain that 


(16) é(k--1)zmé(À) for 2<85(1—3)/2 and for 1/28 ksi—2. 


It follows from the proof of Theorem 3 that (16) holds for //2 <А 
51—2 if we write } instead of я since [(4-1)/2] &1/2 for even } and 
k 1/2 for odd I. 

Now we consider the case & Җ(}—3)/2. Here we have 





(17) [a | 8 
k+1 (} — 1)/2 
Moreover, it follows from (12) that 
(Ce) eee ы 
1 e єз J,2,---, hk). 
ae | ki І k à | 


We proved (12) only for x22; but the proof remains correct for к=з 1. 
It follows now from (18) and (17) that 


roy] 1) — | _ +: 9 3 


ы — 1 
2 2-* |] E | 
rmi k 
hence ф(Ё++1)&Фф(Ё) for k &(1—3)/2, and (16) is proved. 


We now consider the remaining value k= [(}—1)/2]. We maintain 
that also here 
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Now we have by the formula of Wallis 


1-3-5... (2m — 1) my 
2-4-6- -- (2m — 2) ' 


T 


For even я we obtain 


G QUUM aM Sy 
GC NG a) к” 


284 1/4 mr 1/4 
9) 6 


and for odd я 
G1 f(m — 1):1:3:5-.. (в – 2) үңү! 
a CER URS ) 2 J 
Moreover, we have G> Ga for n>3. 

COROLLARY. The integral polynomials 
(14) Alz — z)x—x)---:(x—zx)-i 
are irreducible in the field of rational numbers if x >x, and A & |t| «G. 


We have G>1 for n>4. Therefore the polynomials (14) are irre- 
ducible for #= +1 and »>4. This is, as already mentioned in the in- 
troduction, for A = 1 a theorem of Schur, and for arbitrary A a theo- 
rem of Dorwart and Ore. 

We can formulate Theorem 3 also in the following form: 


THEOREM За. Let P(x) be an integral polynomial of degree n. If for n 
different integers x1, Ха, - s, Xe 


kn — 1 





i А 
о «|? < 2+0 [7 «0 (y = 1,2,---,m) 


where k 2: [(n4-1)/2], then P(x) cannot contain a factor f*(x) of degree 
k* with k S k* <n. 

Proor. If P(x) contains such a factor, then by (6), (7), and (11) 
max | P(x) | > mar |/*(х„) | > Ф (8%) > ф(®. 


yu], 2,° 
This contradicts our assumption. 
THEOREM 4. Let P(x) be a polynomial of degree n with integral co- 


efficsenis, Lan integer with 12,5, and n1» n/2. If for 1 different in- 
fegers Xi, 33, 7 + c, Xl | 


0O«|P(n)|«H (Am 1,2,---,2 
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m—-l=gk+r (OSr< Б), 
hence «n> qk and nq since «Sk. It follows that 


ее | Е ЕЕ: 
k+1 k+1 k+1 


xn — 1 
| ri 
This proves (12). Moreover we have for x »1 
(13) [ja [z— | 2-2/7] 
k+ 1 #— 1 k 
because it is sufficient for the proof of (11) to assume that k+1 $n —1 
and ke [(#+1)/2|. Multiplying (13) and (12) for «2,3, - - - , k we 


obtain "M р А 

> T(x 5— ки — 

ПІ +1 Jean i] 
hence, since [(я —1)/(&4-1) ] 1, 

"rium (c+ 1)&—1 
Pase 
кп — 1 
2 zip | 

This proves (11). It follows now from (6), (7), (11), and (10) that 


M 2G. 


Since P(x)/f(x) is a polynomial with integral coefficients and P(z,) 
у (), we obtain 


шах | P(%)| 2 тах |f)|-M zc. 


r-1,3,'',3 























This contradicts our assumption, and the theorem is proved. 
The bound of Tatuzawa is 


G4 = (27*(5 — 1)D)!/1 
and our bound by (8) and (9) 


2/3, VN operc m 
TESI is 13.5 (з — 1) for even s, 


G = з {=#—2/Ш1}^ IDa — 1):1:3:5- (n — 2) 


for odd я. 
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xn — 1 кз — 1 2xn — 2 І 
| |-| II 1-2-1 (к = 1, 2, - · ., В), 
k n/2 n 


hence by (7) 
pi [a + 0/2] z 2-* II 2x — 1) = 2.1-3.5... (я — 1) 


к=] 











(8) 
(и — 1)! (n — 1)! 


If n is odd, then | 
xn — 1 к —1 2x" — 2 
| n IE zr | 


uc RH 








n+ 1 
hence 
-g for x21,2,:::,(5— 1)/2, 
k 2x — 2 for x= (#+ 1)/2, 
and by (7) 


a{[G + 1)/2]} z MG — 1) TT Qe 1) 
(9) cm] 
_ (ж — 1)! - (n — DI z 
Дн) (a8) /9f [(» — 3)/2]1) 2731 [(s — 2)/2]1} 


E 


It follows from (8) and (9) that 


(10) $ (7 n -) > С. 


Now we maintain that 








1 
at) a(k+ 1) B00) for [>| sasn—2. 
For this purpose we want to prove that 
(x + ijn — 1 кп — 1 
12) . ———————— m2,3,-:-:- , k). 
ы | kai Jel k | : | 


We divide xn—1 by k: 
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el) Gh 
hence by (4) 


ave ofS] e] 


[e] 


It is obvious that (5) holds also {ога = 0. If the length of the smallest 
interval which contains x-+1 of the numbers хо, xf,» , xy isde- 
noted by dj, then by (5) 


: кї — 1 
a, 2, k (к = 1,2,---,4&), 





(5) 





hence, by Theorem 1, 
b Гк — 1 
ma |Д®)|& ma |90) 2 2-8 | 
a om], 


pmi,23,'"", к), 1,***, 


2. Criteria for irreducibility. Theorem 2 will be used now to ob- 
tain criteria for irreducibility of polynomials. 





THEOREM 3. Let P(x) be a polynomial of degree n with integral ra- 


tonal coefficients. If for n integral values x1, xs, сс, x, the absolute 
value of P(x,) for vy 51,2, - - , n ss less than 
#— 1)! 
oe @—1) 


2=1{[(# — 2/2]1] 
but different from 0, then P(x) is srreducsble tn the field of rational num- 


bers. 


Proor. If P(x) is reducible, then it contains a factor f(x) of degree k 
with integral coefficients where n» kg [(n--1)/2]. It follows now 
from Theorem 2 that 








b n — 1 
(6) Mc mex f) z 2 II |——- |. 
We get for fixed 5 
b 2 
(7) $0) = өф, з) = TT] |. 


Let us first assume that k= [(n+1)/2]. For even values of я we 
have 


et Чуу 
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max (| |, | col) & 2° | bo] +| aI) 

> 2| by — | = 2 | ao| dy 
On the other hand it follows from (1) that 


max FEAN = max | e(a,)| › 
1,3,°°°, EFL 01,13,75, E 


„ 
Li , * 


(2)\ 


(3) 
mar |z) = max  |h(zj|. 

ami, 2,°°*, H1 i943,3,:*, H1 

Since g(x) and A(x) are of lower degree than k, our theorem may be 

applied to them. The lengths of the smallest intervals which contain x 

of the points x1, xs, · · - , xy or x of the points xs, 23, * * * , X441 are 

both not smaller than 4, . Hence 


max —[|g(z)| & 2-*? | bo| dida +- du, 
x-1,2,*, E 


max | h(x.) | > 2 | co| dida + ++ des, 
mnm 


ees 
ss $ 


and by (3) and (2) 
max | f(s) | > 2-H1didy-- + dy1{max (| bo], | col )} 


T 2-*| 2 | dda Ses dy. 
THEOREM 2. Let f(x) = agx? Haix! -4 --- +a, be а polynomial of 
degree k and xy «xa +++ <x, а sel of more than k integers. Then 


Lomax лаа [2] 





Proor. We consider those k +1 of the integers x, whose subscripts 
are 1 апа the k numbers 
pn — 1 
e| k | (p= 1,2,--+, В), 


and denote these x, in increasing order by xo, xf, · · + , xy. The differ- 
ence of two consecutive elements x, is at Jeast 1, hence fork eB» a0 











e иара 


Since for every r and s 





we have 
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If for,» different integers x1, X, °° - , X, 
>» Гку— 1 
o «| 2] < T| k | (y= 1,2,0... 5), 
go |, 
and for і of these x,, say x, x(9, ..., x(D 
А — 1 
[Poem < a|- | (А = 1,2,---,9, 
pm] k 


then P(x) is irreducible in the field of rational numbers. 


1. Bounds for the absolute value of polynomials at given points. 
We first prove the following theorem of Tatuzawa. 


THEOREM 1. Let f(x) =aox*+ayet-!+ --- +a, be a polynomial of 
degree k, let xy x4 ++ «хь be arbitrary numbers, and а, the length 
of the smallest interval which contains x-+1 of these numbers (x= 1, 2, 

0. k). Then 


шах [f(s| z 2-*| ao| dids + 4 
Poe Ae oo! 


Proor. For k 51 we have 
| f(a) — fea) | = | аба — за) | = | a] d; 
hence 
max {| f(a) |, | x9] ] e 27 {| Mad] 1 Каа) |) 
> 21| f(a) — fa) | = 271 | «| di. 


This proves the theorem for k=1. Let us now assume that it is al- 
ready proved for polynomials of degree less than Ё. 
We divide f(x) by the polynomials (x — x1) (x — x4) - - - («—x,) and 
(x — x) (x—x3) + +» (5 — хь), respectively. Then 
f(x) = a(x—z)(*—25): + (æ — хь) + ga) 
= az — )(х— T) ++ (= — зьн) + A(z) 


@) 


where g(x) and A(x) are polynomials of degree less than & with the 
highest coefficients 

bo = ai + lti + 34 tH o + х) 

Co = Gy + Golta + za t + m), 


respectively, hence bo — со к= Go(X1— X141); 


and 
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It follows from this theorem in particular that the integral poly- 
nomials 
Р(х) = A(x — x)(x — ta) (2-2) ti 


are irreducible if x,s4x, and 1 5 |t| <G. This result contains for n> 4, 
А =*1, and ¿= 1 а theorem of J. Schur,* and for arbitrary: А and 
t= +1 а theorem of H. L. Dorwart and О. Ore.* For я 54 there are 
exceptions.’ The application of Pólya's bound gives this result only 
for т> 6, that of Tatuzawa for» 5, while our bound gives the exact 
degrees for which these theorems hold. 

Moreover, we improve the second theorem of Tatuzawa. Instead 
of Н, we obtain the larger bound 


+1 37 
a -|——| for iz 7, Mer for i бапа 5. 


It is of interest that thia bound cannot be improved further. If the 
absolute value of Р(х) ог А 1, 2, · · ·, 1 is not less than Н, but 
only leas than or equal to H, then our result does not remain correct. 
It will be shown that for every 572 such polynomials exist which 
are reducible in the field of rational numbers. 

It follows from our theorem that the integral polynomials of de- 
gree n 

Р(х) = (x — x)(x — за) -+ (x — x) A(z) + i 


` are irreducible if 1>4, n>1>/2, xy >4x,,and18|#|<H. This gives 
for t= +1 а theorem of Dorwart and Ore.’ 

Finally a criterion of a new type is obtained. P(x) is irreducible 
if the absolute value of P(x,) is different from zero and less than a 
certain bound $1» С for n different integers x,, but less than another 
‚ smaller constant S; for lof these x,. More exactly, the following theo- 
rem is proved. 

Let P(x) be an integral polynomial of degree я; let b, J, and 5 be 
integers satisfying the following conditions: ka [(n--1)/2], n»1 
>n/2,)>12 0r 111 or 9, 


P k, ne k+h— 1. 


4 Aufgabe 226, Archiv der Mathematik und Physik (3) vol. 13 (1908) p. 367. 
Losung by W. Flügel, ibid. vol. 15 (1909) pp. 271-272. Cf. G. Pólya and G. Szegd, 
Aufgaben und Lahrsdiza aus der Analysts, vol. 2, Berlin, 1925, pp. 136, 346—347. 

5 Criteria for ike irreducibility of polynomials, Ann. of Math. vol. 34 (1933) 
pp. 81-94, 195. 

* See, for instance, loc. cit. footnote 5, pp. 86, 195. 

T Loc. cit. footnote 5, 
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ON THE IRREDUCIBILITY OF CERTAIN POLYNOMIALS 
ALFRED BRAUER AND GERTRUDE EHRLICH 


Introduction. G. Pólya! bas proved the following theorem: 
If for я integral values of x, the integral polynomial P(x) of degree 
n has values which are different from zero and, without regard to sign, 


less than 
MICA 


б 29»—I[2/1] 


then P(x) is irreducible in the field of rational numbers. (Here, as in 
the following, a polynomial with rational integral coefficients is called 
an “integral polynomial.”) | 

This result was improved for positively definite polynomials by 
Hildegard Ille* and for arbitrary polynomials by T. Tatuzawa.* The 
latter obtained the larger bound 


Ga = (27*(5 — 1)1)1/ 
instead of Gy. Moreover he proved the following theorem: 
If for Z integral values of x wheres >/> n/2, the integral polynomial 


P(x) of degree м takes values which are different from zero and, with- 
out regard to sign, less than 


Н; = (1 — 1)1/02, 


then P(x) is irreducible in the field of rational numbers. 

In the following, the results of Tatuzawa will be improved further 
by a slight modification of his method. Instead of Ga we obtain the 
larger bound : 


(n — 1)! 
27 [(# — 2)/2]! 
We have 
G 2n\ 14 PE: 5^ 1^ 
— e (=) for even nand — ~ (= for odd я. 
Ga y Ga 2v 


4 


Presented to the Society, April 27, 1946; received by the editors November 12, 
1945. 

1 Verschéadena Bemerkungen sur Zaklentkoorie, Jber. Deutschen Math. Verein. 
vol. 28 (1919) pp. 31-40. 

3 Rintgs Bomerkungen su einem von G. Pélya herrwhrendem Irredussbistits- 
kritertum, Jber. Deutschen Math. Verein. vol. 35 (1926) pp. 204—208. 

3 Über dis Irredusibiliiat gewisser gansxahliger Polynome, Proc. Imp. Acad. 
Tokyo vol. 15 (1939) pp. 253—254. 
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(27) M = — 27x k(h hs) 1 | K' — so (р, K)]. 
From (10), (15), (23), (25), (27), 
Q8) A = (2/)Vo(1 + n) E/[E' — (1 + r) sn (o, &)], 
В = Vol(h + &)(5 + Aa) [841 — 27«(1 + 0n [ku i/ h) ^K 
(29) + KE(sn"! (p, k), Е) — (К — E) 
:sn7! (р, k]]/[K' — (1 +7) sum (р, FY]. 

The constants in (28), (29) are given in (1), (2). K and £ are the 
complete elliptic integrals of the first and second kinds, respectively, 
with respect to the modulus k, and K' is the complete elliptic integral 
of the first kind with respect to the modulus k’. 
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E(a, k) = E+ {(1/х)[(х1 — М)(1 — 2] 


— sE(dn^! (k/z, K), Е) + дп! (k/z, А) 


when k «x «1. 
From (19), (21), 


F(x, k)  x[(& — хї)(1 — 29) | [ KE(sn7 (z/h, k), k) 


22) — E an^! (x/k, k)], 0 « x « 2, 
F(z, k) = — K + z[(a1 — &')(1 — a9) | [KE E(dn7 (k/z, k), k) 
+ (E — К) ап! (k/z, E], k«z«1. 


From (16), (22), 
Py = [(k + k)/(5 + &)]U*K — KE(dn? (r, E), k) 
+ (К — E) dn“ (s, k’), 

Qi = k(/ |)! PEK + K'E(sn^ (р, K), k) — E sn (o, |), 
Ry = k(h/ ]j)!U1K + KE(dn7! (e, k), k) — (К — E) dn7 (о, k^). 

By (1), (2), p=o’/k’. Therefore, by [5, 822.11], 
(24) dn^ (s, K) =» sn^! (p, Ё). 

By (11), (15), (23), (24), 

N = В) hP [E R, — KQi] 
e (Ага) [EE — КК' + K'E] 8n7 (р, K). 

By using Legendre's relation [5, $22.735], 
(25) N = 27 k( hi ha) 1/* an (p, K^). 

By (1), (2), ст =. Therefore by [5, $22.31] and (24), 

dn^! (r, В) = K' — sn^! (р, k^). 


(23) 


By [5, §22.732], 
E(dn™ (r, K), №) = ВА(Кйа) 10? — E(gn^ (р, В), Е) + Е. 


Substituting this into the expression for P; in (23), and using Le- 
gendre's relation, we obtain 


(26) Р, = Ry — x/2. 
From (11), (15), (26), 
М = N — rQ. 
From (15), (25), 
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Py = МЮ) [AK — kF(o, k)], 
(16) Qi = (А.а) 10 [A K" + AF (o’, Е) |, 
Ry = (hia) MP [(5 + Ay) K + AF(r, &)], 


where 
x = sn? (ф, k) 
17 F(x, k) = J ———— фф. 
а е becas DT 
Define the constant a by 
(18) sn (a, k) = z/k. 


а is real when 0 «x <k, but is complex when $ «x «1. By [5, 522. 
F(x, k) may be expressed in terms of the elliptic function of the t 
kind as 

F(x, k) = sc (a, В) nd (a, E)U(K, а, k). 


By [5, 522.74], this may be expresed in terms of theta and zeta f 
tions as 


G(K — a) 

Ө(К + a) 

Now the ©-function is even and periodic of period 2K, во 
F(x, k) = sc (a, В) nd (a, E) KZ(a). 


By [5, §22.731], F may be expressed in terms of the incom; 
elliptic integral of the second kind as 


(19) F(x, k) = sc (a, k) nd (a, k)|KE(a, ЕЁ) — aE]. 
By [5, $$22.732, 22.734], 
. Beta Б) же Б A) coe EQ Adni 
- [dn (b, kK) — А? sn (c, k) sn (c + ib, k)] + 
From (18) and [5, $822.31, 22.34, 22.41], 
g = 807! (x/k, k), 0< = 
а= K + idni (k/x, K^), kx 
.From (20), (21), and [5, $522.11, 22.31, 22.34, 22.41], 
E(a, k) = E(sn^! (x/k, k), В) 
when 0 «x « b, and 


F(x, k) = sc (a, k) nd (o, k) G In + Kz(o) 


(20) 


(21) 
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E,(%+40) = (A z4- B) [x(2— h)(x— h— hy) (A+ ht hki x) ] 1/5, 


hthi<x<h+hyt hy. 
Therefore, from (4), (5), 


(6) (Р, + rRDA ++ (Po + rR) В кш 0, ОА + OB = Vo 


where 


(7) 2 [ ' a^ | (hy — х) (A+ hi — x) (A+ Ait – x) idx, 
ЖЮ . 

(8) 20, = [ x^ [x(x— h) (k+ hic x) (A+ hit hi x)|- tdr, 
hy 


КАЕМ 
(9) 2R,= Í.. a” | x(x — hy) (x— h— hy) (A+ hith — x) [8d x. 


From (6), 
(10) А = — Vo(Po + rRo)/(M + rN), B = Vo(Pi + £R3)/(M + rN), 
where 
(11) M = Р.0,— (Р, N= RiQo — О.К. 


А and B may be calculated from (10), (1 1) if Po, Qe, Ro, P;, Qi, Ri 
are known. To determine them, in (7), (8), (9), respectively, make the 
substitutions 

xc kh — k/[1 — о? sn'(o, &)], 
х= h,/[1 — s sni, RD], 


х c kh, + h/|1 — т? sne, k)]. 
Then 


K 
(12) Py = kak) f (a — ho? an($, B)/[1 — o? an, &)]} "do, 
n = Кула 
к' 
fo Qo he mio, ЕУ/[1 оз пө, X) T] "de, 


„== (АЙ) 1/1. 


a3) € 


R 
(14) x 
. [ [^ + hy + hr! вп3(ф, А) /[1 — т? an%(¢, k)]1 ^49, 
where К = K(R), K' — K(k). 
From (12)-(14), 
(15) Р, m Кв.) 2K, Qv = (А.А) 1 K*, Rs mt k(hih) K. 
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Бе at potential — Vo, corresponding to Davy's given conditions. 
Davy's solution corresponds to the case r= —1. 


2. The electrostatic field. Let the two plates have widths A, Аз, re- 
spectively, and let their adjacent edges be separated by a distance й. 
Define 


(1) k = [hs (5k) + h), K -(1— BM, 
o? c hy/(k + hi), 9! c h/(k-+ hy) = 1 — о?, 
T? ca hy/(h -+ М), р? = (h + ha)/(A + hi t+ А). 


Let the plate of width А; occupy the interval 0<x<h,, and the 
plate of width Ay occupy the interval A+hy<x<h-+hi+hAy on the 
x-axis of a rectangular x, y-coordinate system. Let s=x-++4y, and let 
E,(2), E,(2) denote the x and y components, respectively, of the elec- 
tric field. Let the charge per unit length of the plate of width А; be ғ 
times the charge per unit length on the plate of width №. 

The method to be used here is that of [3, $4]. Let x10, х=, 
xy— hh, xo hh]. Take the “undisturbed” field to be zero, 
so that f(x) =0. Then by [3,8§§4.1, 4.7, 4.9, 4.10], 


E,(s) — іЕ (ж) 
= (As + B)/Is(z — h)(s — h — h)(s — kh — h — h) |2, 


where the constants A and B must be determined. 


(2) 


(3) 


3. Determination of the constants. By [4, pp. 24, 483], 
à AthitAs 
(4) E,(a + 10)4х — rf Ey(x + 40)4х< = 0. 
0 Mh 


If the plate of width 5; is to be at a potential + Vo, and the plate 
of width А, is to be at a potential — Vo, then 


hihi 
(5) Ј, Е„(х + 10)4х = — 20. 
Ву (3), 
E,({ 2+ 10) = — (A x4- B) [x( &, — х)(АВ-ЕВ,— 2) (A+ hit h а) ] 15, 


0c z« h, 
Е (24-4) = — (A x-- B) [x(— hi) (А-А, — x) (A+ hit 5a — x) |1, 
hix x« k4- ki, 
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Under the weaker hypothesis that px merely approaches a constant 
the same proof shows that pw also approaches a constant. 

A later note considers the existence and character of solutions of 
quasi-linear networks for periodic impressed force. 
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THE ELECTROSTATIC FIELD OF TWO COPLANAR PLATES 
HDMUND PINNRY 


1. Introduction. In a recent paper in the Philosophical Magazine 
[1, р. 168],! N. Davy published what he called an “attempt” to ob- 
tain the electrostatic field about two thin, infinitely long, parallel, co- 
planar metallic plates of unequal width and at potentials + Vo. It 
was this remark, no doubt, that led M. C. Gray [2] to call this solu- 
tion “tentative.” 

Actually, the solution given by Davy was but one of infinitely 
many that might fit his given conditions. The reason is that this is a 
two-dimensional potential problem; and in two-dimensional potential 
theory infinity 18 not a suitable zero point for the potential function 
as it is in three-dimensional potential theory. Consequently, to make 
the potential function definite, it ia necessary either to specify its zero 
point or to specify some other condition which effectively does thia. 
Davy made no such specification but chose the particular potential 
function which corresponds to the case in which the charges on the 
conductors are equal and opposite in aign. 

It is the purpose of this paper to solve the problem fulfilling Davy’s 
conditions, but in which the charge per unit length on one plate bears 
to the charge per unit length on the other plate a given ratio f. 

For апу r>1, the charges on the plates may be increased until the 
potential difference between the two plates is 2V». If the zero point 
for the potential function is then taken as the point between the two 
plates at which the potential is the arithmetic mean of the potentials 
on the plates, one plate will be at potential + Vo and the other will 


Received by the editors May 20, 1946. 
1 Numbers in brackets refer to the references cited at the end of the paper. 
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note (æ, RA) = [s Re) s e]. Thos Lec Re зд 
SA | ||Rx||. This makes it obvious th bounded, hence 
||Ze|) is bounded and ||Sx|| = ОзУ, Thus NG esol coe But 
(L+R+5) is a nonsingular constant matrix, so actually ||х|| = Оз, 
Since В is an arbitrary vector the matrix elements of G, вау g,,, must 
satiafy | gal = Os"*, But gi; is a rational function of з and if it were 
unbounded it would increase at least as rapidly as s. Thus g,, is 
bounded at infinity. To show g,,; is bounded in the neighborhood of 
the origin, let s/--1/z and repeat the above argument. Since gą has 
no singularities for %e20 and |s| >0, it follows that gi, is uniformly 
bounded for Re 20. This proves the statement for С. 

By what has just been proved, £LG is bounded in the neighbor- 
hood of the origin. Write 


sLG = — RG — € 15G + (sL + R + s 15)G 
= — RG — 7196 + К. 





The three matrices on the right are uniformly bounded at infinity and 
this proves the statement for zLG. The remaining part follows by 
symmetry. 


LEMMA б. Equaison (4) has a coni$nuous solutson pu,Ci,(0, o). 


Proor. Let ф(в) = fy o*f(t)di, Rs > 0. The existence of ф(х) is guaran- 
teed since we have shown fCJ,(0, ©). For brevity write ф(®) = (0). 
Let ¢(s) =Gd(s), and since G is a uniformly bounded rational trans- 
formation for #52 0 it follows from the well known theory of the 
Laplace transformation that f(s) 2£u(£), where u(t) С I4(0, ©) and is 
continuous. Moreover sf (z) =2/fjudt and s~48¢(s) 8S фий. Like- 
wise by Lemma 5, &/{(в)=@ ИЮ, where I(2) CI4(0, ©) and is con- 
tinuous. Thus &/jidi=2Lu. By the uniqueness property of the La- 
place transform, født= Lu, во l= Láu/dt. Note that 


(28/2 + Ru + 5 | ust) = (sL + R4 rior = QR. 
0 


Thus Ldu/dtJ-Ru--S [judt — Rf. Identifying m with fiudi completes 
the proof. 

Clearly x =w—w, satisfies the linear homogeneous equation and px 
is continuous 80 $x—0 as i+ о by hypothesis. Moreover, it ів easy 
to show by the Laplace transformation that px(C L4(0, o). Thus 
wCi,(0, ©) and the proof is completed that pq and pq* approach 
each other in mean. We have been unable to show that the solutions 
also approach in the pointwise sense. 
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LEMMA 2. If, for ali x, {x, Hx} SA|ix|* then || Hx| s A (x, Hx}. 


Lemma 3. The equation a= Hx is solvable for x +f and only sf the rela- 
tion Hu=0 implies (a, u} =0. 


Lemma 4. There is a matrix P such that, for any x, Hx=HPx and 
l.Pz]| $A] Ex||, where A is independent of х. 


Proor. These lemmas are obvious if H is a diagonal matrix. How- 
ever, the relations are invariant under a rotation of axes (orthogonal 
transformation) and it is well known that there is a rotation which 
reduces Н to diagonal form. 

For each value of ¢ the matrix V’ is non-negative definite and 
(x, V’x} SA||x||*, where A is independent of t. Thus by Lemma 2, 
fel Vipul]? SASS (pw, V'pwldi«-. Also {x, Rx] Sk{x, V's}; so 
again by Lemma 2, / || Rpw|dt « =. 

From {x, V’x}Sk{x, Rx] it follows by Lemma 2 that ||| V'z||1 
sAk{x, Rx]. This implies V'x =0 if Rx 20. Now by Lemma 3 it fol- 
lows that if a= V'b there is an x such that а= Rx. Otherwise there 
would be a # such that Ru=0 and fa, u} »0. But then V'u -0;so 
|a, u} =0, a contradiction. 

Let b—-x=f); then Rb —V'b-2 Rf,—RPf, Let f=Pfo; then by 


Lemma 4 
I s All RA] < Al] Ral] + al v. 


Interpreting b as pw, it follows that fe fat ©, that is, f(#) 
CIA(0, o). Moreover 


Ши) — fel] s Al Rp. — Ера) + AIV? ts — Vi troll. 


Since pw and V" are continuous it follows that f(t) is continuous. With 
f so defined we may write 


(4) Іф + Row + Sw = Rf. 


LEMMA 5. Let G=(sl+R+3715)1R; then С, sLG and #7586 are 
untformly bounded matrices for Rs 20. 


Pnoor. First suppose s is real and 1Ss< œ. Let k be an arbitrary 
vector and let x = СА. Then 


(sL + R+ s 15)s = Rh 
and 
sír, Lx] + (o, Rx] +22 {x, Sx} = (a, Ra}. 
Apply Lemma 2 to each of the terms on the left side. On the right side 
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where 0 lies between # and +,*. Thus the matrix V’ is defined by the 
v, the same way that R is defined by the r,. 

Without loss of generality we may suppose ё Sr, SA also. Then by 
identity (2) 


(3/A){y, Ry] < Íy, V'5] < (А/%){у, Ry}. 


Before proceeding with the uniquenese proof it ia desirable to give 
an abstract definition of this nonlinear transformation so that a theo- 
rem can be stated which is independent of physical concepts. Let R 
be a symmetric semi-definite matrix. Then a continuous vector func- 
tion V(y) is a quast-linear replacement of R provided V(y*) — V(y*) 
zy .(yt—y*) where V’ is a symmetric matrix which satisfies 
ky, Ry} S{y, V'y] Sky, Ry} fora positive constant k independ- 
ent of the vectors y*, y*, and y. 


THEOREM. Let L, R, and S be symmeirec semi-definite matrices and 
suppose that all solutions of the equation Ld*x/di*-- Rdx/dt-- Sx —0 are 
such that dx/di—0 as t—-|- o». Let V be a quast-linear replacement of R 
and suppose for t2=0 the vectors q(t) and e(t) saissfy the equation 
Ld'q/di* -- V(dq/dt) + Sq=e. Then if д" ts any other solution of this 
equation, fy ||dg/dt —dq*/di|1dt < о. (The first derivatives of x, q, and 
q* are assumed to be continuous.) 

Proor. Let w=q—g*; then by subtraction 
(3) Lphe + Vi pw + Sw = 0. 

This gives the bilinear form 


{ pw, Lprw} + { pw, V'pw} + (io, Sw} = 0, 


— p[{ pw, Lpw} + [w, Sw}] = 2{ pw, Ую). 


By definition of V’ the function on the right is continuous so by a 
standard theorem of the integral calculus 


— [{pw, Lpw} + {w, Sw} ]+ 4 = 2n { pw, V' pro} di. 


But L and S are non-negative definite so fy { pw, V’pw}dt<A/2. The 
integral m absolutely convergent because the integrand is non-nega- 
tive. (We shall use the letter А to designate various other constants 
also.) 

The following simple properties of a symmetric semi-definite matrix 
H are needed. 
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rent in the network may be uniquely specified in terms of the cyclic 
currents уз, У, · °°, Ya flowing in these circuits. Let &, €, >>>, e 
be the electromotive forces acting in these circuits. It is convenient 
to introduce the electric charge variables qi, Фф, · · ·, ds such that 
у, =dq;/di and to let p stand for d/di. The linear network equations 
may then be written as 


(1) Іра + Rpg + Sg = е. 


Here L, R, and S are n-way matrices and q and e are vectors with 
components q; and ez. 

A condition which must be satisfied in order that there be no un- 
damped solutions is specified by the following well known lemma. 


LEMMA 1. А necessary condition that all soluttons y= pq of the homo- 
geneous equaiton Lp'g+Rpg+Sq=0 approach sero as t->+ œ 45 thai 
the matrix (*L-+sR-+4-S) be nonsingular for 9ts2:0 and |z| >0. 


Proor. Otherwise there is a constant vector qs and a value of s such 
that (s*L --zR 4-.5)qo = 0, во = дое" is a solution. But pq —sqoe'*! does 
not approach zero if 9izz; 0 and |z| >0. 

Well knownfarguments concerning electric and magnetic energy 
show that the matrices L, R, and S are symmetric semi-definite. For 
instance if, { а, b} indicates the bilinear form ? 1,5, and l|a||* (a, a}, 
then {y, Ry] is by definition the rate at which energy is dissipated 
in the resistors. On the other hand let the resistance of the resistora 
be fj fs, -° +, fm and the corresponding currents through them be 
41, 4, °° 7 , tu. (Each 3, is, of course, the algebraic sum of those cur- 
rents y; which are common to r,.) The potential drop acrose the re- 
aistor у is r,t, and the jth component of Ry is defined as the algebraic 
sum of those drops which are common to the jth circuit. The following 
identity must hold for physical reasons 


This shows that R is non-negative definite. 

In the nonlinear network the linear expression r,$, is replaced by 
the function v,($,)) where ô &v/ SA for positive constants 6 and A. 
Let V(y) be the vector function which replaces Ry in equation (1). 
If yt and y* are two arbitrary vectors we can write V(y*) — V(y*) 
= V’. (yt —34*), where V’ is a matrix defined as follows. By the mean 
value theorem 


0,00) — »(5) = »(8, — $5), 
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The object of this note is to show that a certain system of non- 
linear differential equations has a unique asymptotic solution, that is, 
all solutions approach each other as the independent variable becomes 
infinite. The interest of these equations is that they describe the vibra- 
tions of electrical networks so we shall first discuss the physical origin 
of the equations. 

A linear network is a collection of linear inductors, linear resistors 
and linear capacitors arbitrarily interconnected. Suppose that such a 
network has no undamped free vibration. Then a given impressed 
force may give rise to more than one response but as time goes on the 
transient vibrations die out and there is a unique relation between 
impressed force and response. This, of course, is well known. Our 
main theorem states that if in such a network the linear resistors are 
replaced by quast-lsmear resistors then again, after sufficient time has 
elapsed, there ia a unique relation between impressed force and re- 
sponse. 

A quasi-linear resistor is a conductor whose differential resistance 
lies between positive limits. No other nonlinearity besides this type 
of nonlinear damping is considered. Quasi-linear resistors have ex- 
tensive practical application. 

For example, consider a linear network with one degree of freedom. 
An inductor of inductance L, a resistor of resistance R and a capaci- 
tor of capacitance S~? are connected in series. The current y(t) flowing 
in this circuit must satisfy the following differential equation 


dy 
LA Rye sf уй = е. 


Here e(t) is the electromotive force impressed in the circuit and may 
be an arbitrary function of time. 

The corresponding nonlinear equation to be studied is obtained by 
replacing the linear relation Ry by a function V(y) which for all val- 
ues of y is such that 6S V'(y) SA, where $ and A are positive con- 
stants. 

In the general network with s degrees of freedom а set of n inde- , 
pendent circuits (meshes) is chosen. Then any distribution of cur- 
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T^c, 4-f(T**9). Now since the sequence is not (p — 1)-terminating, for 
every À there is a с... 5р —2. Moreover, Г, с. (сма e 
ЈГ), and Гео (еы ++ HOM). By (E), ITH с, 
+1isSp—1, so that we have 


' (E) asOsP<a+1, 
and, as already shown, 
(F) O= at AOH, Psat ДГ). 


But (E’, F) imply that, under (A), the numbers C" and Г yield 
the original sequence {c,}. We call these the lower and upper limit 
numbers of the sequence. 

If f(t) satisfies (D^), the correspondence (B) maps all reals yo20 onto 
ali non-(p —1)-terminating sequences. Every such sequence +s indeed the 
map of tis hmi numbers C^, TV. 

Now if yo yields {c,} under (A), then 


(G) Со уе со Да +: + К Кы) <T, aly, 


and hence (Sy. S Г“. 
Also, if yd and yd’ yield { Cr} under (A), and if yd S Yo SY, then 
"Yo yields [o]. For 


б S yo = co +H fy!) S vo S d! m oot fyi) € eo 1, 


hence yo=¢otf(yi) and yi S71 Si’, and во on. 

It follows that yo yields {c,} under (A) 4f and only if CS yo S T*. 
Thus the correspondence (B) is actually a mapping of disjoint closed 
sets [C*, I*] on all non-(p — 1)-terminating sequences. The sequences 
{cp} fall into two classes according as C°<I* ог (Г. The corre- 
spondence (B) thus splits into two parts: 


(B^ cs, га] ^ {с,}, | Со < T, 
(В”) C? = го (s. | 


In the case (B’’) the C? and Г, converge to С = Г? =y, with errors 
thus (see G): з 


(D асет ас GET ayer eo. 


We note here two properties of the sequence [5 —1, p—-1,---} 
of later use. Although this sequence does not appear under the algo- 
rithm, nevertheless the lim C,° exists and is p. For p—1 <C} < Crit 
<p and i;-—lim C, satisfies p—1<éy Sp. But C, -p—1i-cf(C. 3) 
m p—1--f(Cu 19). Hence bo mp—itf(és), and by (D^, io 3 p. 


864 С. J. EVERETT [October 


Also, p-1+f(p—-14+ --- -f(p—1--f(p—2)g C’ where the firat 
expression contains у (p—1)'s. Thus the sequence p—1i+/f(p—2), 
P—1-Ff(p—i-Ff(p—2),--:- has limit p. 


5. Terminating sequences. We call a sequence {c} with c,=0, 
у> № for some N, iermsnaiing. There exist numbers yo>0 yielding 
10, O,-°> } under (A) if and only if f(#) has the property: 

(I) There exists a you f(y), 0<yo<1. 

Clearly such a Ys yields (0, 0, · · - | under (A). Suppose that 
o7 0 yields (0, 0, · - - } and that (I) is false. By continuity of f(#) 
we have 


(p - fl) <t forallionO «153 1, 


and O<yomf(71) <у =} (з) <y - + +. Hence Oyoomi &«m« +. 
« 1, and £j elim y, exists with 0 <t $1. But from тү, = (үх) follows 
io = (й), a contradiction. 

Obviously “not I? is equivalent to (J), and (J) may be restated in 
slope form 


(7) KÒ — f(0/i «1 on 0 «i & 1. 


If a Yo exists satisfying (I) then not only ys but also every бу on 
0S 5, «yo will yield (0, 0, - - - } under (A). Hence for a one-one cor- 
respondence (B), (J^) is necessary, and we assume from this point on 
thet f(t) satisfies (D') and (J’). 

Under these restrictions, the sequence (0, 0,... | has C°=[%=(Q, 
and since in any sequence {c}, С=с + - - +A, Pecot + 
УГА), it follows that every terminating sequence has I? = С? and 
falls under (B’’). 

We remark here that if {d,} is a terminating sequence (di, ds, °°°, 
d, 0, 0,--- },-then the associated limit numbers D'=A°=d, 
+f(dit ++ fd fUr) ++ +++ 0), since D! =0. 


6. The many-one case. Suppose then that f(é) satisfies (D^) and 
(J^) and consider the algorithm (A) only as it applies to numbers Yo 
on the interval [0, Р) = (0 <i <р). The correspondences (B’, B’’) then 

the interval [0, p) onto all non-(p —1)-terminating sequences 
{cp} withoscosp-i. 

Let L be the set of all limit numbers C*, I? on [0, р) (equal or not) 
of all such sequences, and G the complement of L in [0, р). The points 
of L are then the numbers C*»I? occurring under (B'/^, including 
the limits of all terminating sequences, together with the end points 
С? <T” of the closed intervals under (B^). The points of G are those 
of all the open intervals (С°, IV) in (B^). Since G is a union of (non- 
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overlapping, indeed, non-abutting) intervals, G ts open, and L ts 
closed. 

We write [0, р) - L--G, and L=L’+L"’, where L’ is the set of end 
points under (B^) and L” the set of С =I” under (B^). 

Since the 4niervals of G are countable, so із the set L'. We now show 
that L is dense in itself. It then follows that L 4s perfect, L (hence 
also L'') has the power of the continuum. Since the limits of terminating 
sequences are countable, the set of miis of non-lerminating sequences for 
which C? — Г is of the power of the continuum (cf. [3]). 

Indeed, every point А of L is a limit point of limit numbers D°=A* 
of terminating sequences {d,}. First let А = С = Г for {c}. Then 
A@lim C,°=lim Г, and C,* <T.. The numbers С, are in L, being 
limit numbers of terminating sequences. Since the sequence ied is 
not (p — 1)-terminating, a subsequence of ( Г P has T,*5 c -f(ei4- - 
+f(c,+1) with c4-1 &?—1, and these Г, are thus іп L, a limit 
numbers of terminating sequences | со, су бб * , & +1, 0, 0, | in 
our class. Hence А is a limit point of points of L. 

Second, let A= С? <T" for {c,}. Then the sequence {c,} is not termi- 
nating, and a subsequence of С, | is properly increasing to C? ава 
limit point. 

Finally, let C! <Г° =) for{c,}. Since {c,} is not (p —1)-terminating, 
a proper subsequence of 1 г} with ¢,. +14 —1 is properly decreas- 
ing to I* as a limit point. Hence L is dense in itself. 

If f(t) admits a sequence (4.] with D? <A’, that is, 4f the correspond- 
ence (B) is not one-one, then the set L is nondense on |0, p). If (a, b) 
is a subinterval: 0 $a «5b <р, we show that (a, b) contains a subin- 
terval containing no point of L. If (a, 6) itself contains no point of L, 
(a, b) will serve. However if a point А of L is in (a, b) and if A C «I? 
or C «I? =) for some {c,} then the interval (a, b) intersects (C, T) 
in an interval containing only points of G. The only case remaining 
is A= C* = Ге in (a, b), A «lim С = Піт Г,. But C? «oe (а - 
-HGc,H-£(D9) <ootf(at ++ +оо, КАЎ) <Г/. The inner numbers 
define an interval of G, interior to (a, b) for sufficiently large ». 


7. An example. Consider for p=3 the function f(t) defined by 
0) =0, f(4/3) =1/3, f(5/3) =2/3, f(3)=1, and elsewhere by the 
broken line connecting these points. It is clear that 4/3 and 5/3 
yield {1, 1, - - - } under the algorithm. Moreover, for this sequence, 
(=4/3 and I*=5/3 as is seen graphically from the sequences 
that we blacken the intervals (¢+/(C°), $--f(19)), $90, 1, 2. The first 
of these defines three intervals (7--f(0--f(C*), 7+/(O-+f(I*)), j — 0, 1, 
2, and the last similarly, all of which we blacken. (Graphically, the 
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process amounts to projecting the function values above each black 
interval onto the three 45° lines and thence down to the taxis.) Repeti- 
tion of this process yields a set of open intervals of total length 
1/34-2/34+3(2/3)(1/4)+ + - -=1/34-2/3(1+3/4+ (3/4)?+ + - -)=3. 
It follows that the set of black intervals exhausts the set G, and the 
complement L is of measure zero, perfect, and nondense on [0, 3). 
While this is not quite the Cantor “middle-third” set it has precisely 
the same structure. 


8. Sufficient conditions for one-one correspondence. Let co «yo < бо 
<с +1 and yo, yi, с * , Ya; бо, 61, * * * , б, be the numbers resulting 
from the first ж steps of the algorithm. We say that the slopes 
f(8) —f(v2/8.— Yo t= 1, + + +, n, are connected, 

In order that the correspondence (B) be one-one й ts suffictent that: 

(K) There exists an tnteger n such that the product of every n connected 
slopes 4s less than one. 

suppose that (B) is not one-one, and let X' be the class of all in- 
tervals (С°, I*) under (B^). Then there must be in X’ an interval of 
maximal length. For this interval, write I*— (= ( {T9 —f(C2)/I1 — С) 

‚++ (f(T) -f(C/T* Ст) (P^ — С"). The interval (C*, Г”) is in X’, 

hence these n connected slopes have product not less than 1, contra- 
dicting (K). 


Stronger sufficient conditions are: 
(K^) fs) — f)/t& — & « 1, 0S5«h^3f. 


(K’’) There exists a B such that 0 «B «1, f(t) —f(&5)/&à—n:B on 
OSh <4 Sp. 

In case (K’’) obtains, we note that Г, — С, = (f(T) —f (Cr) /T a 
Crass FCP) -f(6n9/Te?—-007) att) -fle)/(a+1 
—¢,) SB", во that from (Н) the error in the Г, and С, approxima- 
tions to уо == C? =з Го is not greater than p”. 

Although the slope condition (K’) is sufficient for one-one (В), it 
is far from necessary. We shall construct functions of arbitrarily 
great slope for which (B) is one-one. 

Consider the set of all ratios (note: mot slopes) f(+/f(¢+1) 
—f(b--f(a))/f(b-4-1)—f(b) where a, b are arbitrary integers on 
0, 1, -- -, f—1. Of these there are only a finite number, each less 
than one, since the numerator is the difference of function values on 
a proper subinterval of (b, b+1). Let M be the maximum of these 
ratios, Af «1. 

Now consider the intervals (6+/(a), b--f(a-4-1)) and suppose that 
the ratio of inner to outer slope of f(#) on each of these intervals is 
bounded above from 1/M, that is: 
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(L) There exists a k<1/M such that 
(а) — f) /— 1) / ((b- Ka 1) — f(b-- f(8)/ (a1) — f(2)) sk 
for all h, 4 on 
b+ f(a) 8S  « h x b-- f(a 4- 1), 


or equivalently: 
(L^) There exists a k<1/M such that whenever 


5+5) 5һ<һ50+/0+1) and а-А8т: (04704-1) – (0/00), 


we must have f(t) —f(4) Skr(f(b4-f(a--1) —f(b--f(a)). 

The condition (L^) ts suffictent for one-one (В). 

For, by definition of M, f(b-E-f(a-4-1) —f(b--f(a) s M(f(b4-1) —f(b)) 
and c--f(b--f(a--1) — (cd-f(b--f(a)) а M((e-f(b4-1) — (c £(5). Now 
use (L/) on the interval (c4-f(b), c--f(b4-1)) and we have 


Fle (Gor f(ad-1) —fle + flo+ f(a) SAM (e+ (643-1) — f(e4- f(6)) 
SkM(f(c+1)—f(0). 
By iteration of this process, one obtains i 


fat: +e +1) Rat t Neo) 
S hOM (fle. + 1) — fle) = (GM)?M, 


which approaches zero since k<1/M. 

While this discussion is cumbersome, it nevertheless shows that a 
function f(t) defined arbitrarily (consistent with monotonicity) at 
£50, 1, 2,---, p—1, р, and then at all #=b+/f(a), a, b on 
0,:--, $—1, and elsewhere by the broken line connecting these 
points, must асы (L) with д = 1, since the ratio of inner to outer 
slope on the straight segments is unity. 

Thus the broken line function connecting f(0)=0, е0, 
(e arbitrarily small constant), f(1 +e) =1 —e, f(2) =1 (for p=2) yields 
а one-one (B). The slope on (1, 14-4) however is (1 — 26) /6, which 
may be arbitrarily large. 


9. Algebraic examples of the one-one case. Example 1. Let 
f(t) =i*/p* for an integer p22 and an integer n оп 1 ám <р. Опе 
verifies the properties of $2, and condition (K’’) with 8«n/p. For 
п = 1, our theory reduces to the classical decimals with base f. In the 
general case let g be an integer not greater than p —2, and let C* be the 
limit for sequence fq, 9, l. Then C*-q--f(C*), and the number 
а= C*/p satisfies pa=g+ta* or a*—pa+q=0, where 0 S9g/p Sa < (4 
+1)/psp—i/p. Thus the equation x*—fx-4-q-0, 1Sn<p, 059 


м 
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Sp—2, has exactly one real root on [0, 1), namely a=(1/p) 
gC AC pee. 

In particular, forn=2, p=3, д=1, x?—34+1=0, а= (3 — 543) /2 is 
approximately 


(1/3)C5 = (1/3) (1 - (1+ (5 4 2))), 


with error not greater than 8? = (2/3)*. 

Example 2. For f(t) = (14-4) * —1, p=2*—1, n1, one has slope on 
(0, p) not greater than 1/s. We consider y «1-Ff(q--f(q4- ---) 
where 0<qS2*—2. We have *Y 21-4-f(gd-y —1) =14+(¢+y)"*—1 or 
y*—y—q=0. Thus, the equation «*—x—q=0, 551, 0€«q32*—2, 
has anly one real root y on (1, 2], namely the number у above. 

Far instance, n =2, p —3,q0-1,x!—x—150,y 21--f(1--f(14- з. 
The successive С, are 1--f(1) =2¥2=4(1-+11/2)1/? (from here on radi- 
cals are “nested”), 1+f(1+f(1) =(1+(1+14/2)/2)"% and so on. 
Hence (14-5V2)/2 = (1--(1-F(14- - +--+ )¥% 

Reralling the remark at the end of $4, and using «2, p 233, g=2, 
x!—x—2:«30, y=2=14f(2+/(2+ ---), the successive approxima- 
tions being 1--f(2) -3/!, 1--f(2-Ff(2) = (2--3117)U8, 1-Ef2--f2--f2 
= (2-+(24+37)1/3)¥2, and so on. But using the sequence p—1 
+f(p—-14+---+f@-2), we have 3=2+/2+/2+ +++ with ap 
proximations 2--f(1) 1--2UV!, 2-rFf2--f1-1--(2--24/5U13, whence 
2=(2+(2+(2-+ +--+)? which is the classical limit occurring in the 
inscribed polygon theory [2]. 

Finally, for n3, p=2*—1=7, ¢=6, x* - x —6:0, ү=2=1-+/(6 
+f(6+---, the approximations being 1+f6—7'*, 1+/6+/6 
= [6+7']!8, or again using the (p —2)-terminating approximations, 
2= {6+ [6--(64- - *- ys ua va, 


10. *Spectra" of the topological maps of the unit interval. Let 
T= { FO] be the class of all continuous increasing functions on 
OSi<1 with F,(0)=0, Fi(1) —1. These are the topological mappings 
of the unit interval onto itself [5]. If p is any integer not less than 2 
and f(#) is of the type in §2: 

(M) f(t) continuous increasing on 0 S£ 3p; f(0) =0, f(p) 21, then 
F(t) —f(pt) is in the class T. Thus all our functions may be regarded 
as magnifications of the functions of T by а factor p in the #direction. 
Conversely, if Fi(!) is in T and p22, then F,(t) = Ё(1/ф) is a function 
of type (M). Hence for every Fi(f) in T we regard the sequence of 
functions FAQ), Fi, Fi, ! where F (i) = F(t/p) for pz2. 
The associated sequence of perfect sets L, of limit numbers of F,(#) 
is a curious sort of “spectrum” for Fi. 
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For a fixed Fi(f) in T, the correspondence (t, Fi(#))(ni, Fit), 
OS?S1, is a one-one correspondence of the points on the curves 
y= F(t) and y= F,(t). This induces a one-one correspondence be- 
tween the points of the curves F, and PF,,; namely, (mi, Fi(t)) 
e(n-4-1y, A), 0S8: S1. The latter may be used to show that the 
slopes Sq, Sa41 Of the chords at corresponding points of Р, and Frys 
satisfy s,>Sai1. Hence if some F, satisfies (K’) so do all succeeding 
F,, and thus Г, = [0, р), pan. If Е, is of bounded slope, there will 
exist an F, of slope everywhere less than one. Moreover, one can show 
that if F, satisfies (D^) and (I^), so does Ё„ы. This leads to the ques- 
tion whether L,= [0, р) implies Lp [0, p+1). This is in fact not 
the case. 

Example. The broken line function F, defined by F,(0)=0, 
F,(4/9) = 1/3, F1(5/9) =2/3, Fi(1) 1 has Га ҹә [0, 2), since the prod- 
uct of every two connected slopes of РУ is less than one (condition (К) 
with я 22; note that the test (L) fails). But Fi(1) isthe function of §7 
with L, of measure zero. However L,= [0, р), p24, since the maxi- 
mum slope of F, is one and all successors therefore have slope less 
than one. 


11. Unsolved problems. (1) State simple necessary and sufficient 
conditions on f(#) such that (B) be one-one. (2) Do there exist func- 
tions f(t) which give C* «I? for non-terminally-periodic sequences 
{cp}? (3) Do functions exist with sets L of every measure between 0 
and p? (4) The limits of periodic sequences of period & are algebraic 
numbers of degree м^ at most for the function of Example 1, $9. Char- 
acterize algebraically all such limits. 
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A NOTE ON LIE GROUPS 
HANS SAMELSON 


1. Introduction. The following theorem, which plays a role in the 
classification of Lie groups, was first proved by Н. Weyl [1, 2]: 


THEOREM A. If G 4s a real compact connected semi-simple Lie group, 
then any connected group G' locally isomorphic with G 4s also compact. 


It is well known and easily seen by considering the simply con- 
nected covering group that Theorem A can also be formulated as 
follows: 


THEOREM B. The fundamental group of a real connected compact 
semi-simple Lre group ts finsie. 


In this note we present two proofs of Theorems A and B; one proof 
uses differential forms, the other, which is somewhat more elemen- 
tary, is based on differential geometry.? 

Let then G be a real connected compact Lie group and assume that 
the fundamental group of G is infinite. We have to prove that G 1s 
not semi-simple. We note that for compact groups “semi-simple” 
means that the center of G is finite [2, p. 282]. 


2. Proof by differential forms. Since for group manifolds the funda- 
mental group and the one-dimensional homology group coincide, our 
assumption means that the one-dimensional Betti number is not 0. 
Let 2 denote a 1-cycle, which is not homologous to 0 (with rational 
or real coefficients). By de Rhams theorem there exists an exact dif- 
ferential form w of degree one such that /s« 70. It is well known from 
Cartan’s investigations that we can replace w by a form & which is 
invariant under the right and left translations of G. We denote by 
a-@ resp. 0: b the transform of the differential form 8 under left resp, 
right translation so that a:0(x, dx) —8(a:x, a-dx), where a-x means 
the group product of the elements a and x of С and a-dx means the 
image of the vector dx under the left translation by a, and similarly 
for 0-b. With Haar measure оп С we form the expression à foa c 
-b dadb; this is an invariant form on G of degree 1. We consider now 


Received by the editors May 6, 1946. 

1 Numbers in brackets refer to the references cited at the end of the paper. 

1 The first proof has also been known to C. Chevalley and С. de Rham for some 
time, and is given here mainly for completeness' sake. 
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fs- ff forms 


By the formula for transformation of integrals we have fxa-w-b 
єз f,.sw-b, where a: Z is the image of Z under left translation by a. 
But a: Z is homotopic to Z since a can be connected with the unit ele- 
ment e by а continuous curve.-Therefore fsa w: bm [a.w b = Гао: b, 
and by the same reasoning on b we find fsa-w-b= f sw, and therefore 
finally 


fs- ff аа fu f [ate fone 


The form & is in particular invariant under the inner automor- 
phisms a—1-x-a of G. Considering & at the unit element e we have 
then a nonzero linear function on the tangent space at e which is in- 
variant under the linear transformations of the adjoint group. Since 
G is compact we can introduce in the tangent space at б an inner 
product which is invariant under the adjoint group. In a space with 
an inner product a linear function can be identified with a vector 
and so œ gives us a vector at e invariant under the adjoint group. (If 
we write a(e, dx) —? ax, and assume that the adjoint group is 
represented by orthogonal matrices, this is simply the vector with 
components өң.) But then the one-parameter subgroup in direction 
of this vector is invariant under the adjoint group also, and lies there- 
fore in the center of G, which shows that G is not semi-simple. 


3. Proof by differential geometry. The second proof rests on the 
consideration of geodesics. We assume again that the fundamental 
group of G is infinite. We introduce in G an invariant differential 
geometry; this is possible since G is compact; “invariant” means that 
the right and left translations are isometries. It is well known that 
the geodesics going through є are the one-parameter subgroups. 

Let G be the simply connected covering group of G; we introduce 
the “covering” differential geometry on G by requiring that the local 
isomorphism between G and G be an isometry. This differential ge- 
ometry will also be invariant. Because of the assumption on the fun- 
damental group, G is not compact. 

As covering space of a compact space, G is a “complete” Rie- 
mannian space; any two points in it can be connected by a shortest 
geodesic, that is, by one which realizes the absolute minimum of curve 
length between the two points (see [3, 4, 5]). In G there exist there- 
fore arbitrarily long geodesic segments which are the shortest con- 
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nections of their end points. By moving the midpoint of each such 
segment to ё (the unit element of С) by means of a left translation, 
and by considering the limit of a properly chosen sequence we can 
find a geodesic ӯ through 2, which is a “straight line," that is, which 
realizes the shortest distance in G between any two of its points. We 
shall prove that 7 belongs to the center of C. 

Consider the image y=c(¥) in G of ¥ under the covering mapping 
с: GG. The group y may or may not be closed; the closure of y is a 
connected compact Abelian Lie group, therefore a torus group T of 
а certain dimension. We introduce arclength s (— œ «s « + o) on 7, 
and write y(s) for the point on ў with parameter value s; we can 
assume 'y(0) = 2. 

We determine now a sequence $, of values of s, such that S+ о, 
and c(y(s.))—«e. This is possible since T is compact. From a certain 
п on we can find points 4 in С such that (1) c(&)=6 and (2) 
d(y(s,), &) -d(c(y(s.)), e) (where we denote by d the distance in С 
and in G); this is possible because the covering mapping c is a local 
isometry. It could happen that ¥(s,) =4. The points 4 are in the 
center of G, as (1) shows. 

Now let a be any element of G, and consider the transform 
б==а—%ў-а of 7; transformation by a being an isometry the parame- 
ter s on ў can also be used as arclength on $. Suppose now that $ is 
different from ў; then in particular the tangent vectors to 7 and 6 
at 2 must determine an angle different from zero. Let bt denote a 
point with positive s-value on $, and b~ a point with negative s-value 
оп y. It is well known that the triangle inequality holds for dt, b7, 
and 4, that is, d(b*, b7) «d(b*, 2)-+d(6-, 2), provided b+ and b- are 
sufficiently close to 8 (see [6]). We choose b* and b- accordingly; let 
d(b*, 2) --d(b7, а) —d(b*, b^) =n; we have then 7> 0. 

We determine n such that d(y(s,), &)-«-/3; the inequality 
d(8(s,), 2.)<n/3 follows then from the fact that the isometrical 
transformation by the element a transforms ¥(s,) into б(з„), but has 
&, as fixed point, since 2, belongs to the center of G. We consider now 
the following broken path f: from 57 to b+ on the shortest geodesic 
joining those two points, from d+ to б(з„) on 3, from &(s,) to ё, on 
the shortest geodesic, and from 4, to 'y(s,) on the shortest geodesic. 
It is clear that the length of f is less than the distance between b- 
and ¥(s,) as measured on ~—the difference being at least 7/3. But 
by construction ӯ realizes the shortest distance between any two of 
its points. 

Therefore § cannot be different from 7. But a being an arbitrary 
element of С this means that ў is in the center of G; it follows that 


PA 
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the torus T, the closure of ү, ig in the center of G, and С is ahown not 
to be semi-simple, which finishes the proof. 
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SYRACUSE UNIVERSITY 


EQUIVALENCE IN A CLASS OF DIVISION ALGEBRAS 
OF ORDER 16 


R. D. SCHAFER 


Let 6 be a Cayley-Dickson division algebra over an arbitrary field 
$ with principal equation 


(1) x? — i(x)x + n(x) = 0 
and involution 
(2) S: ze 05 = ix) — x, 


We are concerned with division algebras Aof order 16 over { defined 
in the following way: let Ё, be a division algebra (of order 8) over fy 
with the same elements as @ but with multiplication denoted by хоу; 
further let A = G--76, multiplication! in Ж being defined by 


(3) ce = (a+ 0b)(x-+ vy) = (ax + yobS) + e(aS- y + xb) 


fora, b, x y, in &. 

In the original form of this paper, the author considered the prob- 
lem of equivalence in the class of algebras Ў = €+-v€ with multiplica- 
tion defined by 


(4) ce = (a + w(x + vy) = (ax + g-ybS) + о(а5-у + xb) 


for a, b, x, y in @ where g is a fixed element of G, g¢& 8. The author 
had shown in [5] that # is a division algebra in case р is chosen with 
n(g) not a square in fy; in particular, such a choice of g can be made 
when is the field R of rational numbers. R. H. Bruck, the referee 
of the paper in its original form, suggested a study of the wider class 
of algebras defined by (3). Theorems 1 and 2 are generalizations of 
the result in [5] and are due? to В. Н. Bruck. By their use the class 
of algebras studied here has been considerably enlarged.’ 

In $2 we shall determine conditions for the equivalence of two alge- 


Presented to the Society, April 27, 1946; received by the editors February 26, 1946, 
and, in revised form, May 29, 1946. 

1 This modification of the Cayley-Dickson process was originally presented by 
R. H. Bruck in [2], Theorem 16C, to obtain non-alternative division algebras of 
orders 4 and 8. Numbers in brackers refer to the references cited at the end of the 
paper. 

з Theorem 2 was communicated to the author by Bruck, complete except for the 
proof of the equivalence of @, and ©, a fact which Bruck conjectured. 

3 See the comment following the corollary to Theorem 4. 
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bras Ў, Xa of this class. These conditions lead directly to a determina- 
tion of the automorphisms of &. 


1. A class of division algebras of order 16. An algebra © is called 
a quaternion algebra if Ж = (1, ts, ts, t4), t4 = ана, ta? = th ta, зї == 8, 
най 9 44(1—14), where a and 80 are in &, — 4061. An algebra G 
is called a Cayley-Dickson algebra if €= Q +u, with elements 
xcp--ug, where р, д are quaternions and multiplication is defined by 
(р.-и) (Фа aga) = (bita Ya: GS) Huss- gat pagi) where w = ү 
0 in $ and S is the involution (2) of Q. 

Among the well known properties of @ which we shall use are that 
@ is an alternative algebra (see [4]), that € is central simple, that (1) 
holds for x in 6, where 


(5) e+ 25 = Қа), (25) = (xS)s = n(x) ` 
for the involution (2) of @. The norm form n(x) permits composi- 
tion—that is, я(ху) —n(x)n(y) for x, y in 6. 


THEOREM 1. Let © be a Cayley-Dickson division algebra over Vg with 
involution S. Lat = G--vG have multiplication defined by (3), where 
Q, 75 chosen so that 


(6) (хоу) = An(z)nCy), Хх s 0 in $, 
for all x, yin © If X 4s noi a square $n iy, then UW is a division algebra 
over iy. 


A necessary and sufficient condition that A be a division algebra 
is that 


(7) ах + yobS = 0,  aS-y + xb = 0 (a, b, z, y in @) 


imply either c * 0 or «0. If we assume on the contrary that (7) hold 
for nonzero c, £ it follows that a, b, x, y are all nonzero. Use of (5) 
then shows (7) essentially equivalent to yobS-—a[(aS-y)b.S ]/n(b). 
Taking norms, we get 


(8) s(yobS) = [n(a) /(b) *n(y) m(b5). 


If А in (6) is not a square in fy, then (8) cannot be satisfied for any 
a, b, y in G, and Я is a division algebra over §. 

In order to complete the proof of Theorem 2 we require two simple 
lemmas concerning Cayley-Dickson algebras. 


LEMMA 1. Let © and G4 be Cayley-Dickson algebras with respective 


Pel 
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unity elements 1 and e and principal equations х —i(x)x -n(x)1 = 0 and 
(9) лих — h(x)z + n,(x)e = 0. 


If Cand G4 are equivalent, the equivalence being given by xx P, xin Ge, 
x P in ©, then 


(10) S,DP = PS 
where Sa ts the $nvoluison 
(11) Sy: roa, = (xe — x 


of G4 and Sts the involution (2) of б. 


For (9) implies that (x «x)P—in(x)xP-+na(x)eP = (x£P)?—ty(x)xP 
+m (5)1 = 0 since aP 251. But (xP)! —£(xP)xP -n(xP)1 =0. Hence 


(12) (2) = KxP) m(x) w(zP). 


But then (x54) P = [t (x)e x | P — 4 (x)1 —x P =t(x P) —xP = (xP)S for 
all x in &4, or S.P = PS. 


LEMMA 2. Let © and Q4 be Cayley-Dickson dsoisson algebras over iy 
wih norm functions n(x) and n(x). If 


(13) n(z* у) = w(2)n(y), z, y in G, 
then 
(14) m) = s(a). 


We resort to the matrix representation of quadratic forms, regard- 
ing x ав a one-rowed matrix, so that the matrix product xAx’=n(x), 
where A is an 8X8 matrix with elements in § ( denoting transpose). 
Let Р, R, be the right multiplications defined by xR,=<xy, 
xRy =x * у. Then n(x »y)=n(xy) or РАР e-xR,ARy x’, from 
which it follows that RAAR,’—R,AR, is a skew-symmetric matrix, 
and R,f(4A РА) Р, =—R,(A+A’) RJ. Taking determinants, and not- 
ing that lA +А'| +0 since G is a division algebra, we obtain 
|К*|+=|Е,|* or [я (у) ]t9 [n() ]*. Thus na(y)=en(y), €* 1. Take 
y=1. Then є=1 and (14) follows. 


THEOREM 2. Lei © be a Cayley-Dsckson division algebra over with 
unity element 1, and ©, be a division algebra with the same elements as 
G and with mulisplicatson xoy. Then (6) holds sf and only if, first, ©, ts 
isotopic to © (that 15, there exsist nonsingular linear transformations 
U, V, W on © such that 


(15) хоу = (xU-9V)W 
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for x, y in ©) and, second ^ 
(16) (zT) = n(x)n(1T), T -U,V,W. 
If € G-FvG, multiplication defined by (3), (15), (16), and sf 


^(1U)n(1V)n(1W) is not a square $n iy, then Ў is a division algebra 
over iy. 


Define two nonsingular linear transformations H, J on G in the 
following way: let xH =х01, xJ=1ox, for x in б. Then, if (6) holds, 
n(xH—'o1) = n(x) =An(x H+) and 


(17) n(xH-) = n(x) /d. 
Also n(1oxHJ-!) =n(xH) =n(x01) =An(x) =An(xHJ—) pr 
(18) „(=НЈ-1) = n(x). 
Let G4 be the isotope of ©, defined by 
(19) zey = [xo(yHJ-) |A-. 


Then 1 іза unity element for Gy. Moreover, n(x » y) = n|xo(y HJ) ]/A 
e st(x)n(y HJ) -n(x)n(y), or (13) holds. That is, #(*) is a quadratic 
form permitting composition with respect to the multiplication x «y 
of G4; hence! G4 ів a Cayley-Dickson algebra over { and n(x) is 
equivalent in $ to the norm form n (x) of G4. (Actually n(x) is identi- 
cal with n(x) by (14), but that fact is immaterial at this point of 
the proof.) Since any two Cayley-Dickson algebras with equivalent 
norm forms are equivalent,’ it follows that Qc with 


(20) z*y = (zU-yU)U^, 


for U a nonsingular linear transformation on ©. Moreover, @, is 
isotopic to б. Let 


(21) V = JHU, W-U-H. 


Then (15) follows from (19), (20), (21). Also (16) holds, for n(x U) 
= Ne (x) = тп(х) by (12) and (14), while 1U—1-n5(1U); also n(x V) 


* Any nonsingular linear transformation T satisfying (16) is closely related to a 
norm-preserving transformation U. For eet 1T t and Пы ГК, Then T= UR, and 
eT =xU-i, &(x1) -»(xU)n(t). Hence (20) n(x). Conversely if T UR, where U 
is norm-preserving, then T has property (16). 

5 See the principal theorem of [1, p. 161], for the relationship between quadratic 
forms permitting composition and the norm forms of certain alternative algebras. 

* [3, р. 777]. The proof in Jacobeon's paper is for of characteristic not two. The 
author has verified the theorem for arbitrary $, but will not take the space to include 
a proof here. 
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—na(xJH-1U)cn(xJH-)mn(x) by (18) while 1Y = 1 == я(1 У), and 
n(x W) = п( UH) =An(x U!) =An(x) by (17) while n(1W) —An(1) 
=À. 

Conversely, if multiplication in, @, is defined by (15) and (16), 
then (6) holds. For (хоу) = n|(xU-9V)W] = n(xU-yV)n W) 
=a(xU)n(yV)a(1 W) -An(x)n(y) where X=n(10) n(1V)n(1W). By 
. Theorem 1, a sufficient condition that Ў be a division algebra is 
that A be not a square in fy. 


2. Equivalence in this class of elgebras. The algebras of §1 are 
quite general, and are at the same time a concrete realization of the 
hypotheses in the theorems of this section. In order to show that these 
theorems, which are actually proved for a more general class of di- 
vision algebras, apply to the algebras described in §1, we note that 
if & is а Cayley-Dickson division algebra over (y, and # = €-+-0€ has 
multiplication defined by (3) and (6), A not a square in $, then, 
for any nonzero elerhent y of @, the product yoy S is not in $. For if 
yoy S € Е, then (yoyS)?=n(yoyS) &Xn(y)n(y.S) =d[n(y) ]?, and А is a 
square in $, a contradiction. 


THEOREM 3. Lei 3( = @--т@, with multiplication defined by (3) where 
yoyS 35 notin Vy for попзето yin ©. Then an element s of Y, satssfies a 
quadratic equation with coeffictenis «n їр +f and only if z ts 4n б. 


For 22= (х+|ту)? = (7+ yoyS) toS: y+ ry) =i(x)x—n(x) -усуЅ 
+i(x)oy =i(x)s—n(x)+yoyS. If s*—T(s)s-+-N(s) =0 for some Т(ғ) 
and N(z) in $, then i(x)g— n(x)J-yoyS = T(s)g — N(z), or {t(x) 
— T(s) s n(x) —yoyS — N(s) in @ Either s is in G, or х) — (ғ) 
=0=(х) —yoyS — N(s) and yoyS=n(x) – №2) in $$, contrary to hy- 
pothesis. Therefore the only elements of Ж satisfying quadratic equa- 
tions are the elements s=z of 6. 

Let Ay = Ea +0 = G4 where & ів a Cayley-Dickson algebra with 
principal equation (9), @, ie a division algebra with the same elementa 
ав @„ but with multiplication [x, y]. Let multiplication in #„ be de- 
fined by 


(22) (2-7 * 5) «(2 у) = (0+ 2 [у,55„]} +0’ = (aS, y + x D) 
for a, b, z, y in G,, where Sẹ is the mvolution (11). 

THEOREM 4. A diviston algebra Wy = Gato’ + G4 with muliplecation 
defined by (22), |y, у5»] not in 8 for nonzero y in Sa, is equivalent io 
a division algebra A= 64-06 with multiplication defined by (3), yoyS 
noi $n iy for nonzero yin ©, if and only tf, first, GaSe, the equivalence 
being given by xexP, xin ба, xP in ©, and, second, 6.626, by the 
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specific equivalence xo 5% P, xin ©, 03x P in Gu, for some 0540 $n i5. 
(This second condtiton may be stated as 


(23) [2, у]Р = P(xPoyP) 


for some 0540 $n Y.) The equivalence between Wy and Ў 4s хо «y 
+x P + 6v(y P). 


Suppose WH. Since As contains а Cayley-Dickson subalgebra 
G4 containing all of the elements of Wy which satisfy quadratic equa- 
tions with coefficients in fy, it follows that „С G. Let the equivalence 
H between We» and A, zezH, z in My, zH in A, have matrix 


(24) Н = C a 


Then Q=0. For if a€ @«, both a and aH satisfy quadratic equations 
with coefficients in $, a1 € & and О +0 in (24). The nonsingularity 
of H implies that P and D are nonsingular. Moreover, the equiva- 
lence H between Ў and A induces the equivalence P between Q, 
and @. 
; Let Ls, Les, Ry, №, be the left and right multiplications of @ and 
G, defined by хуу = xRy x+y =yL,*=xR,*. Then multiplication 
is defined in Ў by cz=cR,, 


Re SR, (°) 
. ЕЙ К, = т? т. }' aly = yog, 
¥ a ^ 


and in Y, Бус» = сб, 
Re - Ser; ay 
RS = (оза r* J aL, $5 [7, a], 


7 


where Rs S PRP t, Lf = PL,EP-!, and so on. 
The equivalence of A, and Я is given by КЎН НР, for all s 
in A,, or 


ae PRypP — ! P B (? " се SR ) 
Hr" LP TD PE DING Liri 
for all x, yin Q4. 
It follows from (25) that PRep+SyPR,ypP'T =PRepiyr Or 
SePRypP—'T =PRyr. Then (10) implies that PSR,pP-1Tc PR,r 
or SR,PP-!T = Кут. Let ye and denote eT by t. Since eP 21, it fol- 


lows that РІГ =, Р, and 75 PSR,. Therefore SRP PSR, 
e Курав Ог БурвЁ‹= Курвв,. Ву a lemma of Moufang [4, Lemma 1], 
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LypsR,pgR 0 Ra psn,L,pg. Hence Los eae Toss Lou and for 
all y »£0, R,psR, R,L,é Pg. 

If 1940, let y=siP— Then R,;R,-R,Liu-5()l-R,R, and 
Г.в» Кєз, =$ in 8. That is, if 1250, then ER pg = EL yrs, Ryps=Lyps, 
yPSEF for every у50 in Gy, and P is singular, a contradiction. 
Hence 6T «і 0) and T= PSR,20 in (24). 

With this result and (10), we may write (25) as 
m ee idquc E ) (I d E "" 

SPUL? ВЕЕР УМОВИ \о р/\5 > Lap 
from which it follows that PSR,pP-'D=PSRy,p, or Rae PD = Кур. 
Let y =e and denote eD by d. Since eP =1, it follows that Рр = Rp 
“К, or D=PR, Thus RypP'PR,=R,pRe¢ or RypRa7 Курв,. Let 


y cx x P, Then R,R,-- Raa for every x in ©. Therefore d is a scalar ё 
in ў, or D=8P, 5550. Thus 


aT 
Н = 
0 ФР 


and (26) reduces to three identities and the final relationship 
PSP3LO P =ô PSL ог LS P=8*PLY from which (23) follows. 


COROLLARY. Let A= €+0€ be a division algebra with multiplicatson 
defined by (4), ER, and Ay = Cato’ + Cy with multiplication defined 
by 


(a+ v *b) «(x ray) = {а+х gi (ye SQ) ev (aS. y xe 0) 


for a, b, x, yin Gy, where Sa ts the involution (11) of Cx and gi ts a fixed 
element of G4, gi iy. Then Y, 5791 if and only sf, first, Ga 45 equivalent 
lo G, the equsvalence being piven by xeoxP, x «n G4, x P in G, and, second, 
#1Р m д?р for some 02:0 in Y. The equivalence between Aa and Я 4s 
ety! eyoxP-+ ёфъ(уР). 


For [x, y] - * (x « у) and xoy =g(xy) in Theorem 4. Then (23) be- 
comes {gi * (x+y) ] P gP(zP-yP) = 8%g(xP-yP), or simply 41Р = 82g. 

By Theorem 4 we see that the class of algebras described in §1 is 
actually considerably larger than that defined by (4), which was the 
class originally studied. For any such algebra is the particular case 
Гь Т, Val, W=L, of (3), (15), (16). Even such a simple variation 
9, оЁ X as that in which multiplication is defined by 


(27)(a-- v * b) «(ata * у) = {а * х-+-(у* 354) * mi] E * (a5, * yt x D), 
g:& $$, cannot be equivalent to Ж, since (27) is the case U I, V eI, 


МА 
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W=R,* of (3), (15), (16), and 6, cannot be equivalent to G, as re- 
quired by Theorem 4. For G, has a left unity quantity g^!, while @; 
has a right unity quantity (the inverse of gı with respect to multipli- 
cation x « y in G4). If 6,261, then @, has a right unity quantity k, 
and kup, 6, has unity quantity g^*. Then x«exog !-gxg l, or 
xg*gx for all x in G, РЄ, a contradiction. Actually @, is anti- 
isomorphic to @, іп the case G,C«G (that is, Ry! РА,ьР-!) and 
gP=gS, for then RO oR*R,* = PR,pR,pP-' > PS'RypR,gP 
= PSL,pgL,SP- = (PS) LPS) 

The automorphisms of the division algebras of order 16 over $ 
which are studied in this paper are given directly by the conditions 
of Theorem 4, Ў, = 9f. 


THEOREM 5. A nonsingular linear transformation H on a diviston 
algebra Ж = 6 06 with multiplication defined by (3), yoy S not $n iy for 
nonsero y in G, 4s an automorphism of Ў if and only if H induces an 
automorphism P on © and 8°P is an automorphism of G, for some 
67:0 4n iy. Such an automorphism H of Ж has the form x--vyexP 
+ (УР). 


COROLLARY. A nonsingular linear transformation H on a division 
algebra A= 6-00 with mulitplication defined by (4), g ES, ts an auto- 
morphism of A sf and only if H induces an automorphism P on © such 
that gP = 0!g for some 0540 11 iy. Such an automorphism H has the form 
x+y P + b0(yP). If t(g) s40, then gP =g and either 61 or бе —1. 
If ilg) 0, then 61. 


For g1*g in the corollary to Theorem 4. Moreover, КЕР) —i(g), 
n(gP) =n(g). If Кр) 0, then é(gP) —i(81g) = 85(g) =#(g) implies that 
0351, = +1. If Др) = 0, then s(gP) =n(83g) = &n(g) = л(р) implies 
that d= 1. 

REFERENCES 


1. A. A. Albert, Quadratic forms permitting composition, Ann. of Math. (1) vol. 43 
(1942) pp. 161-177. 

2. К. H. Bruck, Some results in the thoory of linear non-assoctatewe algebras, Trans. 
Amer. Math. Soc. vol. 56 (1944) pp. 141-199. 

3. N. Jacobeon, Cayley numbers and normal simple Lie algebras of type G, Duke 
Math. J. vol. 5 (1939) pp. 775-783. 

4. К. D. Schafer, Alternaites algebras over an arbitrary field, Bull. Amer. Math. 
Soc. vol. 49 (1943) pp. 549—555. 

5. , On а construction for division algebras of order 16, Bull. Amer. Math, 
Soc. vol. 51 (1945) pp. 532—534. 





Tar UwmivszsiTY of MICHIGAN 


A SUMMATION MATRIX WITH A GOVERNOR 
GEORGE PIRANIAN 


1. Introduction and summary. The present paper describes a new 
method of summation with a triangular matrix. The innovation con- 
sists in the fact that the elements in the sth row of the matrix are 
constructed from the first я terms of the series to be summed. The 
dependence of the matrix on the series is such as to allow fairly rapid 
convergence of the summation process in the case of “well-behaved” 
series, yet to make the method applicable to some series whose partial 
sums oscillate violently. The method is included in the Abel method. 


2. Summability (G). Corresponding to any formal series У" оа, We 
form the sequence {Sp} determined by the relation 


XU 


a ge E, 
dD. |а 
pe0 kl 
where 5, — 1.924 (r =0, 1, 2, - - - ) (the right member of equation (1) 
has meaning except when a,=0 (k=0, 1, 2, * - - , я), in which case 
we write S,=0). 
DEFINITION. If - 
(A) lim $|a|/ 2 [|= 0 
se 0 fe de) 
and 
lim S, = S, 


the series 9 a, is summable (G) to S; if we wish to be more explicit, 
we say that the series is summable (G, кле. a,| ) to 5 (read: summa- 
ble with the governor > 375] a4 ). 

It is evident that equation (1) can be written in the form 


"^ 


D. = > Sent) Iu 


Тм) 


where fi =) „| Gal and Р, = Уф. In other words, equation (1) 
represents a Nórlund transformation [3]! with positive increasing co- 
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efficients, provided that condition (A) is satisfied. 

The notation of the last paragraph will be used throughout this 
paper. Where more than one series is under discussion, symbols such 
as Sa{a}, P.la] will be used to indicate quantities associated with 
the series У as. 


THEOREM 1. Summabiiy (G) ts consistent with every Noriund 
method with postive coefficsenis. 


COROLLARY. Summadsiisty (С) is consistent with the Cesdro methods 
of ali orders. 


THEOREM 2. Summabiisty (С) ts included in the Abel method. 


i 
` THEOREM 3. If the'series > as, 2 бл, 9 (Ga +b.) are summable (G) 
ip A, B, and C, respectively, then A+B=C. 


Theorem 1 follows from the fact that all Ndrlund methods with 
positive coefficients are consistent with respect to each other [2], and 
its corollary from the fact that all Cesàro methods of integral order 
are Norlund methods [1]. Theorems 2 and 3 are consequences of 
Silverman and Tamarkin’s theorem [4] to the effect that every Nor- 
lund method with positive coefficients is contained in the Abel 
method. 


LEMMA. A necessary condition for condition A to be satisfied is that 
lim inf, „| а„| /p, * 0; a suffictent condition is that lim, а [рь — 0. 


To prove our lemma, we write, 


Р/Р, = РР, + Ф. — ФӘ/Р, = pP, E T (1 — РР), 


and we recall that if b; c, are non-negative numbers such that 
HSbı/ SK (6-1, 2,---, з), then Ha» 4 ibi ais K.. If 
lim inf, „| a4| /p. & 0, the value of the fraction (p —5)/(P. Р) 
exceeds Б if ¢ is sufficiently large and n is greater than і. Since p, is 
a non-decreasing function of r, the values of p,/ P, and P./P, tend 
to zero as я becomes large, and condition (A) is not satiafied. 

If on the other hand lim,..¢,/p,™0, a similar argument shows 
that condition (A) is satisfied, and the proof of the lemma is complete. 


THEOREM 4. The method of summability (G) includes the method of 
conver gence. 


This theorem follows from the preceding lemma and the fact that 
every Nórlund method includes the method of convergence (a trivial 
exception to the theorem exists: if a, »=0 (n0, 1, 2, * - - ), limsSs 
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=(), but condition (A) fails to be satisfied, and a slight modification of 
our definition is necessary for the series >a, to be summable (G)).. 

It should here be remarked that the condition lim, ..¢,./p, = 0 is 
not necessary for condition (A) to be satisfied, as can be seen from the 
following example: Let 


Gg = 0, 
|а 1 (я 250, 1,2, 4, --.), 
|а. | = fea (n = 1,2,4,---). 


We demonstrate, by induction, that 
a 5 n login (s = 1,2,3,.-.), 


where the subscript 2 indicates the base of the logarithm. Suppose 
that 
br S r logar. 


where f &2^ (k a certain positive integer). Then 
Pee S rlogsr +t < (r + Й logs (r + 0) <r), 
фъ-1 Srilogar+r-— 1, 
par < 27 logar + 2r = 2r logs (2r); 


that is, the inequality holds when r=24+1, 2^--2, - - - , 281, Since 
the inequality holds when ғ —1, and since 


Р. г Ses 2) = (n — 2)(# — 1)/2, 


it follows that 
25 logs я 


(я — 2)(%—1) 
that is, condition (A) is satisfied while lim sup,s.o|@a|/P,=1/2. 


3. Special properties. In this section we consider some of the prop- 
erties of the sequence .5, that are of interest even when the sequence 
fails to converge. 


PP. 


THEOREM 5. If 6, ha, (n=0, 1,2, - - -) where his a constani, then 
S, Íb] mS, fa}. 


This theorem follows immediately from the fact that b.{b} 
=|hlp.{a}, P.(5] = | 8| P a], and s.(5] =, {a}. 

The next theorem concerns the effect of altering the values of a 
finite number of terms of the series ? 'a,. Since summability (С) is a 
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regular method, it suffices to consider the case of nonconvergent se- 
ries. 
If b,—=a, (#344) and b;=a,;-+4, 


X {вә} = 19300) + 2» pl] 


Т, LM: 


s [a] s.a] 
(Loc 4E - I D 569) арЫ: 


+ 


it follows that 
S.{b} = s.a] P. la] /P.(5] +(|a:+ 5 - || у sa} /Pal0} 
+(1- È plola). 
If condition (A) is satisfied by the series Xaa, 
Pab} = Pafo} + (n— iti a + | —|о,|) 
= (1 + е)Р, (а), 


where іп, „є, == 0 (nonconvergence of the series 2? aa implies that 
lim, „фи [6] = and therefore that lim, P, [a] /n* œ). From this 
it follows that the series Ў /5, also satisfies condition (A), and that 


5.00} = (1+ «25 (0) + (1E e)8 o (Lac hl | aon 


where lim. e. = () єз Lime es and LA Smax,s,_.|5-{a} | /Pros{d}. 
Imposing the further requirement that lim,..6.=0, we now obtain 
the following result: 


THEOREM 6. If the series Sa, satisfies condition (А); «f 


(B) lim È +{в}/Р.{в) = 0; 
and 1f 
ba = б (n E м, Aae, fà), 
ba, ™ Gn; + h (i= 1,2, В); 
then 


Sib) aes is) ДЕУ Ж 


where lim, -so ta == О lim, а. 
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COROLLARY 1. If ihe set of partial sums 5„ | а | is bounded, lim (Sa |5} 
—S,{a}) e ib 


COROLLARY 2. If ihe series Ў a, satisfies conditions (A) and (B) and 
45 (45 not) summable (С), every series differing from t in a finite number 
of terms only 45 (35 noi) summable (С). 


_ THEOREM 7. If 


bates ies oO ordeo dendi 
b; = 0, д 
ba = 03-1 (smit l,i+2,---) 


and the series > ^a, satisfies condition (A), then 
Said} — Safa} © eS.aía] + 
where lim, e, ™ О lim, ses. 


This theorem asserts that the insertion of a finite number of terms 
whose value is zero into a series satisfying condition (A) cannot de- 
stroy or bring into existence summability (G) for the series or change 
the value of the sum (G) of the series. A stronger theorem is of course 
desirable; we may ask, for example, whether there exists an infinite 
sequence of integers {n} such that the insertion of a term of value 
zero after each of the terms a,, in any series ? a, satisfying condition 
A cannot destroy or bring into existence summability (G) for the se- 
ries or change the value of the sum (G) of the series. 

To prove Theorem 7, we observe that (for n> 21) 


Pa{b} = Palo] + paila) + beilo] 
and 


2 sfb) {9} 


= S жн реа + > А0 


ret 
t-l ' 


= {бїр} (0) + sea} Penal} 


2 E slo} Peele} + s. P.(5] (im s. Е o). 


Division of 5905,10} P. [b] by P.{b} gives the desired result. 
The following theorem regarding the summability (G) of certain 
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alternating series provides a first indication of the strength of the 
method (G): 


THEOREM 8. If f(s) 35 a polynomial in s wiih real coeffictents, then 
the series Уе 5(—1)*f(n) ss summabie (С). 


We assume, first, that f(z) 20 when s=0, 1, 2, - - - . If f(z) is of 
degree q, the quantities pa and P, are then polynomials in я of de- 
gree q+1 and q+2, respectively. We shall show that for each я the 
sum 97* oS,pa—r can be expressed as one of two polynomials of degree 
94-2 or less in я, and that the leading terms of the two polynomials 
have identical coefficients. 

Writing 


у, SePaerc— В » Gypa—r =з 2 2 2 , Pa = 2 GyP Sa, 
7—0 r= be. k-0 . pm fend 
and P,-f.(n), we have the relation 
22 Sf. m 2,(— ff — n. 
re fe) 
Now, if g(s} is holomorphic in the region — 1/2 Sx $n--1/2 (3—7x-F1y) 


and if, for some pair of constants (C, a) with ««1, the inequality 
| g(s)| < Ceci"! holds in this region, then [2, p. 53] 


Mamm 0) i р-н gt) 





Эшен) нт 





L (— 1yg(r) = - 


14-1/1— 40 sin ws 24 —1/3— io Sin ях 


In our case, this identity takes the form 


Э aee bf MM LOA = NES pe fn — +), 


2% 2--1/1—14o sin ws 21 —1/1—41o sin v5 
-[ (—1)*f(n4-1/24-15) fa —1/2— iH —1/24-12) fa(n4-1/2 — it) 
uM те CS lc ae кешт з= т l 
2 J _„ cosh xt 

and the theorem is proved for the case where f(s) 20 when бб, 1, 
2 wd. 

If the polynomial f(s) is negative for some of the values s=0, 1, 
2,--*, k—1, and positive for з-й, k+1, - · +, we consider first the 
Beries А Я 


22 (— Dfa + k) = 2, (— 12)*f(»). 


This series is summable (G), and by Theorem 7 it is still summable (G) 
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after & terms of value zero are prefixed to it. It follows from Theorem 
6 that the series ? ( —1)*f(n) is summable, and the proof of Theo- 
rem § is complete. 

We note, incidentally, that in the special case under consideration 


in Theorem 8, 
1/2 + 4 
TE: T Kiti „ 
cosh xt ті 
If f(s) is non-negative (я =. 0, 1, 2, - - - ), this is obvious from the fact 
that in the quantity ? 7. ss, f. .. the term of highest degree in s is the 
вате as in the quantity 
sf. JC 1/2 + #) т) + a DS P 
cosh xt 
In the more general case, we choose an arbitrary polynomial g(s) во 
that f(s) --g(s) 20, g(z) 2:0 (n0, 1, 2,---). Since the two series 
520—1)" [f(9 teln) ] and 0—1)" (ж) are summable to 


ip kat M ec un, 
cosh rt 


Lenii, 
2 ie cosh x 


respectively, the result follows at once from Theorem 3. 
The following proposition is now a consequence of Theorem 2: 


THEOREM 9. If f(s) is a polynomial with real coeficients, 


ME K 12) a F Py 

im E asf(s) = — 38 
o+—1+0 gat 

4. An unsolved problem. The method of the present paper can be 
extended to matrices with governors other than 2-6 a,|. Any rela- 
tion of the form 


(2) Pa = ф(ао, Gut , Gn) 
or, more generally, 
(3) pa = P(A; do, а ``) 


determines a Nörlund method, corresponding to each series >a, sat- 
isfying the appropriate analogue of condition (A). It would obviously 
be of value to know a simple relation of the form (2) or (3) generating 


1946] A SUMMATION MATRIX WITH A GOVERNOR | 889 


a “universal Nórlund method (G*),? that is, a method which sums the 
series ? a, whenever the series is summable by any Nórlund method. 
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THE LOCATION OF THE ZEROS OF POLYNOMIALS 
WITH COMPLEX COEFFICIENTS 


EVELYN FRANK. 


1. Introduction. In a recent paper On the кетоз of polynomials with 
complex cosficienis [2],! we gave an algorithm for determining the 
number of zeros in any half-plane. We here extend these methods to 
the actual computation of the zeros by successive approximation. The 
computation involves only the repetitive processes of synthetic di- 
vision and cross-multiplication, and computation with complex num- 
bers has been eliminated. This method is therefore especially suitable 
where the computing is to be done by a clerical staff with the use of 
ordinary calculating machines. 

While relatively few methods for finding the zeros of complex poly- 
nomials have been given, there are many methods for real polyno- 
mials. Runge [12], in 1898, made a comprehensive survey of known 
processes, and recently this summary was brought up to date by 
Fry [3]. Among the various methods, Lagrange [10] was one of the 
first to use continued fractions in the solution. On the other hand, at 
Bell Telephone Laboratories, the solution of the problem has been 
reduced to a mechanical one by means of the isograph [1], a machine 
which solves real polynomials up to the tenth degree. 

The method described in this paper is similar to that of G. R. 
Stibitz [3], who divides the complex plane into horizontal and-verti- 
cal strips, and to that of F. L. Hitchcock [5], who also uses successive 
approximation and the greatest common divisor process, but entirely 
by means of rectangular coordinates. Hitchcock's process consists of 
Horner's method to approximate the real part of the zero and the 
euclidean algorithm for the greatest common divisor to find the imagi- 
nary part. However, the computational routine is relatively compli- 
cated compared with the simple processes in the method given below. 
This simplification is partly due to the formulas given in $5 for the 
continued fraction expansion of a rational function. 


2. The method. (i) The separation of the zeros into annular rings. 
After bounds for the moduli of the zeros of a polynomial have been 
obtained (see $6), the next step in the computation is the separation 
of the zeros into different annular rings. In this way, closer bounds 
for the moduli of the individual zeros are found. 


Presented to the Society, April 27, 1946; received by the editors March 20, 1946. 
1 Numbers in brackers refer to the bibliography at the end of the paper. 


890 


ZEROS OF POLYNOMIALS WITH COMPLEX COEFFICIENTS 891 





Let 
(2.1) P(g) = Agt + Ais! + Ам" I+ --- +A, 
be a polynomial with complex coefficients. By the substitution 
w— 1 l 
(2.2) 5 =з у П r> 0, 
v1 
we obtain 





w—l 
me P,(w) = (w + 1)*P (- ca -) 
| = (po + йо) о" + (pr + iq) + (ра + а) wet s 


+ (Pa iq). 
We form 
Pw) + Р, х) 
Qs) = SAA 
(2.4) 2 
c2 47010" 4- fiet + 19310"? + fivc? + e 
Here the positive or negative sign is used according as the degree of 
P,(w) is odd or even, respectively, and P,(w) is obtained from P, (sv) 
by the replacement of all its coefficients‘by their complex conjugates. 
To obtain an algorithm for determining the number of zeros of 
P(s) interior and exterior to |z| =r, we reformulate Theorem 4.1 of 
[2]: If P,(w) and Q,(w) are of the form (2.3) and (2.4), respectively, and 
there extsis a J-fracison expansion 
Q,(w) 1 1 1 
РК) —Q(w) awt kit co + hy ++ wt he 
су v О, 


(2.5) 


where the c, are real and the k, are pure smaginary or sero, then P,(w) 
has k zeros in R(w)>0 and (n—k) zeros in R(w) «O0 4f k of the coeffi- 
ctents cp are пераібов and the remaining (n —k) are positive. The expan- 
ston (2.5) exasts only if до = 0. We may prove in the same way a similar 
theorem for the case where gq, 0. The J-fraction expansion isof the form 
Оз) 

Pw) — QD) 

1 1 1 1 

ko + aw + kit caw + ka +s + wt ka 


(2.6) 
» Ro 0. 
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Now, by the transformation (2.2), the interior of |s| =? 18 mapped 
onto R(w) >0, the exterior of |s| =r onto R(w) «0, and |z| =r onto 
R(w) =0. We then have the following application of the above theo- 
rem: 


THEOREM 2.1. If esther the expansion (2.5) or (2.6) exists, the poly- 
nomial P(g) (2.1) has k zeros within E =r and (n—k) outside if k of 
ihe coefficsenis c, are negative and the remaining (n —k) are positive, 


By immediate extension of this theorem, we obtain the following 
corollary: 


THEOREM 2.2. The number of seros of P(z) tn ihe annular ring. 
>т >r, ts equal to k(r3) —k(r1), where k(rs) and k(ri) denote the num- 
ber of negative coefficients c, for rr, and r =r, respectively. 


In order to eliminate computation with complex numbers, we form, 
as in [2], 


(2.7) P(w) = $*P,(— iw) = U(w) + sV(vo), 

where 

U(w) = pow" — фу" — yw? + qaot? + past —---, 
V(w) = дою" + piw! — айо" — рую" + uot Ч. 
Then, if qo= 0, we have in general 


(2.8) 


(ш) 1 1 1 
(2.9) U(w) — dto +m, + dato t m с dwtm 
1 1 { 1 
"amd ih — awt ik — ++: — gw tik, 
where 
(2.10) cp = (— 1)?" d,, ik, m (— 1)?*m,, $212,:-:,m. 
If 420, the J-fractian expansion in general is of the form 
Vw) 1 1 1 1 
ш) 000 me йет + date + om ooo dum dom. 
1 1 1 1 
— dh — em + ih. — caw + ib. —--- — md thy 
where 


(2.12) с, = (— 1)?*d,, tho = mo ik, = (— 1)?m,, p= 1,2,---, 8. 
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In §5 explicit formulas are given for finding the expansions (2.9) and 
(2.11). 
(ii) Computation of the zeros of P(s) of known modulus. From the 
mapping (2.2) we see that 
v-—1 
v-41 





(2.13) к mr 


is а zero of P(s) of modulus r if w’ is а pure imaginary zero of 
P(r(w' —1)/(w'4-1)), where 0 and œ are included. But the pure 
imaginary zeros of (w+-1)*P(r(w—1)/(w+1)) are precisely the pure 
imaginary zeros of D,(w) which is the greatest common divisor of 
P,(w) and Q,(w). We may obtain D,(w) by the euclidean algorithm 
and therefore the zeros of P(s) by (2.13). As in (i), we may reduce our 
problem to that of computation with real numbers by finding D; (w), 
the greatest common divisor of U(w) and V(w), and then set D,(w) 
=D; (iw). 

In particular, if —r is a zero of P(s), then w=0 is a common zero 
of P,(w) and Q.(w); if +r is a zero of P(s), then w= © is a common 
zero of P,(w) and Q,(w). 

(ui) Computation of the zeros of Р(з) tf the moduli are not known. 
By successively varying the values of r such that the last remainder 
approaches zero in the euclidean algorithm and such that simultane- 
ously there is a change in the number of positive and negative signs 
of the c, in the continued fraction expansions (2.5) or (2.6), we may 
approximate as closely as we wish the value of D,(w) from the last 
nonzero remainder. From the zeros w’ of this approximation to D,(w) 
we may obtain the zeros of P(s), namely s’=r(w’—1)/(w’+1), as 
closely as desired. A simple method to obtain a correction in the value 
of r and also in the value of s’ is by interpolation between the values 
of the remainders corresponding to a change in the number of positive 
and negative signs of the c,. The computation may be conveniently 
arranged in tabular form as shown in §5. 


3. Cases where the J-fraction expansion does not exist. If, in the 
euclidean algorithm for the greatest common divisor of Q,(w) and 
P,(w) —Q,(w) (вее formulas (5.1) or (5.3)), a zero remainder is ob- 
tained before я steps have been carried out, then we find the zeros of 
the first nonzero remainder D,(w). 

If, however, one of the cp, p n, is zero and yet the remainder corre- 
sponding to this c, is not zero, we again cannot expand Q,(w)/(P,(w) 
—Q,(w)) into a J-fraction. This case occurs when certain determi- 
nants vanish (cf. [2]). We may then proceed as follows: If, for r 
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near 71, the J-fraction expansion shows a change in the number of 
positive and negative signs of the c, and for r =r; one of the с,, pn, 
vanishes, then rr; is the modulus of the desired zero. However, the 
corresponding value of w cannot always be found from the next to 
the last remainder. We then make a transformation ses'--k, where 
k із a constant, and find in the same way the modulus тагу of the 
same zero of P(s'). From the triangle thus formed, we compute 
sm=x-+dsy, the desired zero of P(s). 


4, Computation of the zeros of polynomials with real coefficients. 
If the caefficients of P(s) are real, the continued fraction expansion 
(2.9) may be computed from table (5.3). However, it is advisable to 
first determine whether the zeros of P(s) are all real by the following 
theorem (cf., for example, Grommer [4, pp. 123-125 J). 


THEOREM 4.1. If 


P(s) = Ags* + Aug + Aa + +--+ Ay, Ао > 0, 
has real coeffictents, ali ats zeros are real and different sf and only if 
P'(s) 1 1 1 








(4.1) ——— m — j 
P(s) re ts treto tee + ned 


where the ry and s, are real and the r, are positive or negative according 
as p +s odd or even, respectively. 


The proof easily follows by an application of Sturm sequences. 

That P(s) has no multiple zeros is not an essential restriction, for, 
in the case of multiple zeros, P(s) and P’(s) have common factors 
which may first be removed by the euclidean algorithm. 

The following theorem of Van Vleck [16] gives a method to ascer- 
tain whether a real polynomial contains the maximum number of 
imaginary zeros. 

THEOREM 4.2. If the A, are real and the terms of the sequence 

Ag А1 Ay 

; Ay Аз Аз y m 
Аз As Ag 

Áo Ay As > A 


Аз А! 


Áo, 
А, Ag 








(4.2) 


+ >» â xk ë > ë >ù ë a Y % >ò â b — ^»? а т 
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are posiisve, then all the zeros of 
Pns) = Ao + Ais + Ass? +--+ + Aust 
are imaginary, and all but ons of the zeros of 
Р) = Ao + Ais t Aat! + +++ + Asst 


5. Formulas for the expansion of a rational function into a J-frac- 
tion. In [2] we presented an algorithm for the expansion of a rational 
function 

Л = 01110" + олан" +--+ + a 


fo Goo to” + 000110") + +++ + aon 


into a J-fraction of the form (2.5) (see table (2.4), p. 146), and we 

showed that the expansion (2.5) exists if and only if aso »*0 and cer- 

tain determinants of odd order are different from zero (formulas (2.8)). 
In 4 similar way, it can be shown that 


Fi aww” -+ agw! + +++ + aon 
Fo Воот" + Boite" 1 +--+ + Bo. 


may be expanded into a J-fraction of the form (2.6) by the following 
formulas: 





Соо = Qo; Qo1™ фі, æg = — Q3, $us 
Воо == ро, ^ Baq, Bos — фа, "y y 
ao9801— fodor Goa 01 — Looto Goa оз — Deooatos 
(ig terere 'g DIE ore o a. enemy eor 
(00 Moo oo 
(11091 — QWA (31001 — awas 11003 — ©0014 
В = ) 1 25 “е | Вуз а —————— 1 б.з, 
11 «тї Oii 
(5.1) 
011812 — puas 011913 — fuan anBie— pudia 
ty) Фр FS (440—913 ***, 
11 “її , @п 
Artt” AUR An — 00110034 ana — 21100 
Baa J Ваз = —————————— + Ёз=-————› e.. 
43 24 С143 
"UEM ; 
Су—1,э›—1 Bo B.» 
d, c , my Qux › f-1,2,::-:,* 
Хур,» a0 App 


The expansion (2.6) exists if and only if Dp ao9>40 and the determi- 
nants D,, p=1, 2, · · ·, я, formed from the first п principal minors 
of even order in the array 
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(5.2) 





are different from zero, where ap,™fo,=0 if p». 
As a special case of table (2.4) of [2], the rational function 


$i anw! + anw? + anw" + --- 
фо ао" + anw? + ави" +... 
may be expanded into a J-fraction of the form (2.5) by the formulas 





oo; G1 ©з, 96 
Œil; X114, 13; se wy 
Q110t01 — Ос] ӯ Zia — сое 111 eng 77 C'o90114 
(qae torem. е А наа аана а 
011 11 11 
(5.3) anan— anan Ana — 011034 30:4 «өӊ 
пту ua eec. ee анро вез) 
a3 23 33 
». e è э 9 — 9 ^ — ээ è» ө * ө ll 99 ^  *" э >ò тэт э es a *9 o ^*^ ^ І 
C y—1,.—1 
d,™- } f, 550, pel, 2, 3, тсе $ 
Œp, P 


provided ao070 and certain determinants of odd and even order аге 
different from zero (the principal minors in the array (2.8) of [2]). 
6. Upper and lower bounds for the moduli of the zeros of P(s). 
In [2] a method was given for finding bounds for the moduli of the 
zeros of a polynomial. We apply the principles of this method to 
obtain better bounds by means of Cassinian ovals. 
Let 
(6.1) P(s) = s* + (a1 + ibys + (аа + ibas + + + (an + iba), 
where the coefficient of s* is taken to be unity since the polynomial 
may always be reduced to this form. The expansion (2.5) will in gen- 
eral exist and, after simple transformations, it may be written in the 
form 
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6.2) Qs) (ятт) h h a 

| Р(х) 1 +i+ti+t---+ d 
where 

1 1 
h = Ã————— h > 

(6.3) (cw + Ry + 1)(es3 + А) (cas + ka) (cas + hs) 

l | 1 

Lug es тез) 

If gi, £1, ** © , £43 are numbers euch that 0<g,<1, p=1, 2, 
м--1, then P(z):50 Н s satisfies the inequalities hil Sg Jal 
S(1—gidgs, || S(1—g)g, o, [Baa] S(L1—ges)ga-1- Hence each 


zero of P(s) must lie within at least one of the Cassinian ovals 


| (си + ki + 1)(ess + j| e 
1 


1 
(6.4) | (сағ + E) (с + k) | e ———— - - - , 
(1 — дуз 


| (Coad + ka) (Cas + Ra) | = . 
(1 — £n-2)Sa—1 
Then an upper bound for the moduli of the zeros is obtained from the 
point of maximum modulus of all these curves. The point with largest 
modulus on each oval is on the line joining its two fixed points. 

The methods of this paper may be applied to advantage to a poly- 
nomial whose zeros are relatively close together, as, for example, in 
the case of the polynomial (cf. Hitchcock [5]) 


(6.5) P(s) = g? + (.4 — ijs? + (6.67 — .24)s + (.0667 — 6.671). 


An upper bound of 2.866 for the moduli of the zeros is found by the 
use of Cassinian ovals with gı=56/59, g,- 160/168, and a lower 
bound of .47 with g1*985/175, ga=175/204. By the methods of $2, 
the moduli are actually found to be 2.590596, 2.580912, .997642, 
and the corresponding zeros are —.254757+2.5780394, --.168394 
— 2.5754134, .023149 4-.9973734. 
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THE BOUNDEDNESS OF ORTHONORMAL POLYNOMIALS 
ON CERTAIN CURVES OF THE THIRD DEGREE 


DUNHAM JACKSON 


1. Introduction. Properties of boundedness of systems of orthonor- 
mal polynomials, significant because of their relation to the conver- 
gence of the corresponding developments of “arbitrary” functions in 
series, constitute a subject for detailed investigation in themselves. 
In the case of the orthonormal systems associated with algebraic 
curves no method appears to be readily available for dealing with the 
problem as formulated in general terms, while on the other hand spe- 
cial methods of some degree of variety throw light on the facts relat- 
ing to curves of particular types [6, 7, 4, 5].! An earlier paper by the 
present writer [4] is concerned with loci of the second degree; a more 
recent one [5] includes reference to the curves of the third degree 
represented by the equations y= Ax!-4-Bx'!--Cx-FD and y!ex*. Al- 
though indefinite multiplication of particular instances would be un- 
profitable, some additional illustrations may serve to suggest a more 
adequate picture of the general situation. The following paragraphs 
present extensions of the reasoning to other curves with equations of 
the form у? = F(x), where F(x) is a polynomial of the third degree. 


2. The curve y?=x*%x+1). This curve has a double point with two 
real branches intersecting at the origin. It has a parametric repre- 
sentation in which the coordinates are not merely rational functions 
but more specifically polynomials in the auxiliary variable, 

zap — 1, y = КЙ— 1). 
Since x! = у? — х? any monomial in terms of the coordinates contain- 
ing 22 as a factor can be replaced on the curve by an expression of 
lower degree. A fundamental sequence of monomials for application 
of the Schmidt process in constructing the orthogonal system on the 
curve i8 
(1) Í, 2, Y, 22, ту, y’, х%у, zy’, y?, ztyt, zy, у“, LN. 
In terms of the parameter these are respectively 
(2) LP 1,40 1), (P — 1) KP — 13, PP — 1)4,--- * 
An arbitrary linear combination of a finite number of the above 
Received by the editors June 26, 1946. 
1 Numbers in brackets refer to the references cited at the end of the paper. 
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expressions in і is an arbitrary polynomial in 1 taking on equal values 
for t= +1. Each of the expressions enumerated does assume equal 
values for ¿= +1, the value being 0 except in the case of the constant 
which heads the list. Any polynomial can be expressed as a sum of one 
containing only even powers and one containing only odd powers; 
the successive even powers of і are expressible in terms of 1 and the 
second, fourth, - - + members of the sequence (2); if an odd poly- 
nomial takes on equal values for #= +1 the common value must be 0, 
and the polynomial must be divisible by #—1; and any odd poly- 
nomial divisible by #— 1 is expressible in terms of the third, fifth, - - - 
members of the sequence (2), since the products of the successive 
odd powers of і by 12 — 1 are thus expressible. The orthonormal poly- 
nomials in x and y on an arc of the curve marked off by the inequali- 
ties a S£ 3b are, with suitably adjusted weight function, the ortho- 
normal polynomials 4„(#) on the same interval of values for і, subject 
to the auxiliary condition that g,(1) 5q&(—1) (see [1]). The form of 
the auxiliary condition does not carry any implication as to the rela- 
tive positions of the intervals (a, b) and (— 1, 1). 

Let go(#), alt), 90), - - - specifically be the orthonormal polynomi- 
als for integration with respect to ¢ and weight function unity. Gen- 
eralization of the weight function by application of Korous's theo- 
rem [8, p. 157;2, pp. 205-208; 3; 4, pp. 352-353 | will not be discussed 
here. The orthonormal system contains no polynomial of the first 
degree, since no such polynomial satisfies the auxiliary condition [1, 
pp. 72-73]. 

The proof of boundedness of the q’s is similar in principle to others 
which have been given elsewhere [1, 5], but possesses enough individ- 
пану in detail to justify brief attention. Let po(#), 2:00), 2300), - - - be 
the normalized Legendre polynomials for the interval a St Sb, or- 
thogonal for weight unity, with all non-negative degrees represented. 
Let 


4«(ї) = p» сф), 
А-ы) 
with 
b 
Cak = [ q«(!) Palt) ae, 
а representation of this form being possible for any polynomial of the 


nth degree. Since q,(#) is orthogonal to every polynomial of lower 
degree which satisfies the auxiliary condition, and since 
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pal) + 27t[p(— 1) — 00] 
is such a polynomial, it follows that 


a = 2060) — pal 0] f а.да 


for Е «n. . 
Inasmuch as both the f's and the q’s are normalized 


1 ~ [ (9) = x4. 


in consequence of which 1 i8 an upper bound for each of the quantities 
| cns], while at the same time 


> ae [f аа] [pa(1) — hal- 1)]? s 1, 


(3) | f «(dt 5 24 Y [p(1) — Р o». 


In comparison with the quantity in braces, inequalities will be 
needed presently for p,(1) and p,(—1) separately. The recurrence 
formula for the ф'в can be written in the form 


ipali) = au vifi) + аһ + Ga aibi), 
with coefficients о}; each of which has С as an upper bound for its ab- 
solute value, if G is the larger of the numbers la| ; || [5, р. 178]. 
For із +1 the formula reads 
pall) = aripa) + aspal) + «>ъ,ь—1Ёь—1(1), 
— fxX(— 1) = «ъьыўьы(— 1) + anpi(— 1) + aaacifi(— 1), 
whence by subtraction 
£X(1) + pal— 1) = оъьы[Фьы(1) — Pml 0] 
| + asa[pa(1) — Ф 0] 
+ au ail£ia(1) — £ia(— 1)]. 
By further addition or subtraction of рь(1) — f4( — 1), 


2p (E 1) = as altia(1) — pal- 0] 
+ (ax + 1)[$2(1) — &(— 5] 
+ аь,ь—1[$»—1(1) — poa(— 1)]. 
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There is consequently a number Gi, independent of k, such that 


+1 
lot 1] SG. У | РК) — РК 0]. 
1 


Since furthermore, if j3"—1, 
| 2,1) — fi(— 1) | =з f [2,(1) — Д 1) ]2}1* 


"—1 1/1 
5 P 0 — p- 00) 
je 
it follows that 


wl 1/1 
lot 1)|s 36.4 2. [2Х1) — 2,(— nyt 


if kSGn—2. 
In the representation 


* =i 
(4) Jal = È, сф + È б»р 
k—a—2 k= 
the sum from 0 to #—3 can be written as 


© — mf owonlXinono- Dex— nao]. 


By the Christoffel-Darboux identity 


paal) f.) ps Pa—s(1) $a) 


Siete 
b= — 1 


the coefficient a, 3,.-2 being defined in agreement with the notation 
of the preceding paragraph. This coefficient then has an upper bound 
independent of s. The quantities P, s3(1), p.-s(1) are subject to the 
inequality at the end of the preceding paragraph. The Legendre poly- 
nomials p,_3(t), Pa-a(t) are bounded, uniformly with respect to я, 
throughout any closed interval interior to (a, b), and 1/(1—#) ів 
bounded except in the neighborhood of t=1. Similar observations ap- 


ply in the case of the identity 
Em. mti 7 1 a i) — — 1 МИГ: 
3 nC 200 = iu LER cd 


These facts together with (3) show that the whole expression (5) has 
an upper bound independent of s for its absolute value when # is 
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kept away from the values a, b, +1. The first sum in the right-hand 
member of (4) is similarly bounded, without special reference to the 
points і +1. The orthonormal polynomials q,(t) are uniformly bounded 
throughout any closed interval which ts interior to (a, b) and excludes 
the points t= +1, the last restriction being naturally redundant if the 
values £ — +1 do not belong to the interval (a, b). 


3. The curve 5!«x(x—1). Except for a conjugate point at the 
origin, which is of no concern for the orthonormal system, this curve 
is real only for x z 1. It has the parametric representation 


zæ f+ 1, y = (P + 1). 


Fundamental monomials in terms of x and y are the same as in (1). 
As functions of # these become 


1, 2 -- 1, (P + D, (А + 1)3, (P + 1), eI, o. 


An arbitrary linear combination of a finite number of them is an arbi- 
trary polynomial taking on equal values for #= +4, or, in alternative 
characterization, an arbitrary even polynomial plus the product of an 
arbitrary odd polynomial by i*-- 1. 

Let polt), (é), 2300), - - as before be the normalized Legendre 
polynomials on an interval (a, Б), and let golt), galt), q(D), · - - be the 
orthonormal polynomials on the same interval associated with the 
auxiliary condition q.(*) *q,(—$). The polynomial 

2x0) + 22 8[p.() — ex — 9], 


which is real for real values of 1, satisfies the auxiliary condition, and 
ga(t) is orthogonal to it for я> Ё. Consequently, in the representation 


ый = ер), ca „ора 
the form 
can = Piila 9 — pal] f ый 


can be used for the general coefficient when k <n. In analogy with the 
reasoning of the preceding section it is found that 


f oals- E tox 9 - ә 


the quantity in braces being real and positive; with regard to the 
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question whether it might conceivably vanish it 1s sufficient to note 
that £1(—35) —f1(5)»50. The reasoning of the preceding section can 
then be adapted step by step to the discussion of the boundedness of 
the present polynomials q,(/), in spite of the degree of novelty asso- 
ciated with the appearance of imaginaries in the formulas; the only 
material difference is that since the denominators ++#—?# in the 
Christoffel-Darboux identity can not vanish on the real interval of 
values of # considered, there is nothing corresponding to the excep- 
tional status of the values {œ +1 in the earlier passage. The signif- 
cance of this difference is of course that the singular point of the curve 
is now definitely excluded from the range of integration. The orthonor- 
mal polynomials q,(t) on the interval (a, b) are uniformly bounded except 
near the ends of the interval. 


4, The curve y!—x* —x =(*£+1)x(x—1). This curve has no singular 
point, and does not admit the sort of parametric representation used 
above. The discussion of the orthonormal system will be based on 
properties of geometric symmetry, and will be restricted to particular 
domains of integration for which the properties of symmetry in ques- 
tion are realized. 

Fundamental monomials in x and y for the application of Schmidt’s 
process are still given by (1). In setting up the orthogonal system for 
a portion of the curve which is symmetric with respect to the x-axis, 
. with arc length as variable of integration and with unity or any other 
even function of y as weight function, the monomials containing even 
powers of y and those containing odd powers of y can be considered 
separately, since under these conditions any even function of y and 
any odd function of y are orthogonal to each other. 

The even monomials in y from the sequence (1) are 


1, T, gt 9*5 zy! х?у?, уб уе ° 
In terms of x these are equal on the curve to 
1, z, x4, 25 — x, а — x), (97 — x), (8 — а), C — a 5: ’ 


and linear combinations of the first #+1 of them are linear combina- 
tions of the first n+1 members of the sequence 


1i 3,4555 ае, 


that is, the polynomials of the orthogonal systém on the curve which 
are even functiona of y are merely orthogonal polynomials in x on the 
corresponding interval with the appropriate weight function. In- 
tegration with respect to arc length s and with unit weight function 
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over portions of the curve symmetric to each other above and below 
the x-axis is equivalent to a single integration with respect to x and 
with weight 


fut. 
dx x 


(23 — х): 


Since y апа 3x!— 1 do not vanish simultaneously on the curve, the 
numerator in the last expression is a positive differentiable function 
of x. If the domain of integration is the entire closed loop of the curve, 
corresponding to the range ~ 1 5х 50, the weight function is equiva- 
lent [4, pp. 352-353] from the point of view of Korous's theorem to 
[—x(1-4-x)]/, and the orthonormal polynomials are uniformly 
bounded over the entire range, those which belong to the last-named 
weight function being reducible by a linear transformation of the in- 
dependent variable to the cosine polynomials on the interval (— 1, 1) 
(see, for example [2, p. 191]). If the domain is a symmetric portion 
of the loop designated by the inequalities —1 5х £a <0 or by the in- 
equalities —1 <a Sx 50, or a symmetric arc of the infinite branch 
marked off by the specifications 1 Sx $5, the weight function is equiv- 
alent to (1--x)-U! or (—2x)-1/* or (x —1)-1/* in the various cases re- 
spectively, which means that the orthonormal polynomials are uni- 
formly bounded on the interval of the x-axis except near the end of 
the interval at which the weight function remains finite (see [2, pp. 
200—201 ]), or, on the curve, uniformly bounded except near the enda 
of the arc. 

The monomials in (1) containing odd powers of у are 


3, €; €», 9*, Л, $199, 99, ЖУ, e 9g 


expressible on the curve in the form 


у, ух, yx, у(а?% 7 х), ye — x), yele — х), 
у(а? — T ya — x)... 


Linear combinations of these are linear combinations of the succes- 
give terms 


у, yt, yx", уай, yat, yal, ух%, yx +: . 


Orthonormal combinations for unit weight with respect to x are or- 
thonormal polynomials in x for weight y?, each multiplied by y. For 
unit weight with respect to s and for integration over a pair of arcs 
symmetric with respect to the x-axis, y? as weight function is to be 
replaced by 
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ds 
243 an (x3 = х): [4? + (32% TEN 1)2]1/3 
x 


if the formulas are still written with x as variable of integration. 

For the oval as domain of orthogonality the weight is equivalent 
to [—x(1+<) ]V* for the purposes of Korous's theorem. The orthonor- 
mal polynomials in terms of x are essertially the sine polynomials 
(see [2, p. 192]) and on multiplication by [—x(1--x) J/* or by 


у= + [(1 — x)(— 2)(1+ а) 


give products which are uniformly bounded on the entire domain. 
For the symmetric arcs limited above and below the x-axis by the 
specifications -1S*§a<0, —1 <48 Sx 50, 155 56, the weight func- 
tions for which orthonormal polynomials in x are to be constructed 
are equivalent respectively to (1--x)!U3, (—x)3, (2—1)/3, and the 
products obtained on multiplication by y, regarded as polynomials 
in x and y, are uniformly bounded near the points where y «0 and 
elsewhere on the range of integration except near the ends of the re- 
spective arcs (see [4, pp. 352—353, 356]). 

The complete orthonormal system being composed in each case of 
the polynomials which are even in y and those which are odd in y 
taken together, the orthonormal polynomials on the closed loop of the 
curve, for arc length as variable of integration and umt weight funcison, 
are uniformly bounded on the entire loop; ihe orthonormal polynomials 
on each of the other symmetric arcs specified are uniformly bounded ex- 
сері near the ends of the arc. 


5. The curve y?=2x'-+-x=2(x!+-1). This curve has a single real 
branch, of infinite extent, for all points of which x20. Fundamental 
monomials in x and у are once more those containing no power of x 
above the second. Analysis closely patterned after that of the preced- 
ing section shows that the orthonormal bolynomsals on an arc of the 
curve symmeirse with respect to the x-axis, for arc length as, variable of 
$niegraison and uns weight function, are umsformly bounded excepi near 
the ends of the arc. 
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THE REPRESENTATION OF e-9 AS A LAPLACE INTEGRAL 
HARRY POLLARD 


According to a theorem of Bochner [1, p. 498]! the function «~, 
гог any fixed value of à in 0 <А <1, is completely monotonic and ad- 
mits a unique representation 


e? m f чаа, 02Sz«o, 


where m(t) is bounded and increasing. It follows further from a cri- 
terion of Hille and Tamarkin [2, p. 903] that the function also has 
the form 


(1) (0x f. т (0 di. 


One can conclude therefore, since oy (Р) 4» (i), that $n (/) is positive 
almost everywhere and that 


J Cones: 


For this last integral is the total variation of a(#), suitably normal- 
ized. 

Further information concerning фу(Ф) may be derived from some 
general results of Post. Let y be the contour 


z |» 
— + —— m { 
a ш b 
where a and b are fixed and positive; their precise values are a matter 
o: indifference. The principal branch of «*' is holomorphic in the sec- 
tor to the right of y, and is moreover of zero type there since 0 <А <1. 
If «* is denoted by f(z), the theory of Post [3, р. 730] shows that 
the limit : 
— 1 1 1 
Lİf;i] = lim (7 D* ар (5) = >f p 
юз о kl А 2x4 

exists for all ¢>0; y must be traced so that the origin is at the left. 
But according to the Post-Widder inversion theorem [4, p. 288] 
L]f;i]is the inverse Laplace transform of e>, and so must be equal 
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to do (£) almost everywhere. Explicitly then 
1 М 
(2) Ф(0) = — [ e'e dz 
211 J + 


almost everywhere. 

A further advantage of the approach we have used is this. Post has 
shown [3, p. 733] that the existence everywhere of L |f; t] implies its 
continuity. It follows that by altering da (f) on a set of measure zero 
at most it becomes continuous for ; 0. With this alteration (2) is 
valid for all #>0. The explicit evaluation of the contour integral іп 
(2) is of considerable interest, and this is our next problem. 

Certain special cases already appear in the literature in one form 
or another. For example, if A = 1/2 it is known [5, pp. 401—402] that 


US e 114 
231/3 pn 


Very recently Humbert [6] has ы the problem of representing 
the derivative of «~ as a Laplace integral. His method, which is 
purely formal, leads to the following expression for a(t): 





1 а) 
(3) dija(t) = i e7!* gin utl dy =ч 





I T(Ak + 1) 
(4) hli) = -15 BENE ups 
In particular, if À =2/3 
NOMEN CES 
| 2(3x))/ 4 EEN oe A 


The present note provides a rigorous justification for the formula (4) 
We shall prove first that (1) is inverted by 


(5) hÀ = a J [pees ain (s gin wA)ds, 


the proof being the simple matter of demonstrating the equality of 
the right-hand members of (2) and (5). To this end consider a contour 
ё defined as follows. Let A and B be the intersections in the second 
and third quadrants respectively of the contour y ='y(a, b) with a 
circle £j, center at the origin, radius R > тах (a, b). Let {у bea circle of 
radius p « ab(a*--bY)-U*, center also at the origin. The intersections 
of {хапа ўз with the negative real axis will be denoted by C and D re- 
spectively. ô is then the contour obtained by starting at C, following 
the negative real axis to the right as far as D, circumnavigating the 
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origin once around the circle ўз, retracing the negative axis from D 
back to C, then tracing in order the arc CB of t, the portion of + 
between B and the point (a, 0), then between (a, 0) and A, returning 
finally to C along the arc AC of £1. Then for any /—0 


1 à 

(6) is ette" dg «x Q. 

2T1 4 
Now let R— c, p—0. The parts of the integrals taken along the 
curved portions of 6 vanish. What is left is the integral along y, and 
along the negative real axis traced twice. The first of these is the right- 
hand member of (2). The second, taking into account the fact that 
67% changed branches when the origin was circumnavigated, is pre- . 
cisely the negative of the right-hand member of (5). In view of (6) 
the two right-hand members in question must therefore be equal. 
This completes the proof of (5). 

To derive (4) observe that by (5) 


1 © 
dx (I) кз — rt f emet) 
T 0 


| - iim (— em TED), 


x zo kl pen 





where “J” denotes “imaginary part of.” 
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YALE UNIVERSITY 


SEMI-GROUPS OF OPERATORS AND THE 
WEIERSTRASS THEOREM 


NELSON DUNFORD AND I. E. SEGAL 


In this note we give a short proof of the generalization! of M. H. 
Stone’s representation of groups of unitary operators in Hilbert space 
and show how it yields the theorem of Weierstrass on uniform ap- 
proximation by polynomials. This classical result in turn yields fairly 
. easily the more recent algebraic-topological formulation of the Weier- 
strass theorem as given by M. H. Stone for real algebras and by 
I. Gelfand and G. Silov? for complex algebras. 

For 055< © let T, be a linear operation in the real or complex 
Banach space X satisfying the conditions 


(0 Тн LT, Tom I |T| zi Тан Tis, zCX. 
-x 


Let A4, —h-1|T, — I] and D(A) be the domain of definition of the op- 
erator Ax eim, oA x. 


THEOREM 1. If Ta OSs< œ, зза semi-group of operators in X satis- 
fying (1) then D(A) is dense tn X and unsformly for s in any finite 
interval we have 


(2) T,x = lim ez, ЄХ. 
0 А 
Note that x, msi Т„хйш-эх and that 
rth h 
Aimy = e| f T,xds - f Tas | -+ Áx аа h—0.. 
a 0 


Thus D(A) is dense in X. Since | #44] = | e/o Tug Ак] it 
suffices to prove (2) for x D(A). If xcD(A) we have 
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4 
| Тәк — eix| = Kf — (e 7 9» AMXTAx)du 
o OM 





сз 





[ СОАТ. (42 — Аух)йн 
0 





< s| Ax — Ayz|— 0, аз h— 0, 


which completes the proof.! 

There is an 5-parameter analogue of Theorem 1. Suppose that Es 
is the set of points s» (s, * * - , Sa) in Euclidean я-врасе whose co- 
ordinates s; are non-negative. Let T, sC E," be a linear operator 
in X satisfying (1). Let Ac™(0,---, 0, 5, 0, ---, 0) be the vec- 
tor in Et with 4>0 in the sth place and zeros elsewhere. Let 
Alh, =h |T4, — 1|] and D(A;) be the domain of definition of the 
operator А «x —lim,.oA (b, $)x. 


THEOREM 2. If Т, SEEK, 4s a semt-group of operators їп X satisfy- 
ing (1) then ,D(A,) és dense in X and uniformly for s in a bounded 
closed sei we have 


(3) Т.х = lim exp (5 А(Ь, 1)+---+5,A(hA, 9x, ze xX. 


Let C be the cube 053,58 and x5=8-*/oT xdu. Then х.х as 
ав 6—>0. Just as before it follows that х:ЄП:;р(А ;) so that this set is 
dense in X. Since exp (9.5.4 (h, 2) =] ]; exp (5,4 (h, #)) equation (3) 
follows from Theorem 1. 


THEOREM 3. Every real or complex continuous functton x(s) defined 
on a bounded closed subset E of Euclidean space is the uniform limit of 
polynomials $n the coordinates s, ° « « , Sa of s. 


Let X be the Banach space of real or complex bounded uniformly 
continuous functions x(A) defined on E, ([z| &sup| (А) | ). We may 
and shall assume that ECE,* and that the function x(s) ^x of the 
theorem is a point of X. For sc Es define Т.х —x(A--s). Ву (3) then 
we have uniformly for A E, and sc E 


см 
x(A + 5) = lim $5 — (пА(А 1) +--+ + s A(R, n))'a. 
0 X90 y| 
Since A (В, Dx is independent of s and the series ? 7. o converges uni- 
formly for 5Є Е the desired conclysion follows by placing \=0. 
з In case T, is continuous in s in the uniform topology of operators, obvious 


modifications of the above proof show that A is a bounded operator with | 41— A] 
—0 апа T,= gt, 
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THEOREM 4. Lei A be a closed (in the topology |x| =вир| (у) |) sub- 
algebra of the Banach algebra C(T) of ай continuous (real or complex) 
functions on the locally compact space which vantsh at infintty. In the 
case of the complex algebra, suppose also that if x C then there exists 
a yin such that z(y) — y(y).* If for every *yisá*ys there ts an x CY such 
that x(y1) 250, x(y1) =0, then = C(y). 


To begin with, suppose that the algebra is real and that Г is com- 
pact. In view of the known form of the general linear functional on 
СГ), it suffices to show that a regular countably additive numeri- 
cally-valued set function u on the Borel sets of Г is identically zero 
provided 


(4) f z(y)du(y) = 0, xcu. 


Let Г, be Г with the neighborhood system defined for e» 0 and х,ЄЯ 
with x,(yo) =0 by 


(5) г N(y) = [y] aly) | <e tm 1,5, k]. 


Such neighborhoods are, by the continuity of x., open in Г and hence 
Г, is compact. By hypothesis these neighborhoods separate points 
and aince a continuous 1-1 map between compact spaces is a homeo- 
morphism, we see that the neighborhoods N (yo) form a basis for Г. Let 
F(s) = F(s1, ++ +, $a) bea bounded uniformly continuous function de- 
fined for s-(5,*--, Sa) EEn. Let x1, - --, x, be elements of A. If 
F(xi::-:,x4)is8 defined by the equation 


F(t, ---,2)(y) = F(xiy) m), y ET, 


it is plain that F(x, - - +, x,) ЄС(Г). If F(s) coincidea with a poly- 
nomial (with F(0)=0) in я, · · ·, Saon the set (xi(D), - 5+, x,(D)), 
then clearly F(x:, - - - , £a) EA But since & is closed, Theorem 3 shows 
that F(a, - - - , x,) C X for an arbitrary continuous function F(s) such 
that F(0)=0. Let N be the neighborhood in E, defined by the in- 
equalities |s,| «e, $1, - - +, я, and let ®(s) be the characteristic 
function of its complement. Clearly (xi(y), - - - , x,(y)) EN if and 
only if y is in the neighborhood N(yo) given by (5). Let F,(s) bea 
uniformly bounded sequence of continuous functions such that 
F,(s) ®(s), sCE,. Then Рә, +--+, xa)(y) approaches 1 for 
yEN(yo) and 0 for y € N(yo) and so 

* А function я vanishes at infinity if for «»0 there is a compact set outside of 


which | x(y7)| <e 
z z(y) is the complex conjugate of x{7). 
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KT — №) = lim f Fins а) аиб) = 0, 


from which it readily follows that g =Q. 


In case A is complex the proof is the same with the exception that 
N (qo) is defined by 


N (qo) = [I| xe |? < € t= I ee ‚ 5l. 


The proof for the case of T locally compact and not compact can be 
reduced to the case of Г compact by compactification with a single 
point and addition of the constants to M, with removal of the point 
and the constants after the result just obtained has been applied. 


YALE UNIVERSITY AMD 
INSTITUTE FOR ADVANCED STUDY 


SPACES CONGRUENT WITH BOUNDED SUBSETS 
OF THE LINE 


GAIL 8. YOUNG, JR. 


This note is devoted to a characterization of bounded subsets of 
the line from the viewpoint of metric geometry. Such spaces have been 
characterized by Menger and others,! usually from the consideration 
of conditions on imbeddability of finite subsets. The theorem given 
below differs from these in making use of a minimality property of 
the linear metric as the condition for congruence. 


THEOREM. Let S be a meiric space with distance function d(xy) and 
diameter i, possibly infinite. A necessary and sufficient condition that S 
be congruent with a bounded subset of the real line is that if d'(xy) is 
another metric for S which 4s topologically equivalent? to d(xy) and in 
which S has diameter t, then there are two points a and b of S such that 
d'(ab) >d(ab). 


Proor. The condition is necessary. For suppose that .5 іва bounded 
subset of the real line with diameter і, and that there exists a metric 
d'(xy) for S such that (1) for some two points a and b, d’(ab) «d(ab), 
d(xy) denoting the Euclidean metric for S; (2) for each two points x 
and y, d' (xy) Sd(xy); and (3) there exist sequences {xa}, Ya}, of 
points such that @'(х„у„) approaches,# as m increases. From (2), 
lim d(x,y.) is also і. There is no loss of generality in assuming that 

d(x,y«) = d(z.a) + d(ab) + d(by,) 
= d(z,a) + 4'(а$) + d(by,) + [a(ab) — d'(ab)] 
2, d'(z,a) + d'(ab) + d'(by.) + [d(ab) — a'(ab) ] 
2 d'(z,5.) + [d(ab) — a'(ab) ]. 
By taking the limit of both sides of this last inequality, we get an 
immediate contradiction of (1). 

The condition is sufficient. There exist sequences { x. i { Ve li of 
points of S such that lim d(x4J ys ) =t. Let ER be any subsequence 
of {х ]. For each two points х and y let 

Received by the editors May 6, 1946. 
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з That is, in order that d(x.x) approach zero, it is necessary and sufficient that 
d'(x,x) approach zero. 
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(4) ғу) = sup | d(zz,) — d(yz.) |. 


By the triangular inequality, for each я both d(xx,)—d(yx,) and 
d(yx,) —d(xx,) are less than d(xy), во that (5) A(xy) Sd(xy). Clearly 
h(xx) =0 and А(ху) = А(ух). Since, for each я, 


| d(xx,) — 4(в)| 5 | (22n) — d(yx.) | + | уа) — dlez) |, 
we have 
(6) klas) 5 klay) + h(ys). 


Now, let {ya} be the subsequence of (y/ ] corresponding to {x,}. 
By (5), h(xy) St; on the other hand, m being fixed, and я varying, 


sup | d(zez.) — d(yex) | z | 4(хьхь) — d(x.9)| = (tau); 


во that (7) sup A(xy) =t. Finally, from (5) we have that (8) a neces- 
gary condition that a sequence TA converge to a point a is that 
h(a,a) approach zero. | 

It is not in general true that А(ху) vanishes only if x €», so that 
in general А is not a metric. I shall, however, show that under our 
hypotheses it is. 

Let d' (xy) = (1/2) [d(xy) +4(xy) ]. Using the properties (4)-(8) of А 
and the corresponding properties for d, it is easily seen that d’ is a 
metric equivalent to the metric d, that d'(xy) Sd(xy), and that 
вир d'(xy) =, It follows from the condition that h(xy)md(xy), and 
hence that А(ху) is independent of the particular subsequence of 


fæ | chosen. 
This last atatement implies that for each two points x and y 
(9) h(zy) = lim | (za) — узу) | = @(ху). 


For if this limit does not exist it is possible to find two subsequences 
{xin}, {xan}, of {x ] such that for each я 


(10) | (221) — (у=) | < | хм) — (ух) | 


and such that the upper limit of the left-hand side of (10) is less than 
the lower limit of the right-hand side. This implies that А(ху) as de- 
fined by one of these sequences is leas than A(xy) as defined by the 
other. By considering the subsequences EM i n>j} forj*1,2,3, - + >, 
it is easily seen that (9) holds. 

Now let a, b, c be any three points of S. By changing the lettering 
and taking a subsequence {x,} of {x/}, we can assume that, for 
each я, 
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(11) d(ax,) — d(bx,) 20; d(bx,) — d(cx,) > 0. 

Adding the two members of (11) gives 

(12) | d(ax,) — 4(сх„)| = | 4(ах„) — d(bx,)| + | alban) — 4(ст„) |, 
and letting s increase in (12), we have by (9), 

(13) d(ac) = d(ab) + d(bc). 


Hence of any three points, one is between the other two, in the metric 
sense. By a well known result of Menger,’ if S has more than four 
points it is congruent with a subset, S’, of the line. If 5 consists of 
exactly four points and is not a subset of the line, it is easy to reduce 
the distance between two of the points while leaving the diameter 
unchanged. 

All that need be shown now is that S’ is bounded. Suppose that 
it is not. We may assume that the origin belongs to S’. Then the 
transformation sending the point of S’ with abscissa x into the point 
with abscissa x/2 reduces each distance while leaving the diameter 
infinite, which contradicts our condition, and completes our proof. 

Various special aeta can be characterized by adding additional hy- 
potheses to the condition. For example, an interval can be charac- 
terized as, say, a connected space in which the diameter is actually 
assumed by the distance between some two points, and which satisfies 
the condition of the theorem. 


PURDUE UNIVERSITY 


з Karl Menger, Untersuchungen aber allgemeine Metrik, Math. Ann. vol. 100 (1928) 
рр. 75-163. See in particular р. 128. 


SYMBOLIC SOLUTION OF CARD MATCHING PROBLEMS 
N. S, MENDELSOHN 


The main problem to be discuæed here is the following. Find the 
number of arrangements of s cards marked 1, 2, - - - , s subject to 
conditions of the type: the card marked “3” shall not be jth, the card 
marked $” shall not be rth, and so on. A generalization of this prob- 
lem is also discussed. 

A solution of the card matching problem has been given by Ka- 
plansky in [2].! The present solution depends on a somewhat differ- 
ent approach to the problem. Both Kaplansky and I make use of the 
finite difference operator E, defined by Ef(n) —f(n--1): Kaplansky’s 
solution is based on a symbolic interpretation of the method of in- 
clusion and exclusion; my solution gives a recurrence formula ex- 
pressing the solution of the problem of matching s cards in terms of 
the solution of the problems of matching less than я cards. The solu- 
tion proposed here is capable of giving explicit formulae for several 
particular cases, for example, the “probléme des ménages.” Further- 
more, it is capable of being extended to problems of considerably 
greater generality. 

Suppose we have Gi, ds, · · ·, G, cards, all considered distinct, of 
which a, are marked r. It is required to find the number of arrange- 
ments of these cards in which none of the cards marked *r" appear in 
any of p, specified places. As an immediate corollary, we also obtain 
the number of arrangements in which these conditions are violated 
(1) exactly s times and (2) at most s times. 

Let р,, be the number of places simultaneously forbidden to cards 
marked r or $; p,e the number of places simultaneously forbidden to 
cards marked 7, s or #, and во on. The form our solution takes depends 
on the Prae... with the largest number of subscripts which does not 
vanish. We give the following examples. 

Case І. AID p,—0. The number of suitable arrangements із 
Est: >’ tena, This is obvious. 

Cass II. Some $;>£0, but all Ра=0. The number of suitable ar- 
гап ents 18 о) £1) Fi(as; фз) · : Е. (а; $«)0! where F(a; р) 

Буй 1) "[а, r][p, 15°, the summation being carried out with re- 
spect to r which Lais from 0 to min (a, $). The symbol [a, r | is used 
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for the binomial coefficient a(a —1) - - + (a—r--1)/rl. This problem 
was solved by Kaplansky in [1]. 

Case IIT. Some р;;7<0, all $:;,=0. The number of suitable arrange- 
ment is F.(a, ty Oai фь фо Pry cocoa Pia Pro coco € ‚ Pa~1,2)0! 
(written as F,(a;; ps; р.;)01 if no ambiguity occurs). Here Fi(a; p) is 
the same as defined in case П while Ё„(а;; p; pi) is defined induc- 
tively by the recurrence 


Falas; $5; Bu) = 2, (— Dart Mb ee kallan fi] [pis А] 
| ые [an1 Rani] [pnia ka-1] BC 


where the summation is carried out with respect to each of the indices. 
ki, ka, © + +, kaa, the index k, ranging from 0 to min (а„ Pra). Here 
B and C represent the following expressions: В == Р, (а. — kr; Pr Pra} 
Pra) ko f and s range from 1 to 5—1; C= (а; pa— {+ pipe 
+Ra-t Js 

Case IV. Some f,5»50, all $510. The number of suitable ar- 


rangements із Ё„(а,; Pu fii; f4)01 (5, 9, k=l, 2, - - , m; 4 «j <А) 
where F.(ai; P5 fu; fin) 22, (—1) Bt tiaki] e в. Цо, kil 
[buses Als [оа kaa [baana kas |, where the summa- 


tion is carried out with respect to each of the indices &;, ka, © * - , Ras. 
Here k, ranges from 0 to min (ay, P. 14) and Fa = Fala"; bà; фи; 
fix), where: 
k à 
а, = G, — k; (251,2,:-:,5—2) 
= * 
Ga —1 = 051, Gà ™ бу, 
bur dis (i = 1,2,-:-,5 2), 
jd = Pa-1 — (ki + ka + EL Rh, 2), 


Pa = fa (ФАЧ: Ra), 


pis pu (G,j21,2,-++,%—-2;5 >й, 
ju aor x fixi 2» Pinin (i = 1, 2, VENUE она 2), 
фа = Pin Pus (i = 1,2,-+-,%-— 2), 


Pii = Paia iid (А; + ky + е 6 А.а), 


920 N. 8. MENDELSOHN i [October 


Dim = Pie ` unless ў = s — 1, k = n, 
Pinta = 0. 


Note that this gives a reduction formula in which ;,.,-1,, are re- 
duced to 0. By permuting the a;, repeated applications of the above 
formula reduce all the pija to 0, after which the formulas of case III 
apply. 

The general case can now be written down by analogy. 

If we wish to find the number of arrangements in which the condi- 
tions are violated (1) exactly s times and (2) at most s times, we re- 
place 01 by (—1)*[m —0, s]O! and by (—1)*[m —1—0, +]01 respec- 
tively, where m=) a; (see [2] and [4]). 

We give a proof for the case III; the extension of the proof to the 
other cases is obvious. 

In the formulas as they stand certain conventions must be made 
for the cases where some a, or f, reduce to 0. These are: 


F,(0,0,---,0; фа, fifi coco Pata) =” 1, 
Р.(0, аз, +, Gni fu ooo o Pai fun cocco фала) 
(0 m Faltas 9 ,0,:955**5 fui Pan s Pacis 
F.(a1,***,0430, фа soo фа fio cocco Pati) 
= ER (аз, +++, Gni func cc o Pai £n ccc Peas). 
With these conventions the proof of the theorem is obtained by in- 


duction on the sum Уф; If Ур; = 0, the formula quoted for F, in 
case III becomes 


F(a1,° °° 5 Oni Pir > фи 0,6" , 0) 
= F,-1(a1, t5 4, Gay, Pn =, Pri; 0, 571 O)F (an; Pn). 
Hence by induction, 
Fai, + Onl pi et s Ën Oye , 0) = Il Fio; ti, 
the product ranging over all terms 291,2, - - - , m. 

This is precisely the formula quoted in case II and was given by 
Kaplansky in [1]. We write the number of suitable arrangements in 
the form 

F,(a,, cy 08, Pu 5507) Pa; фаз, с, P»—1,2)01. 
Suppose now that 5. „0. (This can be brought about by a change 
of natation if necessary, eince we are now considering the case where : 


not ell p,,=0.) Consider one of the places which is forbidden simul- 
taneously to cards marked (5 —1) and to cards marked я. If we lift 
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the prohibition on the cards marked (n—1) to this place, the number 
of suitable arrangements is 


Faint o, 0.531,04: фы, Pat 1, фа; фас, Peta — 1)01. 
Of these arrangements, 
4-Р, 5°, 03 1, Oa; Poco Pea — 1, fn — 1; 
| Pin `5". фала 1)01 
have a card marked (я —1) in the specified place. Thus 
Falli t s Ga; f coco фа; fio tco Pea) 
= F0, +++, барф fai — 1, Bui fisco oo Pacis — 1) 
— Gia (01 75,037 1, Gai P ooo Pat 1 fa — 1; 


fu tta, Paia c 1). 


The induction is established by substituting the values in the right- 
hand side of this equation into the recurrence stated for F,. 
For computing purposes, the following remark is useful. If p;,=0 


(g—m1,2,+°+, 1; jemr+1, r+2,-+-+, 2), then 
FQ(01,***, 05 б, ^ 104 Pu oo Pe фел Pai Pis ccr o Paty) 
== „(с ‚фрс, Pri usc ‚ feas) 
В, „(бера ^o a Ons Pre coo Pad Dril coca Pate): 


This factorization holds in the most general case and is obvious from 
first principles, or it can be established by induction. 

We now give an example illustrating the use of the above formulae. 
In this example, the condition 


Lua 2,::1— 2, £44 pnas, 


which is necessary if the problem as stated is to have a meaning, is not 
satisfied. The result obtained is still useful for two reasons: (1) the 
problem may be made meaningful by embedding it in a larger prob- 
lem, for example, by adding Ур; Уру НУ coc —»'a4 blank 
cards with no restriction as to where these cards are to be put; (2) the 
coefficient of E*-* in the polynomial f(E) gives the number of ways 
of choosing k compatible conditions from the converse conditions and 
this is always meaningful. (The converse condition to “¢ is not jth” 
is defined as the condition © is jth.” 

Example. Leta m1; р, р (61,2, ---, n); pam fno наф, аа 
=r; all remaining pı; 0; all р,уь=0. These conditions imply rgp/2. 
Let the polynomial operator be U,. By applying the recurrence for- 
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mula of case III twice ane obtains 
0, = (E = HUn Uo rU at 


Also, U= Б-р; Urm E1—2pE-t-(p*—r). By induction it is easily 
shown that 


* 


de 2, C- 1)*{ [», 0][я, &]p* + - 
+ (— 1)*[n — s, s][n — 2s, k 25]р + -o ] En. 


In the particular case where f *2, 7 = 1, the solution can be re- 
duced to the simpler form 


U, = $5, (— 1)*[2n — k — 1, ВЕТ, 
i-0 
This polynomial is useful in the solution of the “probléme des 
ménages" ; cf. [3]. 


Generalization to the matching of several decks of carda. Battin 
[5] and Wilks [6] have discussed the following problem. Suppose 
there are & decks of cards of several suits Су, Сз, +++, Cn the decks 
not necessarily having the same number of cards in each suit, nor 
need the decks be of identical composition. One card at a time is 
dealt from each deck, and if all the cards at a drawing are of the same 
suit a k-ple match is said to occur. Amongst the questions of interest 
are: (1) the probability of A k-ple matches (simply called matches 
from here on), and (2) the probability of at most В matches. 

À case whicb i8 very easily treated by symbolic methods is that of 
(s+1) decks of cards, s of which are identical, the other deck being 
different. We also assume that this odd deck has less cards than the 
other decks. Let the identical decks have a; cards of suit 1, аз cards of 
suit 2, - - - , a, cards of suit я and let a4--a4-d- +++ |а, = №. Let the 
remaining deck have f; cards of suit 4 ($1, 2, - - - , n), where 
Ур, S? а,= №. We can show that the probability of no matches is 
given by 


1 te QU) 
P(0) m= ud H Ф; (ai; гд} (01) ! 


the probability of exactly 4 matches is given by 


1 me... (з) ‚ 
P(À) = m TI e; гд} (— D^[N — 0, AJ(02*, 


while the probability Q(4) of at most & matches is given by 
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000) = 41 П ё (а; 2) (= 1)*[N — 0 — 1, &(0D*, 
(N) so 1 
where @,“)(a; р) =X (—1)*(4!)*[a, s]*[p, $1] E*7*, the summation being 
with respect to $ which ranges from 0 to min (a, f). The proof of 
this can be obtained by induction on observing that Ф (a; p) satis- 
fies the recurrence 
ai (a; р) = &i (a; p — 1) — a 9i (a— 1, p 1). 

Note that the case s=1 (that is, the general two deck case) has first 
been given by Kaplansky and Fréchet [1 and 4], although a solution 
by Greville [7] is usually quoted as the first obtained. 

We can even generalize the card matching problem as follows. 

Suppose that there are s identical packs of cards, each pack having 
a, cards, considered as distinct, marked + ($1, 2, - · - , н). Suppose 
that the packs be arranged in a rectangular array, each row of the 
array consisting of all the cards of one pack. Suppose that to cards 
marked +, we prohibit p, columna in the sense that a column forbidden 
to cards marked $ must not contain s cards marked $ (although less 
than s cards marked $ is permissible). It is required to find the number 
of suitable arrangements. 

Let р,; be the number of columns forbidden simultaneously to 
cards marked ¢ and ј. Similarly 5,5, фу, and so on, are defined. We 
consider only the analogue of case III of our original problem, ex- 
tension to other cases being obvious. Let $,;,=0 for all 4, 7, k, but at 
least one f:,750. The number of suitable arrangements із 


Ф (а, ot) Gai Pi a Pas фа, $«13)(01) , 
where Ф, satisfies the following recurrence: Ф (а, p) is identical 
with previously given definition; 
Be (0, Gai fui Pot fis ia Pacts) 
= (= tite USES kai) [an kil pss ki] 
i [Gn—1, b. altes k, .:] BC, 


where the summation is carried out with respect to each of the in- 
dices ki, ka, +--+, Ras, the index k, ranging from 0 to min (Gn pra). 
Here В and C represent the following expressions: 


В = Фф (a, = kr; Pr — fni Pre); 


where r and s range from 1 tom—1; Ce (ay; р„— {ki that °°: 
TE). | 
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The proof of this formula is by induction on > уруу where we make 


use of the relationship Ф, (а, 0; fu cora Pai ри °°) Patan) 
= Ф a‘ (a1, TU в; Pi tt, Ё»—1—1, Pa; Pia, ai | Pais 1) 
— Gy Pa. (01, «03-1, Gn; Pit) Pal Pali фа 
Pia). 


The probability of (1) exactly й violations of the conditions and 
(2) at most А violations of the conditions can be written down in the 
usual way. If all the a;-1, then $, = F,. It follows that if f(Z)01 
is a solution of a one-pack problem then f(E)(01)* is the solution of an 
s-pack problem provided a, = 1. 

For example, the probléme des ménages asks for the number of 
ways in which s cards marked 1, 2, - - ·, s, respectively, can be ar- 
ranged so that the card marked 1 is not first or second, the card 
marked 2 is not second or third . . . the card marked s is not nth or 
first. The solution is M,(£)0! where 


ы 2 
мю = Y, ca 


Since all the a;-1, the solution to a s-pack probléme des ménages, 
in.the sense of our theorem, is М.(Е)(01)". 

An alternative approach to the multiple matching problems, using 
symbolic methods, has recently been given by Kaplansky and 
Riordan in [8]. 
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SET PROPERTIES DETERMINED BY CONDITIONS 
ON LINEAR SECTIONS 


F. A. VALENTINE 


Let &,(ng2) be an n-dimensional Euclidean space, and let S be 
any set of points in Ra. There exist a number of instances in which 
the following question has an interesting answer. Suppose a property 
A holds on each (n — 1)-dimensional linear section S,1‘ of S. What 
additional property B assumed to hold on each section .S, 1? wilhin- 
sure that property A holds on S? 

The following terminology is used. A continuum is a compact con- 
nected set which may include the degenerate case of a single point. 

1 Also compactness includes closure. A generalized continuum is a set 
which is connected and closed. An (#—r)-dimensional linear section 
of a set S with an (s—r)-dimensional Euclidean hyperplane L4... is 
defined to be the set S-L,_,. A subscript will always designate the 
dimensionality of the set. 


1. Theorems on closed, open and bounded sets. The following 
theorem illustrates the.theory, and plays an important role in a suc- 
ceeding theorem. It is a case in which condition B is sufficient but 
not necessary. We shall always assume n & 2. 


THEOREM 1. Let S be any set in Ra (n 22). If each (n—1)-dsmen- 
stonal linear section of S is connected and closed, then S 35 closed. 


Proor. Suppose S is not closed. Then there exists a point pcs 
which is a limit point of S. Let 2а be an (n —1)-dimensional hyper- 
plane containing p, such that 5:7, 150. Since, by hypothesis, 
Sem S-L, is closed, there exists an (#—1)-dimensional closed 
cube C, 1C Т, which contains p іп its interior, and for which 
C. a5, 4-0. Let Р, be an s-dimensional hyperprism passing through 
C,1, and perpendicular to L,.,. Since p is a limit point of S which 
is not in S, and since S,_; is closed, there exists a sequence of points 
p'€S-.H,, such that p*ec L, 53, and such that p*—p as $— о. Let Las 
be any (5—2)-dimensional hyperplane contained in La- such that 
SL, 3740, and such that Г, з: C, 4*0. Then there exists a sequence 
of hyperplanes L,. 4! determined by L,.3 and p*. By hypothesis each 
get S-L,_1' is connected. Hence since HES- Lait Pa, and since any 
point qC S.L, з: L, 4! is not in Pa, the connectedness of S- Lat jm- 
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plies that $* and q can be joined by a connected subset of S:Ly_.! 
which intersects the boundary of the prism, B(P,). Hence let 
rC€S.L. a, B(P,). Since the set {r‘} is infinite, and since the 
priam P, has a finite number of (я —1)-dimensional plane faces, there 
exist an infinite subset of {r‘}, namely [rs], which lie on one face 
of Р... Designate this face by F,1*, во that r» C Е, a * -L. 45. Further- 
more since p'i—4, as 4; о, the set {ro} lies on a bounded portion 
of Fa”. Hence since Г. 19-97. 1 a8 $,— о, the set {ro} has a limit 
point сеш in L,.4. Since rt C Е, _1*:.5, and since by hypothesis 
S- Jan is closed, rc S. Fae". Hencerc S. But rE Faa" Ln- C Cua, 
which is a contradiction, since by construction С, 4:51 = 0. Thus 
the indirect proof is completed, and Theorem 1 is proved. 


COROLLARY 1.1. If each two-dimensional plane sectton of S is con- 
nected and closed, then S 35 closed. 


COROLLARY 1.2. If each (n—1)-dimensional linear section of S is a 
generalised continuum, then S is a generalized continuum. 


In Corollary 1.2, the connectedness of S is well known [6, p. 64].! 
This second corollary is an illustration where no additional hypothe- 
ses B are needed on linear sections in order to guarantee property A 
on S. 


THEOREM 2. Let S be any set in Ra (n22). Suppose that relaisve to 
each (n—1)-dsmensional hyperplane Г. 3, the set S: L, ts an open one 
with a connected complement. Then S ts open. 


Proor. Let S, ;* be any linear section determined by L4 ;*. Since 
$4,418 open in L, 1, the complement C(S,. ;*) is closed іп Г, 4*. Since 
each linear set C(S, ,*) is then connected and closed, Theorem 1 im- 
plies that C(S) is closed. Hence S is open. 


COROLLARY 2.1. Le S be any set $n К, (n 22). If relative to each 
two-dimensional plans Lat, ihe set S- Li is an open one with a connected 
complement, then S is open. 

The following theorem is one in which boundedness is the principal 
property to be established. Here again connectedness plays an im- 
portant role. 

THEOREM 3. Let S be any 56 in К, (ng2). If each (n—1)-demen- 
stonal linear seciton of S is bounded and connected, then S ts bounded 
and connected. 


1 Numbers in brackets refer to the bibliography at the end of the paper. 
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Proor. Choose $ €, and let L, 4 be a hyperplane containing the 
point фр. Consider the family of hyperplanes L,.,? passing through 


Laa. Let S.” (m1,2, - - - ) bea set of spheres with centers at p 
of radii m. 

Suppose that .5 is unbounded. Then there exists a sequence of 
points x'C.S ($21, 2, ---) such that the distance 8(p, x')— o 


as $— o. Let La designate the member of L,* for which 
x'CL,.4' Since pC€S-L, 41*5S,", and since, for any fixed value 
of m, xc S-L, 1—5 = (for sufficiently large values of 3), the con- 
nectedness of S.L, 1‘ implies that р and xt can be joined by a con- 
nected subset of 5:7. 1‘ which intersects the boundary of $,", 
B(&,*). Choose y"* ES- Lat B(S,7). Since B(S „”) is compact, there 
exists a convergent subsequence [ym] which converges to à point 
y"C€$,", such that for the corresponding points x4, ó(p, x*)— œ 
ав $,— o. Without loss of generality designate L,_1° to be the mem- 
ber of La~“ such that y" CL, 1. There exists an integer N such that 
when 4,>N, x* C S.L, 15—5,"*', and such that (№, x*5)— = as 
$,— o. Hence by the connectedness of .S- L, 1%, there exist points 
у”, СЄ S.L, ,4-B(S.**). Since y*5—y*, and since L, ;5—L, 4? 
ав $,— ©, there exists a convergent subsequence of {y=t'-4} which 
converges to a point ym*t!c S.L, ,9.S,**!. Since the radius of S,7 
is m, by induction it follows there exists a sequence y* € S Lu", such 
that ó(p, y") o as m— c. 

If SCL’, Theorem 3 is obviously true. Hence, suppose (ES 
—L,.?. Since La’ divides R, into two half-spaces, namely Rat 
and „7, suppose without loss of generality that qER,*. Choose a 
hyperplane L,.4*C &.* so that Lat is parallel to La, and such 
that q is not on Lat or between L, 1+ and L, 39. Since y^ C S- Lai? 
there exists in any neighborhood of у” a point ф*Є$, such that р” 
and q are on opposte sides of Lat. Join p™ and q by a line Гл“. 
Hence Z4*.L, зишт exists. Let Laa*C Lat be a hyperplane such 
that r* CL, 3*, and such that Г. 4* is perpendicular to 2,7. The line 
L;* and the subspace Г, :* determine a hyperplane L, ,*. Since 
S-La" ів connected, and since q and p™ lie on opposite sides of 
La" in La", we have S.L, 3*0. Let s*C S.L. a". Since Lai" 
CL, 4*, then s* € L, 1+. Since by construction 8(¢, y*)— © as m œ, 
p" can be chosen so that 8(q, p*)— œ as m— c. Since ав p*— © the 
line Z4* approaches parallelism to Lat, (9, r")—9 as p*"— o. 
Since L4. 3* is perpendicular to L;*, 8(q, s™) 2; 6(q, r*). Hence we have 
0(9, s")-— о as m— o. Since "ЕГ. a* CL, 1+ for all m, the set 
S-La" is unbounded. This is a contradiction of hypothesis. Thus 5 
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is bounded. Since the connectedness of S is well known, Theorem 3 
is proved. 


2. A characterization of star-like sets. Aumann [1] has character- - 
ized compact convex sets by means of properties on linear sections. 
Also Liberman [4] has made another characterization by placing 
properties on the set itself and also on its supporting planes. The 
following theorem, while restricted to two-dimensional sections, 
yields, as far as it goes, a generalization of Aumann’s result, for con- 
vexity is replaced by the weaker concept of star-likeness, and bound- 
edness of the set is removed. Note that in Theorem 5 no hypotheses 
are placed on the set S itself. The following definition is a standard 
one. Refer to Brunn [2]. | 

DEFINITION. A 36 S 4s star-like with respect to a point ac S 4f each 
straight line through a intersects S $n a connected set. 

In order to characterize star-like sets by linear sections the follow- 
ing definition af simply-connectedness in the plane is especially useful. 

DEFINITION. A connected plane set U is simply connected if each 
component of the comtlement of U ts unbounded. 


THEOREM 4. A closed set Sin Ra (ng 3) ts star-like with respect to a 
point a € 5 tf and only sf the following condsisons hold. 

(1) Each two-dimensional linear section of S through the point a ts 
a simply connected, generalized continuum. 

(2) For each point qES, there exists a constant M 70, such that each 
two-dimensional linear section containing a and q coniasns a continuum 
joining a and q of diameter less than M. 


The necessity is immediate. In particular for condition (2) note 
that M can be any number greater than the distance 8(a, q). 

SUFFICIENCY PROOF. Suppose S is not a star with respect to the 
point a. Then since S is closed, there exist distinct points b CS, сЄ 5, 
such that (2, с) = (0, 5) +2(5, c), and such that the open line seg- 
ment L between b and c is not in S. Consider any three-dimensional 
hyperplane Ly such that L1C L4. Choose a coordinate system (х, y, з) 
in L, во that Lı is contained in the x-axis. Let Lat C JL, be an open 
half-plane with the x-axis as an axis, whose directed normal makes a 
directed angle 6 with the positive z-axis. Also suppose that 0 <0 Sz. 
Let L4! be the plane containing L4*^, and define /4#— ex L4! — 2". 

Designate the component of the complement of S,’ m S. La’ which 
contains L4 by Csf. Since S3! is a generalized continuum, the boundary 
of Cs! is a connected set [6, р. 117]. By a theorem in the plane [5, 
р. 203; 6, p. 108], the set C! — Т. is the sum of two mutually exclusive 
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open connected sets D,** and D,*, and L: is a subset of the boundary 
of each of ‘these sets. The set D,’ corresponds to Z4** in the sense 
that for any point rZ, there exists a circle R3 C Z4! with center atr 
such that D4**- RAC lH and DY - RaC Гл, 

Hypotheses (1) and (2) imply that one and only one of the sets 
D: and Р, is unbounded. Furthermore, the bounded set, вау D,*, 
is of diameter less than M. This is due to the fact that D: CQ, 
where Q is a set enclosed by the closed line segment (a, c) and by the 
subcontinuum in .Sj! of diameter less than М which joins a and c. 
Clearly Q is of diameter less than M, whence D,* is of diameter less 
than M, when it is bounded. 

Remark. The set of angles {a} for which D,*+ is bounded is closed. 

To prove this let L4**— L4? as ar>a, and suppose D4*** are bounded 
and that Г,=+ is unbounded. Choose points Єл, and sc D,** such 
that the distance óÓ(r, s) > M. Since D,** is arcwise connected, let 
ACD, be a simple arc joining r and s, во that А -S3 — 0. Rotate A 
rigidly in L, about L, so that A** C L~ is a congruent image of A. 
By virtue of the preceding paragraph, D,**+ are all of diameter less 
than M. Since A%-S,% 50, since A“ -.5,;% are uniformly bounded, and 
since S is closed, we have 4 -,$4* 5*0. This is a contradiction; hence 
the remark holds. In exactly the same way, the set of angles { B] for 
which D,” is bounded is closed. Since the two closed sets [a] and 
{8} cover the continuum 0 $6 Svr, they have a value in common. 
Hence there exists a plane Z4*, 0 5 ф Svr, such that each D,* and 
D,** is bounded. But in this саве С? would be bounded, and .5;% 
would not be simply connected. Hence Theorem 4 is proved. 


COROLLARY 4.1. Let S be a compac sei in Ra (ng 3). The sei Sisa 
star with respect to a рот a CS tf and only tf condition (1) in Theorem 4 
holds. 


Compactness of S and condition (1) imply condition (2). Hence 
‘ Corollary 4.1 follows from Theorem 4. 


THEOREM 5. Lei S be any set in Ra (ng 3). The sei S is a closed con- 
vex sei tf and only sf conditions (1) and (2) in Theorem 4 hold for all 
points a C5. 


The necessity is obvious. To prove the sufficiency note that Theo- 
rem 1 implies that S is closed. Hence by Theorem 4, S is star-like 
with respect to aH points of S. Thus by definition S is convex. 


3. À theorem in linear spaces. The results of Theorem 3 can be 
generalized to hold in a normed, linear, metric space M. A hyperplane 
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L in M is defined to be the set {x} which satisfies an equation 
f(x) =c, where f(x) is a linear functional, and where c is a real con- 
stant. A linear section of S with L is the set S- L. 


THEOREM 6. Let S be any sei in a normed linear metric space М. If 
each linear section of S is bounded and connected, then S is bounded and 
connected. 


Proor. Consider two independent linear functionals fi(x) and falx) 
defined an M. Let T be a transformation of the type 


T: Eom f(x), fam f(z). 


This transformation maps S in M into a set 54 in the plane Ry. Any 
linear section 5: Г. беѓіегтіпеай by the line Li æ$, +886 =y corresponds 
by T to the section S-L where L is defined by efi(x) --Bfa(x) =. 
Since T is linear (additive and continuous), and since by hypothesis 
S-L is cannected and bounded, it follows that the linear section .53: La 
is connected and bounded. Hence by Theorem 3 with 5*2, the set 
53 is bounded. Thus each functional fi(x) and fa(x) is bounded for all x 
in §. Since fi(x) was an arbitrary linear functional, independent of 
fix), we have shown that aJ linear functionals defined on Ж are 
bounded. on S. Hence by a classical theorem of uniform boundedness 
[3], the set:.S is bounded. Since the connectedness is well known, 
Theorem 6 has been established. It should be noted that in light of 
Theorem 6 the proof for Theorem 3 need only have been given for 
п — 2; however, since the proof for я dimensions was not appreciably 
longer, an elementary proof independent of the abstract boundedness 
theorem seemed desirable. 


4. Concluding remarks. It should be observed that in Theorems 
1-3 one cannot delete connectedness entirely, for then the theorems 
in general are no longer true. Theorem 5 has a preferred form since 
no hypotheses are placed on S itself. Theorem 4 needs to be formu- 
lated so as to hold for (#—r)-dimensional sections. This problem is 
still unsolved. It should be noticed in dealing with non-compact sets 
that the complement of an unbounded convex set or of an unbounded 
star need sof be connected. Hence conditions on the complement 
necessary to yield a characterization take on a different form than 
those given by Aumann [1]. The author wishes to express his grati- 
tude to his colleagues, Professor R. Н. Sorgenfrey, Professor W. T. 
Puckett, and Professor M. Zorn who have made helpful suggestions. 
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UNIVERSITY OF CALIFORNIA AT Los ANGELES 


THE SPACE L* AND CONVEX TOPOLOGICAL RINGS 
RICHARD ARENS 


1. Introduction. The motive for investigating the class L* of func- 
tions belonging to all L?-classes has no measure-theoretic origin: it 
was our desire to discover whether or not in every convex metric 
ring! R one could find a system { U| of convex neighborhoods of 0 
having the property that f, Є U implies fg C U. We show here that 
L* has no proper convex open set U containing 0 and satisfying the 
relation UUC U, thus supplying the desired counter-example. 

The significance of neighborhood systems of the type {U} de- 
scribed above is made somewhat clearer by a proof that they insure 
the existence and continuity of entire functions (for example, the ex- 
ponential function) on the topological ring R. 

Such neighborhood systems {U} are always present in rings of 
continuous real-valued functions over any space, provided that con- 
vergence means uniform convergence on compact sets. 

We also consider the relation of L”, L*, and the L?-classes, since 
L* does not seem ever to have been discussed as a topological and 
algebraic entity. 


2. Notation and elementary facta. Let us consider measurable func- 
tions defined on [0, 1]. For p21 we shall consistently employ the 
usual notation 
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! More precisely, metrizable, convex, complete topological linear algebra. For 
these one requires continuity in both ring operations and scalar multiplication. It 
will appear that L" has these properties. 
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М, = Cf. Lies) " 


even when the right side is infinite. 
Therefore L? consists of all functions for which [|] „ is less than œ. 
L* evidently consists of all functions f for which | fll. s+ +, 


Fil» +++ are all finite. 

Because of the relation! 
(H) 1715 zs ПЯ llel» 1/p = 1/q + 1/r, 
опе has 


fll: hs. 


since the measure of [0, 1] is 1. Therefore we may take the sets of 
functions f, 
Vll» < e 


where P21 and e»0, as neighborhoods of 0 in Г“. These neighbor- 
hoods are convex because 


[А 1, < ААД. + allel» < е 


when A, 4250, A+u=1, and ||7||,, [|#||» «e. Therefore addition is con- 
tinuous in Г“ and, by relation (H), multiplication is also. 
Multiplication is not generally possible in L”. 
Now the inequalities above imply that the limit 


lin |1, = Ife 


always exists. (It may be infinite.) Those f's for which ||/]|. is finite 
form a set usually called L*, and MI. is taken as a norm in L*. We 
shall employ the known fact that | < 18 also the least number А such 
that | Pi (z)] > В only on a set of measure zero. 

Multiplication in L* is continuous, since 


Yelle & 1.11416, 


from which it follows that if U is any sphere about 0, contained in 
the unit sphere of L*, then UUCU. 


3. The relation of L", L*, and L”. These spaces are related by suc- 
cessive proper inclusion. 
THEOREM 1. LCL CL? bui L^ Ге Т». The identity mappings 


1 Cf. E. J. McShane, Integration, Princeton, 1944, for moet of the facts which 
we assume. À formula equivalent to (H) appears on p. 186. 


1946] THE SPACE L" AND CONVEX TOPOLOGICAL RINGS 933 


L*—L*—L? are continuous, but thoir inverses are nol. L® 4s dense in L’, 
and L* ss dense $n each Г”. 


Proor. The inclusions and the continuity of the mappings are ob- 
vious. 

If we define I(x)  |Tog x|, then J does not belong to L*. Since 
lll, = (D47, LEL? for each p21, and hence 2C L*. Thus Ге з L°, 

Similarly, the function with values x^'/** belongs to L”, but not 
to ГР, and hence not to Г“, | ' 

Now let (x) -n-!|log x| or я, whichever is the smaller. Then 
2. —o||, <и-9|Д|, which tends to zero as s; but |, —0|l.- m, | 
п v, Thus the inverse of the mapping L" —L* із not continuous. 

A similar process applied to the function x—/!? yields a sequence 
which converges to zero in L” but not in L**, and thus not in Г. 

Finally, suppose f CL* be given. Define 


— when, f(x) < — n, 
(т) = m when — 5» 3$ f(x) S s, 
п when n < f(z). 
Then f, f in each L” and hence in Г“. Since the f, are taken from 
L* the latter is dense in L” and in each L?, which establishes the third 


sentence of the theorem. 
L” can be metrized, во as to be complete, by 


E 2-9 f — all» 
GO= туус, 


4. Multiplication in L*. By relation (Н), this is continuous. The 
following theorem shows the divergence between its properties and 
those of normed rings. 


THEOREM 2. L” 4s a convex metric commutative ring with the property 
that 1f. U is a convex open sei in L* containing 0, and if ООС О, then 
U coincides with the whole space L”. 


Proor. There exists a p21 and an ¢>0 auch that ||/|, Se implies 
fU. Therefore a function f having values not greater than A on a 
set of measure not greater than (6/k)”, and vanishing elsewhere, must 
lie іп U, together with all its powers f?, ў, · · ·. 

Let = 2, and set m = (e/2)*», for brevity. 

Consider any function g which has the value b on a set S of meas- 
ure a, and vanishes elsewhere. Suppose & is any integer such that 
a S mk. Select an integer я such that bk 52". Now we can cover S by k 
nonoverlapping subsets of measure not greater than m and define 
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functions fi, ++, fs, where f; has the value (56) У" on the th sub- 
set of S, and vanishes elsewhere. Thus fi,---, f, U, and also 
Ji, +, Ja CU. Since U is convex 


Toa 1 4 1 A 
кес Л | ^ 
must belong to U. 

Now any function g’ assuming only a finite number of values isa 
linear combination, with positive constants whose sum 4s 1, of such 
functions as g. Therefore these functions lie in U. 

Since these functions g' are known to be dense in L” and thus in Г, 
we have U a dense, open convex set іп L. Thus U = Г“. 


COROLLARY. 7 he topology assigned io L cannot be defined by any norm. 


5. Entire functions in rings. Of course Theorem 2 shows more about 
L* than is needed for a counter-example to the proposition mentioned 
in the introduction, as will appear from the following theorem, and 
the fact that 61181 &1/x is not summable, while |log x| , as we have 
seen, lies in L”. 

THEOREM 3. If Rts a complete topological ring with a complete sys- 
tem { U } of convex nesghborhoods of sero each satisfying ООС О, and 


P(g) = ac + ai + a! + ~~ 
is a power series represeniang an entire function, then, for each JER, 
P(f) = ao + aif t atc: 


converges, and Р 4s a continuous operation on R into siself. 

In particular, for ihe exponenital functson, tf U is convex, contains 
zero, and ОСС О, then 

e" C 1-2U. 

Proor. Let us first show that P(f) converges. Therefore, suppose U 
is any neighborhood of the system {U |. Let fER. 

Then for some? >0, tf C U. Hence (HY, (tf)*, - - - will all lie in Г. 

Further, let us find mp so large that for m & mo 


laur | + | ampt) 4c 


is less than 1. Then, since U is convex, we can deduce that for 
n>m Mo, 


Oud "(If)" +--+ + ast)" 
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or its equivalent 
Gaf” Б + auf" 
must lie in 0. 
Since Ё is assumed complete, P(f) converges to a limit. 
The continuity of P can be proved as follows: 


D= Pf+h)— PUY) = Ў акца 
я) 
where 


fa == (f+ k)*H МӘ que. 


Let U be a neighborhood of the system { U}, and suppose f/tE U 
where 0 «; «€ œ. Select a real number a, 


a»-|a|l-0-4lal(t-- 01:4, 2 2; 1, 


and require й to be во close to zero that ah C U. 

There is no point in writing down the expansion of g. since terms 
cannot be collected when Ё is not commutative. However, each term 
will contain А, and if р„ is written as a sum of products of powers of 
f/t and А, the coefficients will add up to (¢-+1)*—7*. 

Since f/t and ak lie in U, апа UUCU, we have 


ha = (t + 1)7*ag, C U, 


where, before dividing, we have replaced (#-+1)*—#* by (f+1)*. Now 
D іва linear combination of hy, йз, - - - with coefficients whose abso- 
lute values add up to less than 1, and since U is convex we conclude 
DcU. 

Therefore P is continuous at f. 


INSTITUTE FOR ADVANCED STUDY 


ON UNIFORM SPACES AND TOPOLOGICAL ALGEBRA 
С. К. KALISCH 


There are several papers which deal with some generalization of 
metric spaces, for instance, Price [1],! Krull's general valuation the- 
ory [2], Hyers' pseudonorm [3], and so on. We show in the present 
paper that spaces possessing a generalized metric (that is, the dis- 
tance is an element of a partially ordered abelian vector group) are 
uniform spaces, and that, conversely, any uniform space is a general- 
ized metric space. We also show that topological groups possess right 
invariant generalized metrics, and, therefore, topological linear 
spaces, rings, and fields have generalized norms. Although it would be 
possible to construct a theory based on entirely arbitrary partially 
ordered abelian semigroups, in view of the construction used in the 
proof of Theorem 2, it is sufficient to consider only vector groups 
whose components are real numbers and which are ordered lexico- 
graphically. This restriction is not very serious, however, as can be 
seen from [4] and [5]. 

The elements of the vector groups we are considering are real num- 
bers indexed according to a partially ordered directed set I. Let 4, j, k 
be elements of 7, then: 

(2) If 3S5, j Sb then s S E. 

(3) Given ў апа j there exists Ё such that k Z4, k gj. 

We shall denote the elements of С, our vector group, by (ri), r; a 
real number, 4 an element of J. We define the order relation in С 
as follows: g=(r,)Sg’=(r{) in case, if r;>r/ for some j, there ів 
some k such that k <j, rı «rj, and ra 57, for all m <Р. A space will : 
be called a generalized metric space in case there is given a function 
(5, defined on SXS with 56.5, 6,5, with values in a partially 
ordered vector group G as described above, and satisfying the follow- 
ing: 

II (1) (s, РО; (s, £) 30 if and only if s =f. 

(2) (s, t) = (& $). 

(3) (5, Os (s, 7) (r, D. 

A generalized metric space will be a topological space, and the gen- 
eralized metric will define a uniform structure in S in case we define 
neighborhoods or convergence properly. Owing to the fact that G is 
partially ordered it is possible to topologize G by defining neighbor- ` 
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hoods of 0 in G (weak case) by means of the vectorial structure of G; 
in terms of convergence it means that a set of vectors converges to a 
limit vector in case all components converge to the corresponding 
components of the limit vector (convergence of directed sequences). 
The corresponding neighborhoods of 0 are subsets of G depending on 
a finite set й, * * > , 4, of elements of J, and a positive real number e 
as follows: 


Nats 0) = [c 


where c, is the component of с. As soon as there is defined in Ga 
topology it is possible to topologize and uniformize S: a neighborhood 
Ux(s) for 5€ 5S апа N a neighborhood of 0 in G is defined as 


Ux(s) = [5 (s, EN]. 


Since we wish to show that every uniform space is a generalized metric 
space, and since uniform spaces are subspaces of direct products of 
metric spaces (cf. [6]), it is necessary to use the weak topology of G. 
The topology and uniform structure of S can also be given in terms 
of convergence of directed sequences of elements of G: a directed se- 
quence (s;) of elements of S converges to s GS in case (5,5) converges 
to 0ЄС. We have the following theorem. 


THEOREM 1. A generalized metric space is a uniform space. 


с] <e kml, n] 





The most convenient formulation of uniform spaces for the purpose 
of this theorem is the one on page 7 of [6]. 

Conversely, let the uniform space S be isomorphic to a subset of 
the direct product P -[[P, where P, are metric spaces and the p’s 
range over a set M. Let M, be the set of all finite subsets of M. The 
generalized distance between s and і for s and і in S is then defined . 
by (s, $) = (r4) for т Є Mo, ra = max,c« (dist (Su, t.)) where s, is the 
component of s in P, and dist (s,, і,) is the (ordinary) distance 
between s, and і, in P, and (fw) is an element of the group G de- 
scribed above. This definition of (s, #) makes S a generalized metric 
space isomorphic with the original one. Thus we have the following 
theorem. 


THEOREM 2. Every uniform space ts isomorphic to a generalised met- 
ric space. 

If P has only a finite number of noncompact direct factors then a 
strong topology can be uged in G. 

Topological groups are uniform spaces and hence generalized met- 
ric spaces as well. Kakutani's result on right invariant metrics in 
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topological groups [7] suggests that the generalized metric in ques- 
tion can be chosen во as to be right (left) invariant, that is, (xa, xb) 
= (a, b) for all x in the topological group S. We can apply Kakutani's 
proof to the individual components of the generalized metric of S each 
of which constitutes a pseudometric (nonseparated metric) of S. We 
can thus introduce a right (left) invariant generalized metric into .S 
topologically equivalent to the one originally given, because the re- 
placement of each component of a generalized metric by a topologi- 
cally equivalent pseudometric does not change the topology of the 
generalized metric space. We tberefore have the following theorem. 


THEOREM 3. Every topological group has a righi (left) tnvartant gen- 
eralssed metric, and, hence, topolopical linear spaces, rings, and fields 
possess generalised norms. 


By a linear space we mean, of course, an abelian group with a topo- 
logical field F as coefficient domain satisfying the obvious continuity 
conditions; and a generalized norm is a function n defined for і in 
the algebraic structure 7' in question with values in a partially ordered 
abelian group G as above with the following properties: 

III (1) | | 2,0; val if and only if a — o. 

(2) |a+b| 5 [1+] 

(3r) jaa! is a continuous function of a and aC F. 

(3g) |ab| is a continuous function of a and b. 

Here 0 is the identity element of G, o the identity element of T; 
a and b are in Т. III (37) is valid for topological linear spaces, while 
III (3x) is valid for topological rings and fields. The results here men- 
tioned are in a sense the best possible, as can be seen by the fact that 
Mahler's pseudovaluations [8] do not exhaust all possible topologies 
of, for arid the rational number field; a topology which is the 
“direct sum? in Mahler’s sense of infinitely many valuations would 
be an example of a topology in which we cannot have [ab] ; < |а| |5] 
(we define |а| = 7,2» |а| 2 

In conclusion we wish to point out that the resulta dut in 
A. H. Frink's paper [9] can be extended to the present paper. The 
generalized distance function can be assumed to have values in any 
uniform space V and to satisfy the following conditions: II (1°) 
(s, §) £9 for some so V; (s, f) uy if and only if у=]. II (2) As 
above. II (3^) For every neighborhood N of ше and for every sc §$ 
there is a neighborhood. M of я, such that (s, r) C M, (r, ЄМ imply 
(s, DEN. S is then topologized as above: Ux(s) = [#; (s, 2) EN (st) ]. 
Using the generalized metric of V we can use its components as 
peeudometrics of S, and by the arguments of [9] we can prove 5 to 
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be a generalized metric space. This allows us somewhat to modify 
Weil's postulates for uniform spaces, where (cf. [6, р. 7]) we replace 
Um by requiring РЄ V(g) if and only if qC V(p); the index set J ia 
ordered by inclusion of the corresponding neighborhoods; given 56—55, 
$C there exists j=j(s, $) CI such that sCV,(r), rc V,(t) imply 
sc V.(1). We prove S to be a uniform space by introducing into it a 
generalized distance function based on the set J and defining (s, й), 1 
if sis not in V. (f) and 0 elsewhere. 
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A REMARK ON LOCALLY COMPACT ABELIAN GROUPS 
GEORGE W. MACKEY 


It has recently been shown by Halmos [1]! that there exists a com- 
pact topological group which is algebraically isomorphic to the addi- 
tive group of the real line, an example being given by the character 
group of the discrete additive group of the rationals. Exploiting his 
argument a bit further it is easy to see that the most general such 
example 18 the direct sum of N replicas of the one already given where 
M is a cardinal such that 2*SC. This having been observed it natu- 
rally occurs to one to ask for the most general locally compact topo- 
logical group with the algebraic structure in question. It is the pur- 
pose of the present note to give a complete answer to this question. 
We shall do so by giving a proof of the following theorem. 


THEOREM. Lei G be a locally compact topological group which ts alge- 
brascally ssomorphic to the additive group of a linear space over the ra- 
Honals. Then G 1s tsomorphic? to a direct sum of four groups Gi, Gs, Gs, 
and G, which may be described as follows. Gi ts the additive group of an 
n-dimenssonal (n —0, 1, 2, - - - ) real linear space with the customary 
Euchdsan topology; thai is, an n-dimensional vector group. Ga ts the 
dtrect sum of Ñ replicas of the character group of the discrete additive 
group of the raisonals. Gy s a descrete group algebraically isomorphic to 
an S~-dimenstonal linear space over the rationals. Gits algebraically iso- 
morphic to the additive group of a linear space over the rationals and 
coniasas a compact subgroup H whose quotient group ts a discrete torston 
group. Н ss a dsrect sum of fintiely or infinitely many groups each of 
which ts $somorphic to the additive topological group of the p-adic in- 
tegers for some prime p. The groups Gi, Gs, Gs, and Gi are unique up to 
an isomorphism. Furthermore (modulo isomorphisms) the groups Gi and 
Н determine one another. Thus ihe numbers n, X, N—, and the functton 
J from the primes to the cardinal numbers which gives the multiplicity 
of occurrence of each p-adic group $n Н form a complete set of tnvartants 
for ihe topological group G. There exists a G having any assigned. set of 
snvartants. Finally G is algebraically tsomorphsc to the additive group 
of ihe real numbers if and only sf tt has continuum many elements: 
thai +s, 1f and only tf n, N, N- and f are chosen so that no G, has more 
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than conisnuum many elemenis and at least one G, has exactly continuum 
many elements. 


We begin the proof by observing as in [1] that an Abelian group 
J is algebraically isomorphic to a linear space over the rationals if 
and only if it is torsion free in the sense that the only element of 
finite order is zero and divisible in the sense that mx is solvable 
for x in J for each yin J and eachn=1, 2, - - - ; and that furthermore 
if J is provided with a discrete or compact topology under which it 
is a topological group then it is divisible (resp. torsion free) if and 
only if its character group? is torsion free (resp. divisible).* 

In this and the following two paragraphs we subtract out the G, 
one by one. First of all it follows at once from the structure theorem 
on page 110 of [3] that G is isomorphic to the direct sum of an #-di- 
mensional vector group Gi and a locally compact group Jı where Ji 
admits a compact subgroup J4 with a discrete quotient group. Clearly 
J, is Abelian, divisible and torsion free. 

Let Сз be the component of zero in Л. Since Ji/ J, із discrete it fol- 
lows that С.С J: and hence that Сз is compact. We shall show first 
that G, is a direct summand of J; and then from this that it is a di- 
rect summand of Л. Since 63 is connected its character group is tor- 
sion free so that it itself is divisible. It follows at once from thia 
and the fact that Jy is torsion free that J4/6G3 ia torsion free. Let Су 
be the set of all elements of the character group Cof Ja which an- 
nihilate Сз. Then since Gy is isomorphic to the character group of 
J3/G3 it follows that Су is divisible. Consider the family of all sub- 
groups J of C such that J/\Gy =0. It is a consequence of a well 
known lemma of Zorn that there exists a maximal such subgroup J3 
and it follows easily from the divisibility of G4 that бу 4-J3-— C. 
Since C is discrete it is the direct sum of J; and G4. Hence J4 must 
be the direct sum of Gy and the annihilator Jj of J3in Л. By applying 
the argument just used in obtaining Л; to the set of all (not neces- 
sarily closed) subgroups of J; which contain Jí and intersect Сз in 
zero we can conclude the existence of a subgroup J4 of Jı which con- 
tains Jj and is such that Сз VJ,» 0 and Gat Jam Ji. We shall show 
that J; is the direct sum of Сз and Л. It will follow in particular that 
J, із closed. Let О be an arbitrary open subset of J; which contains 


з The reader is referred to [2] ог [3] for a discuseion of the theory of characters. 
We shall make free and frequent use of the results of this theory in the course of this 
paper. 

* The example indicated in the last paragraph of this paper shows that this rela- 
tionship between divisibility and torsion freeness does not hold for general locally com- 
pact groupe in spite of the aseertion to the contrary in [1]. 
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zero. Let O mOMJ3. Since J; is the direct sum of Сз and Jj there 
exists an open subset O” of J; which contains zero and is such that 
If x+y CO" where x &Gy and y CJj then x CÓ' and ycO'. Now since 
Л/ Л is discrete J} is an open subset of Л. It follows that O” is an 
open subset of Л. Suppose that x+y E0” where x€G3 and y CJ, 
Then since x-d-yCJ4 we have yCJji and hence xCO'CO and 
yE CO. Thus J; is indeed the direct sum of бз and Л. That Сұ 
is of the character indicated in the statement of the theorem follows 
at once from the fact that its character group is divisible and torsion 
free and hence isomorphic to the additive group of a discrete linear 
space ayer the rationals. 

We now decompose Л. By the structure theorem for Abelian lo- 
cally compact groups referred to above J, contains a compact sub- 
group H with a discrete quotient group. (As a matter of fact J3 is 
such a subgroup.) Clearly J, is a linear space over the rationals. Let 
G, be the smallest linear subspace containing Н and let G; be a linear 
subspace such that Gy/\G,=0 апа Gy+G,=J4. That G: exists is an 
easy consequence of Zorn’s lemma. The proof that J, is the direct 
sum of Сз and С; is analogous to but easier than the proof that Ji is 
the direct sum of G3 and J, and will be left to the reader. G3 obviously 
has the character required in the statement of the theorem and во 
has С; insofar as its relationship to H is concerned. To show that H 
has the required properties we observe that it is torsion free and 
totally disconnected as well as compact. Thus its character group is 
a discrete divisible torsion group. Now countable discrete Abelian 
torsion groups have been completely analyzed and the part of that 
analysis applying to divisible groups applies without essential change 
in the noncountable case (see for example [4]) and assures us that 
the character group of H is a weak* direct sum of a finite or infinite 
family of groups each of which is of the form R,/N where ф is a prime, 
R, is the subgroup of the additive group of the rationals consisting 
of thosenumbers whose denominator may be taken a power of p, and 
N is the group of integers. It is readily verified that R,/N is isomor- 
phic to the character group of the additive topological group of the 
p-adic integers and hence that H has the required form. 

It remains to show that Gi, Gs, Сз, and G, are unique to within an 
isomorphism and that to within an isomorphism G, and H determine 
each other uniquely, the other statements of the theorem being obvi- 
ous. Now the uniqueness of the G’s follows at once from the fact that 

з The weak direct sum of a family of discrete groups is the subset of the ordinary 


direct sum consisting of those elements with only a finite number of nonzero compo- 
nents and retopologixed so as to be discrete. 
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they may all be defined in an invariant manner. In fact? G1--63 is 
the component of zero in G and G3--G; is the annihilator in С of the 
component of zero in the character group of G. G3 then appears as 
the common part of 614-63 and С, +С: while G4 is isomorphic to the 
quotient group of G modulo the sum of Gi+G,; and G:+G,. Finally 
Сі and G; are respectively isomorphic to the quotient groups of СС 
and G4-- Са modulo G3. 

We consider finally the relationship between H and Ga. First of all 
suppose that Н, and Н; are two compact subgroups of G, having 
discrete quotient groups. Then 4,-+H is also a compact subgroup 
with a discrete quotient group. Thus in order to show that Н, and E, 
are isomorphic we may confine our attention to the case in which 
Н,СН,. Since H3/ Н; is both compact and discrete it must be finite. 
Thus if Ci and G are the respective character groups of М, and FA 
then С, is isomorphic to the quotient of Сз modulo a finite subgroup. 
But it is obvious that factorization modulo a finite subgroup cannot 
change the number of summands of the form R,/N in Cs. Thus Ci 
and C4 and hence H, and H4 are isomorphic. 

Suppose conversely that Сч and Gy are torsion free divisible locally 
compact Abelian groups containing isomorphic compact subgroups Н 
and Н- such that G4/.H and Gr/ H- are discrete torsion groups. Given 
x€G, let r be the least integer such that rxG@H. Let y C H- corre- 
spond to rx in Н under the given isomorphism between H and H-. 
Since Сг is divisible and torsion free there is a unique s in Gr with 
rs = у. Let ф(х) =x. It is readily verified that the function $ so defined 
sets up an isomorphism between G, and Gr. This completes the proof 
of the theorem. 

We should probably call attention here to the general phenomenon 
of which the relationship between Н and С; is a special case. If T is 
an arbitrary torsion free Abelian group then it is easy to show that 
T is imbeddable in an essentially unique Abelian group S which is 
torsion free, divisible and such that S/T is a torsion group. One need 
only repeat the argument used in constructing the rational numbers 
from the integers. Furthermore if T is equipped with a topology un- 
der which it is a topological group then S may be topologized in only 
one way 80 that the relative topology in T coincides with the given 
one, во that T is closed and so that S/T is discrete. This topology 
is defined by taking the neighborhoods of zero in T as the neighbor- 
hoods of zero in S. It is clear that if T is locally compact then so is 5. 
Calling S the divisible extension of T we see that G, is simply the 


s We are supposing here that the original G: have been replaced by isomorphic 
subgroups of G as we of course alwaya may. 
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divisible extension of H. It is not difficult to see that the additive 
topological group of the field of all p-adic numbers for a given ф is 
the divisible extension of the additive topological group of p-adic in- 
tegers for the same 5. It follows from this last fact that whenever H 
has only a finite number of summands then G, is a direct sum of 
finitely many p-adic number groups. 

In closing we remark that if H is the direct sum of N p-adic in- 
teger groups for the seme prime p where М z №, then the character 
group of G,/H is the direct sum of 2® p-adic integer groups while 
that of H is the weak direct sum of only N groups of the form R,/N. 
It follows at once that the character group of G4 while torsion free 
cannot be divisible. On the other hand if Ñ is finite then it is not diff- 
cult to see that G4 and its character group are isomorphic. Further- 
more an infinite number of summands for H does no harm provided 
that each prime appears only a finite number of times and one may 
show that G has a divisible character group if and only if f(p) is finite 
for every prime p and is isomorphic to its character group if and only 
if f(p) is finite for every prime p and N =N-. 
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/ 2А 
Introduction. The theorems of the classical ideal theory fmgefds* 

of algebraic numbers hold in rings of analytic functions on compact - 
Riemann surfaces. The surfaces admitted in our discussion are closely 
related to algebraic surfaces; we deal either with compact surfaces 
from which a finite number of points are omitted or, more generally, 
with surfaces determined by an algebroid function. The local aspects 
of the resulting ideal theory are the same as those found in the theory 
of algebraic functions. However, the ideal theory in the large is 
quite different. We now cannot count on the simplifications which 
are implied by the ascending chain condition for ideals. The recent 
theories of functions on topological spaces provide the necessary tools 
for a simple theory in the large. We shall show that the topologiza- 
tion of rings of entire functions by means of the topology of the 
underlying surface furnishes a fruitful method. Thus, the closed 
maximal ideals will correspond to the points of the given surfaces. 
Finally, to quote another result, all closed ideals are principal. 


1. Some basic definitions. Suppose that Z is the complex number 
sphere whose points at finite distance p=), are in 1-1 correspond- 
ence with the elements a of the complex number field C. We assume 
that each point р of Ў, the point at infinity included, has conformal 
neighborhoods. In general let і, be a local uniformizing variable at 
f, that is, a function which affords the mapping of a conformal 
neighborhood of p in the unit circle | | «1. We associate with each 
point P a model Ў, of Z and consider functions f(s) on Ў with 
values in [Z, } in other words, f(t) ЄХ, for p CZ. As usual we say 
that a function f(s) is meromorphic on Z if there exists for each | 
point РЄ2 a convergent expansion 







(1) ye sb о € C, 
=» 


where the first nonvanishing coefficient c,,4 has a finite integral 
subscript. Then all meromorphic functions оп Z form а field F(Z) 
which contains С [2, 17]! 
Next we associate to each function f(s) the integer m == V,f(z)'and 
Lectures delivered before the Chicago meeting of the Society on April 26—27, 
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define V,0 = œ. The algebra of power series implies that the *valua- . 
Hon" V, has the following properties 


(2) © -Vy(t) = 1, V,(f+ f) 2 min (Vyf, Кы), 
Voie) = Vf) + Vols), Vee = 0. 


for each nonzero complex number [6, 12, 16]. We note that V, 
measures the order of the zero or pole of f at the point p. Further- 
more the value V,f does not depend on the special choice of the 
variable t, that is, if 2, =) du, 4,740, d, CC C, is analytic in a вић- 
ciently small neighborhood of 4,20, and f(s) is expanded with re- 
spect to £/ ав 2 a Cosh’, then m =m’. We mention in this connec- 
tion that the function theoretic value f(5) of f(s) at p is: / 

(i) the coefficient cp,o of (1) if V,f(&) —0, 

(ii) the element 0 if V,f(s) >0, and l 

(iii) the element œ of 2, if Vf (8) <0, or if f(p)^! » 0. 
Then, for the functions fi, fs, with fi(5), fa(p) 4 o, 


(3 FAG - RO) HF AG), fe) = fi) fale). 


Thus the functions f of F(Z) which are holomorphic at p form a ring 
R,, the so-called valuation ring of p in F(Z). This ring contains a 
single prime ideal Му which consists of all functions which vanish 
at p. In particular, the homomorphism R,—R,/ M3 «$,(R,) is the 
arithmetic description of the function theoretic value, f(p) —o,(f(s)). 
We recall next the following consequences of the compactness of 
2E: 
(4) If (р) 50, œ for all p&Z then f is a nonzero complex 
number, ` 
(5) If fc£C, then f(f) is 0 or œ for only a finite set of points of 2, 
that is, a meromorphic function has а finite number of zeros and poles. 
After these preparations it is a simple matter to construct the 
field F(Z). We first note that s—a, a € C, is a meromorphic function 
with V,(s—a)=1 with p=,, V,(s—a)=—1 with p=p,, V,(s—a) 
= Q for all other points p. Suppose that f(s) F(Z) has its poles and 
zeros at the points pe, +++, Pa, where repetitions of the points and 
the point pa are permitted. Then the function J [j.1(s—@) = f*(s) has 
the same poles and zeros as f(s). Using the second of rules (2) and (4) 
we find that f(z)/f*(s) is a nonzero constant c of C. Thus 


(6) _Д%) = ef*(s), 
or F(Z) is the field of all rational functions of the complex variable s. ` 
2. The feld of meromorphic functions. We omit now from Z the 
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point р. and obtain thus the open complex number plane Z^ whose 
points are in 1-1 correspondence with the numbers of C. The space 
Z' is locally compact and the sum of the compact regions |s| Ss, 
n— o. We define a meromorphic function f(s) on 2’ by omittinginthe ' 
definition of F(Z) the condition of rationality at ф„. Then the field 
of meromorphic functions F(Z') contains F(Z) as proper subset. 
Statement (5) ia now replaced by: 

(7) A meromorphic function f(s) has only a finite number of 
zeros and poles in a small neighborhood of each point pE2’. 

The field F(E') contains as a subring O(Z') the integral domain © 
of all entire functions f(s) with V,/f(s) 2&0 for all РЄ Z'. Suppose that 
f(s) is not a unit, that is, f(s) has zeros ау. Then the set of zeros {a,} 
is countable and (7) implies [aj] — o as ј-э о; moreover, only a 
finite number of а,в have the same absolute value. The construction 
leading to (6) must now be replaced by Wetersirass’ theorem [3]. 
We pick integers m, such that sum У ,s*!/aj^ *, а,у0, is absolutely 
convergent for all s. Then we define q;(s) =) $(1/k)*(s/aj)* and 
set f*(s) =[[(1—s/ap)e®. The product f*(s) is absolutely con- 
vergent for all ғ and uniformly convergent in any finite region of X’. 
Therefore f*(s) C F(Z’). Suppose V, f(s) =. Then f(s)/(s*f*()) 
has no zeros and poles on 2’. Hence it is a unit function e*(9 of O(2’) 
and 


(8) : Хэ) А з" a - s/a), 


Conversely there always exists an entire function (8) with prescribed 
zeros. Moreover, an arbitrary function of F(2’) is always a quotient 
of entire functions, as follows by constructing entire functions ac- 
cording to (8) separately for its zeros and poles. Consequently F(Z’) 
is the quotient field of O(2’). 


3. The ring of entire functions. We note from the theory of 
polynomials that the polynomial ring C[s] is equal to the intersec- 
tion of the valuation rings R, for all pC ZX’. The definition of a func- 
tion f(s) С F(Z’) implies that each point p C Z' determines again а 
valuation V, of F(Z') with a corresponding valuation ring R4 in 
F(Z’), for only local properties of functions are used. Moreover, the 
definition of an entire function shows that 


(9) О”) = Пк, 2C [s]. 


Furthermore, each ring RJ has a unique prime ideal M; consisting 
of all functions vanishing at p such that, for p= pe M; OOE) 
= Мус O(Z%’) (s—a). Thus, each point P Z^determines uniquely the 


t 
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prime idzal M,C O(Z/) which constsis of all enisre functions vanishing 
at p. | 

We next define an ideal A of O(Z/) to be an additive subgroup of 
O(Z^ which admits the elements of O(Z/) for multipliers. It has 
been noticed before that the (trivial) ideal theory of CIs] has no direct 
analogue in O(Z/) [7]. Theideal theory of C [s | and its finite algebraic 
extensions has two characteristic properties. First there are no 
properly ascending chains of ideals and secondly there are no other 
prime ideals but the ones corresponding to points of the associated 
algebraic curve or Riemann surface. The ring O(2’) presents ап 
entirely different arithmetic structure. Consider the entire function 
sin (rz) with the zeros tn and set fi—sin (ws), fa- sin (vs)/s, fa, 
sain (xs)/s(s1—12?), - - - , fers sin (ws)/s(s?—1?) - - - (s?—- m). Then 
fai: has the zeros + (п+1), · · · and fi=fesss(s?—12) - - (sn). | 
Then O(2)/A CO(Z^)RC - + -is a properly ascending infinite chain 
of divisors. Moreover, admitting only finite sums, the join U,O(2’)f; 
= (fi fs, < © +) = Ais not the unit ideal O(2’), for otherwise1 =)" ур, f, 
with entire functions g;. Such an equation cannot hold since the sum 
has infinitely many zeros. 

The following remark indicates that a change of the definition of 
an ideal may be useful. Recalling the expansion ж/віп (rz) =1/s 
+22 [C 02]/(st—?) we obtain 1 = (1/x) [А —– 23224-28121 — 19)f 
+ --- ]. Thus 1 is an infinite convergent sum of elements in A.  ' 

There are three obvious devices which may be investigated in 
order to develop an ideal theory in O(2’) such that the resulting 
theory resembles the ideal theory of fields of algebraic functions or 
algebraic numbers. The first method provides a recasting of the 
definition of an ideal, the second utilizes the technique of v-ideals and ` 

quasi equality, and the third requires a restriction to ideals with a 
finite basis. The last approach was used by Helmer [7]. We shall use 
in the sequel the first and second methods. / 

We now introduce a topology in O(Z/) in order to carry out the 
first method. 


-DEFINITION 1. Suppose that {fa} is an infinite sequence of entire 
funchHons. We define f,—f as n— o to mean uniform convergence in 
any bounded region of 2’. 


DEFINITION 2. An ideal A of F(E/) with respect to O(Z/) is called 
closed, f: — 

(i) A ts closed under addition and under multtplicatton by elements 
of O(2"), that ts, A ts an ideal $n the algebraic sense; 

(п) There extsts a nonzero integral function f such that fA 5 О(5'); 
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(iii) A 4s closed in the topology of Definition 1. 
We note that (iti) implies that A contains all convergent infinite 


sums > 7 за, for which аА. 
Let 
(10) va = ra = T4 aer]. 
` ac A 


This vector UA has at most an enumerable infinitude- of com- 
ponents V,A distinct from 0 since an element a € 4 has at most a 
countable set of zeros in 2’. 


Leama 1. If A is closed and VA = {0}, then А =О(®/'). 


Proor. It suffices to show that A contains an entire function 
without zeros. Let gC.4 and suppose a1, аз, - - - , Ow, - - - are the 
zeros of g. Since UA = {0} there exists for each a, a function f CA 
with V, f, ~=0 or f,(a,) 240, where V, is the valuation for a,. Applying 
(8) we can exhibit a function f€O(Z/) which has simple zeros at 
the points a,. Suppose that | (ff.)/(s—a,)| < M,on |s| Sn. Then the 
sum > 2 i(ff)/[(s—a.)2* M,] =h exists and represente an element of 
О(5'). By construction 4(a,)~0. Consequently g and В are entire 
functions without common zeros. llence there exist integral func- 
tions k and 7 such that gkb-- 5i «1 (see [7, pp. 351-352]). Therefore 
ІСА or A =O(Z’). 

Using a repeated diagonal process we' can prove the following 
lemma. А 


Lemma 2. Let A, В be two closed ideals and define the product 
АОВ as the totality of all ошаган sums > 2 Gaba, 0. СА, ba EB. 
Then A OB is closed. 


Lemma 3. AH closed ideals A are ET 


. Proor. Weierstrass’ theorem (8) together with (10) implies the 
existence of an element a C O(Z’) with V,a = „А for all рех". Then 
the set of all quotients b/a, bC A, is an ideal В in O(Z/). The ideal B 
is closed for b,/a—g, 5, ЄВ, implies g = h/a with hCG O(Z’); but b, 
and therefore ag CA since A is closed. By construction UB = {0 
and therefore, by Lemma 1, В = O(Z^) or A 2aO0(Z/). 

In order to describe the ideal theory of the closed ideals of F(Z/) 
with respect to O(Z') we introduce the following vector group Ù in 
which addition is defined by addition of the components [10]. We 
consider vectors of integers {m,, P CZ'] where at most a denumer- 
able snfiniiude of components me, do noi vanish and where | an| — 0 


950 О. F. б. SCHILLING. | [November 


ав n— o. The mapping 4—/UA CU maps the group of closed ideals 
{A} (with the multiplication of Lemma 2) into 'U in such fashion 
that U(AOB)=VU(A)+U(B) and 'U(O(Z/)) = {0}. Since all closed 
ideals are principal we have trivially УА! = —UA where A7! is the 
closed ideal of all b F(Z’) with bACCO(Z/). Conversely, Weier- 
strass' theorem (8) implies that each vector im, pez) of U is the 
vector UA of a closed ideal A. Observe that A = O(2’) a fora c F(Z’) 
with V,a =m, for all PC Z/'. The ideal Ais unique since VA, = 0А for 
any other ideal A; with ОА: = {m,, p CZ' | and since A is the totality 
of all functions с with V,cg m, for all РЄ Z'. We have proved: 


THEOREM 1. The closed ideals A of F(X’) with respect to O(2’) form 
a multiplicative group which is $somorphic to the vector group Ù. 


We mention in passing that we may consider infinite products of 
ideals, provided obvious assumptions are made on the distribution 
of the zeros and poles. 

The second method which utilizes the theory of quasi equality is 
closely related to the first, as the following observations show. 


DEFINITION 3. Two tdeals, Ai, Аз, of F(Z/) with respect to O(2’) 
are called quasi equal, Aida, ЗФА: = ОА, [10]. 


We now consider the classes of quasi equal ideals [4] and define 
[4 ][B]=[4B]. This definition will be useful if we can show that 
quasi equality is an equivalence relation. For the proof we note: 


(11) U(A) = {0} if and only if 43 240(Z?). 


We have UA-'= [0] and thus 4-7! &* O(Z^) since А-1 is closed. For 
the converse we observe that UA =—UA-'= [0]. 


(12) (AB)? = 4-1 for any ideal B with UB = fo}. 


Note that ABCA implies (4B)-124-3. For the converse let 
c&(AB)-, then O(Z^)2c(A4B) -(cA)B. Consequently cA CB. 
Therefore, by (11), cA CO(Z^) or cE Aa. -Hence (AB) CAZ. 

(13) A~B if and only if А-1 = В-1, and there exist ideals Ci, Сз 
with ОС, = UC= {0} such that АС ВО. 

Consider 44B—A4(A471B)-(4A4-)B and put AIB m C, 
АА-1= С. Then by (12, А-1 (АС)-1= (ВС): В-1, for 
ОС, =ОС,= {0} The converse is obvious. 

We can therefore assert that the group of classes of quasi equal 
ideals.is isomorphic to the vector group U where the isomorphism 
is established by the mapping [4]—'UA4. This statement сап be 
interpreted further. 


` 
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. LEMMA 4. Let A be the closure of the ideal A, in the sense of the 
Definition 1, then UA = ОА. | 


For the proof note that ADA implies V,4 S V, A for all ped’. 
For the converse we may assume without loss of generality that 
ACO(Z'). Let а= і, „а, а„ЄА, be an arbitrary element of А. 
Suppose that V,d =m>0, РСС with p=. We consider the se- 
quence Íb, =a,(s—b)*""} with the limit f 2a(s—b)771. We now pick 
a positive є so small that |. у <e/2 in a sufficiently small neigh- 
borhood of p in Z/. Since f is analytic we have |r—f(b)| <e/2 and 
consequently: | b,—f(b)| <e. If f(b) were distinct from zero, then є 
can be chosen such that e« | мра | «[5, —f(b)|. Hence, by 
contradiction, f(b) «0 and thus V,ag V,A4. Consequently V,A z У,4 
and therefore UA = 1А. Consequently: 

(14) All ideals in [A] have the same closure 4, and А is the 
largest ideal in [A ]. 

Thus Theorem 1 states that the group theoretical structure of 
the set of all class of quasi equal ideals is the same as the structure of 
the group of all closed ideala. | 


4. The prime ideals of O( Z^). We noticed in $2 that each point 
p of Ў’ gives rise to a valuation of F(Z’); moreover, p determines 
uniquely a maximal prime ideal M, of O(Z^). The resulte of §3 imply 
that the prime ideal M, is closed since it consists of all entire func- 
tions which vanish at ф. We now show that O(Z/) contains infinitely 
many nonclosed prime ideals M. The example of $3, A = (sin (xs), 
sin (xz)/z, - - - )CO(Z') proves the existence of a nonclosed ideal 
with U(A) = {0}. Applying Zorn's lemma we can prove the existence 
of a prime ideal MDA, MxO(2’) with 'UM <= [0]. There аге infi- 
nitely many such prime ideals. Pick two sequences of complex num- 
bers a, b, with |a,|, |b,| — which are distinct. By (8) there exist 
functions fa, г„ with zeros at Ga, 2.41, `` * and ba, bagi, +++, TE- 
spectively. Let B= (fi, fs, ---)and С (р, ga, © · · ), then UB «UC 
= {0}. We assert that B and C determine distinct maximal prime 
ideal divisors. Suppose BC.Mi, CCM, and М,=М,. Then fi, 
АСМ, = М,. Hence there exist entire functions a, b such that 
fia-- gib 1 € М; = М, = O(Z/) because fi, gı have distinct zeros. There- 
fore М. у Мз. ; 


LEMMA 5. АЙ prime ideals of O(Z/) are maximal. 


Proof. If a prime ideal М СО(Х were not maximal, there would 
exist a function f CO(Z/) for which (M, f) CO(Z7). Let gc M and 
© suppose that {a,} is the set of common zeros of f and g. By (8) 
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there exists a function &CO(Z/) with precisely the zeros {aa}. We 
write g ^ hm. Hence either АС М or mC М. But m does not lie in М 
for m and f have no common zeros and thus generate O(Z/) = (m, f), 
whence (M, f) = O(Z/), contrary to hypothesis. Therefore kh C М and 
ЛЄ M since f is a multiple of k. Thus M is maximal. 

This lemma implies that each closed prime ideal M of O(2’) be- 
longs to a point, that is, that there exists a unique р with M = M,. 
Note that Lemma 1 implies V,M »*0 for some p. Hence MC M, and 
thus M = M, by maximality. We note that O(Z')/ M,cxC. 

The nonclosed prime ideals M can be characterized algebraically 
as follows. 


LEMMA б. A maximal ideal М of O(Z/) ts nonclosed sf and only sf 
O(Z^)/ M ts a proper extension of the complex number field C. 


Proor. For a prime ideal M certainly M(\C[s]C[s], since M 
would otherwise contain a nonzero constant and be equal to O(Z/). 
Consequently either М/С] 50, СОС МОС], or МОС [| 50 
In the first case М/С [8 | = (s—a) for some aC C because M is prime. 
Consequently O(Z')(s—a) = М, СМ and M ~ М. is closed. Hence 
M(\C[z|=0 for а nonclosed prime ideal. But then O(Z/)/M con- 
tains C[s]/0ccC [s] and therefore O(2)/ MDC. Conversely O(Z^)/M 
DC does not hold for closed prime ideals, hence M is not closed. 

We consider next valuations V of F(Z’) whose valuation rings 
contain O(2’). Assume that V does not arise from a point p CZ'. 
Then the prime ideal P of the valuation ring of V in F(Z/) neces- ` 
sarily meets O(Z/^) in a nonclosed prime ideal M = P/YO(Z/^). We note 
that then UM= {o}, for otherwise-there would exist a point p with 
V,M 0. Then MC M, or Vm V, contrary to assumption. We asert: 


LEMMA 7. There exists no valuation V of rank one such that a non- 
closed prime ideal M of od is equal to P(\O(2') where P is ihe 
prime ideal of y. 


-~ Proor. We have teri = {0}. Let EPOE’), then f 
must have infinitely many zerós; for if'f were a unit then P/YO(Z/) 
-3O0(Z/),andif f hada finite number of zeros then V would be some V,. 
Let а, 03, * · - , be the zeros of f, where we admit repetitions. We 
next construct by (8) a function A which has zeros at the a, with the 
multiplicity я. Now let s, f. [f/(s—a)] - + - [f/(s—a.) - + - (8s—a,)], 
then s,C O(Z/^) and h/s, 5g, C O(£/^). Since V(s—a4) «0, for other- 
wise V=V,, V, the valuation for a,, we find V(hs) = V(s,)-+ V(gs) 
=nV(f)+V(g,). This means that V(À) is larger than any positive 
real number. Consequently V does not exist. 
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Combining the preceding observations, we have [5]: 


THEOREM 2. The points of Z' are in 1-1 correspondence with the 
closed prime ideals of the ring O(Z^) of analytic functions on У". 


The statement of this theorem is closely related to some results 
dealing with continuous real or complex valued functions on topo- 
logical spaces [5, 18]. Suppose that T is a topological space which can 
be represented as the sum U.C, of compact sets, C, C Сәм, such that 
each compact subset of T is contained in a suitable C,. We define 
in the ring O*(T) of real (or complex) valued continuous functions on 
T a compact open topology by agreeing that f,—f in O*(T) if the 
sequence f, approaches f uniformly on each compact subset of 7. 
Then O*(T) is complete. We have the following lemma. 


LEMMA 8. Each closed ideal A of O*(T) without zeros on T és equal 
io O*(T). 


Proor. We require of A that there exist for each point pCT a 
function f€Á for which f(p) »50. Take any C;; there exists a point 
Ф.С C; with a function /,;Є such that /;(ф‹) 50. By continuity 
there exists a neighborhood U;; of p: on which fi; does not vanish. 
Since С; is compact it can be covered by a finite number я, of 
such neighborhoods {у with associated functions f,,€ А. Then f2»0 
(or fiu» 0) on Ui; Let оО, d); then fi does not vanish 
on Ci. Let M; max,co,|f«()| . Consider Erf, / (MQ2") =f. The sum f 
is convergent in each C, and hence on each compact subset of T. Con- 
sequently f CO*(T) by the completeness of O*(T). Since A is closed 
and f, СА, we have fA. By construction f does not vanish on T 
and therefore f-1 CO*(T), whence 4 =O*(T). 

Let us assume further that T' is a completely regular space. We 
state the following theorem. 


THEOREM 3. The closed maximal ideals M of O*(T) are $n 1-1 
correspondence with the points of T. | 


Proor. If р is a point of T then all f CO*(T) with ab «(forma 
closed maximal ideal M,. Conversely, the functions f of a maximal 
closed ideal M must have а common zero, p, for otherwise M = O*(T) 
by Lemma 8. Let A, be the set of all functions vanishing at p. Then 
MCA, and consequently M=A,. The functions of A, cannot vanish 
at another point q since the complete regularity implies the existence 
of f CA, with f(p) =0, f(g) 50. 

The maximal ideals M* of the ring O*(Z/) of all continuous 
complex valued functions on Z' can be related to the maximal ideals 
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M of O(2’). For each maximal ideal M let the set M*CO*(2’) con- 
sist of all functions f C O*(Z/) for which there exists an element m C M 
such that f vanishes at all zeros of m. This set M* is an ideal. By the 
preceding definition certainly fg М* for any gc O*(Z/). If fi is 
another function of M* with a corresponding function t; C Mi, then 
fi - fs vanishes at all zeros of a function йіп M whose zeros are those 
common. to m and mi. (This А may be constructed by the method of 
Lemma 5.) Furthermore M* is maximal. Suppose (M*, g) CO*(Z/). 
We pick any m0 in M. Then m and g must have zeros in common. 
For otherwise k 2mfi--gg is a function of (M*, g) without zeros, во 
that £1 CO*(Z/) andi =k“ RE (М*, р), acontradiction. Let n be an 
entire function whose zeros are the common zeros of m and g. Then 
g vanishes at all zeros of n and яЄ M. Hence gc M*. 

Conversely each M* determines a prime ideal M*'^0(2' ) of 
O(2’); this ideal is maximal by Lemma 5. Using the original cor- 
respondence М» M* we have M*(YO(Z') = M. 


5. The ideal theory in finite extensions of O(2’). Let К be a 
finite algebraic extension of degree я over F(Z’). Then each element k 
of K is the root of an equation 


(15) att fhrith 


whose coefficients are meromorphic functions. Since the valuations 
V, of F(Z‘) are determined by local properties of the functions in 
F(Z’), we can employ a procedure of the theory of algebraic functions 
to determine all prolongations О)... W®, g=g(p), of V, to К. 
We recall that the discrete rank one valuations W™ can be de- 
termined as the unique valuations of the direct summands КО) of the 
direct product K X F(Z^)y where F(Z')y із the completion of F(Z’) - 
with respect to V= V,. Then 1 Sg(p) Sn. More precisely И) (В), 
bcc К, can be considered as W (k8) with a auitable conjugate Ё5 of b 
and a fixed prolongation W™ of V, [12]. 

Using the triangle inequality we find: 

(16) A function ЄК has at most a denumerable set of zeros and 
poles, W. in other words valuations W, with W,(k)=0, œ. These 
valuations W, applied to F(Z’) contract to valuations V; belonging 
to points a; if | W,] is an infinite set, then la,| — ».* A function 
kc К never has an essential singularity at any W of K. 

We can now construct the Riemann surface T of K and prove, 
as in the theory of algebraic functions, that the field F(T) of mero- 
morphic functions on T is equal to K. Let O(T) be the ring of all 


1 Or, {W,} has no infinite subeequence which is compact in T. 
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4 
entire functions on T and let Ry be the valuation ring of W in 
K= F(T). We shall prove the following generalization of (9), 


(17) O(T) = f| Rw. 
Ww 
We first prove [10] the following lemma. 
Lexma 9. Г W(0,-.-, WO are the prolongaitons of V= V, to K 


then WO (р) 20, 1 $i Sg, implies Vif.) 20 for the coefficients of tha 
defining equation (15). In particular V(Nk) =0 for the norm Nk sf aH 
W?(k) are 0. 


Proor. We imbed К in its least normal extension L/F(2’) with 
the Galois group {5 |. Then W)(k) 20 for all prolongations Wo 
of V to L. Therefore [[5(x—&*) has coefficients in the valuation 
rng R, If W(k) 20, then W(k)=0 and thus (МЕ) =0 Or | 
V(Nk) «0. 

As a consequence we note: 


(18) WORRN] 0 i WOR 20 for 14575 6. 


Now (17) follows readily. Let kE (je Ry. Then by Lemma 9, V,(f:) 2;0 
for the coefficients of (15). Consequently f; € 1, R, = O(Z/) and hence 
(1e Ry CCO(T). The converse inequality is obtained by applying V to 
(15). 

In order to obtain the analogues to Theorems 1 and 2 we use the 
existence of special local uniformizing variables in O(T) for the 
prolongations W,-.--, WW of a valuation V,. 


LEMMA 10. There exist elemenis h,---, ФП mm 
WGfz1,WNn-0,j2:4$;134, 7 Sg. 


Toor 'A result of Ostrowski [12 ] asserts the existence of elements 
ku ++, EEK with WOki=1, WOki=0, ji, 135, j Sg. Suppose 
that we is a pole of k, with the conjugates W®,---, WY. Pick 
m, = —minig,s, Wk, Construct the integers m, for all poles of kı 
and take, by (8), a function b,C O(Z/) which has zeros of orders m, at 
the projections V, of the sets of conjugates WY’. Then b,b, =t, has 
the required properties. 

Consequently: 

(19) For any distinct rank one valuations Wi, W1 of K there exist 
elements a1, a4 O(T) with Wai 0, Иза: = 0 and ИЛа=0, Ив 0. 

Asin $3, equation (10), we define for an ideal A of K with respect 
to O(T) 


(20) WA = fmin Wa = WA, шж). 
ас: 4 
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Then WA 0 for at most a countable infinitude W of valuations, 
such that | а,| — « for the projections V, of the Wi, if there are infi- 
nitely many. Let W be the additive group of vectors {mw, all W} 
with integers my, such that at most a countable infinitude my, are 
distinct from zero, where |a| — © for the corresponding projections 
to O(%"). . 

A direct computation shows that: 


(21) «(А В) = QA) + WB) for any two ideals A, B. 


Now put all ideals A, A’, · · wit WA e IDA Tusce inada [A ]. 
As in $3 the classes [А | form a multiplicative semigroup with [0(7) ] 
for a unit if we define [4 | = А. More precisely: 


THEOREM 4, The classes of ideals |А | form a multiplicative group 
which is $somorphically mapped in the vector group W by [A |W | A |. 


Proor. We may assume without loss of generality that the repre- 
sentative A of [A] lies in O(T). Then the ideal quotient A~! has 
WA-!=—WA=—m for each W. Since AA-!CO(T) it suffices to 
exhibit an element cC A^! with We=—m. Let £51 be a local uni- 
formizing variable, according to Lemma 10, such that Wt = WMi=1 
and Wo... = WWi=0 for the conjugates W™,---,W® of W. . 
Suppose that { W;} are the valuations with W#>0 and call V; the 
associated projections on F(Z’). Let Wi; be the conjugates of Wi. 
Now pick an integer m,2,max;Wis. By (8) there exists a function 
JEO’) which has zeros at the V, with the multiplicities ту. Let 
b-1f7, then W(d)—1, W(b)= --- = Ww(b)=0, Wi(b) «0 for 
all¢ and j, and finally W” (b) =0 for all other valuations W’. Now let 
a be a nonzero element of A, then Waz m. Form ab™, then W(ab-*) 
20, И (арж) = W?az0, Wi(ab-*) = W,—mWib>0, W'(ab-*) 
= W'ag0. Hence ab-* CO(T) and therefore c b-7* C 4-1, Therefore 
[4] [471] = [0(7)] by (22). | 

It remains to exhibit for given {mw} an ideal A with WA = {my}. 
Let Py be the prime ideal of the valuation W in K. We shall exhibit 
in А= fP" an element a with Wa=my and W'ag,mw for all 
other W’. By Lemma 10 we can form the product | [1 8" =4 CO(1), 
== у, which has the prescribed orders at W = W™ and its conju- 
gates Й/®. Next we determine in O(Z/) an element g such that Vg=0 
for the projection of W and V'g is sufficiently large for the projec- 
tiong Аг the other W” with 77,70. Then a=dgCA and therefore 
WA 

Ag in ( 13) any two ideals 4i, 44 of [A | are related by an equation 
A,B, = А,В, where Bı, B.C [O(T)]. Let А be the join of all ideals in 


Ы 
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[A]. Ther WA=W[A] and А=[+#Р#” if W[A] = {mr}. Suppose 
now that we topologize the ring O(T) by using the intrinsic topology 
of the Riemann surface. Then: : 


(22) A is a closed ideal 


and more precisely the only closed ideal in [A ]. Using the generaliza- 
tion of Lemma 2 we find that all closed ideals of K with respect to 
O(T) form a multiplicative group which is isomorphic to the vector 
group W. 

We now turn to the discussion of the prime idéals of O(T) and note 
first that all prime ideals are maximal as a consequence of Lemma 5. 
Suppose now that WA = {0} for an ideal A of O(T). We assert: 


(23) VIA No] = {0}. 


For the proof note that for given V with the prolongations W,---, 
W® there exist elements a1, · - - , a, in A with 


Wa, =I 0, Wa, = 0, cee, W oa, 2e 0, 


И (0а, 2; 0, W9a8,£20,---,W(?a, = 0. 
We apply Lemma 10 and consider the sum, which lies in 4, 
(24) | a m di(ils - -- 8) +--+ + a (ho byt). 


Then by construction and the triangle inequality WYa=.:--- 
m y (5,330. Consequently, by Lemma 9, V(Na) «0 and V'(Na) z 0 
for all remaining V’. Thus NacO(Z. Applying (18) we have 
(Naja €O(T). | Consequently Visual bein whence 
V(ACYO(Z^) =0. Therefore U(AMO(Z’)) = {0} since V was chosen 
arbitrarily. 

. We notice next that there exist maximal ideals M in O(T) with 
WM= [0]. Pick any BCO(Z/) with UB = {0}. Then BO(T) CO(T). 
Hence there exists, by Zorn's Lemma, at least one M. 9BO(T) with 
the desired properties. These maximal ideals are not closed for other- 
wise M(YO(Z') would be closed and hence equal to O(Z/) by 
Lemma 1. Because O(T)/M 20(Z^)/M(*XO(Z^), Lemma 6 implies 
that O(T)/M 5C characterizes the nonclosed maxima! ideals. 

We remark that (23) implies in particular that the intersections 
Pwl\O(T) are the only closed maximal ideals of О(Т). On the other 
hand the points of the Riemann surface T of K determine the valua- 
tions W of K and vice versa. Consequently we have the generaliza- 
tion of Theorem 2: 


1 
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The boinis of T are in 1-1 correspondence with the closed maximal 
ideals of the ring O(T) of all analytic functions on T. 


Remark. In conclusion we point out that the methods of this 
section apply also to the ideal theory of rings of quast meromorphic 
functions [9]. Such functions are meromorphic functions on Z which 
admit essential singularities at a finite number of points.p., £1, с, 
pa; in other words, quasi meromorphic functions have locally the 
character of rational functions on Z with the possible exception of the 
points po, Pu * * * , рь. To obtain a reduction to the case of the ordi- 
nary entire functions suppose that S is an arbitrary (compact) alge- 
braic Riemann surface with the valuations {Ws}. Pick any h valua- 
tions Ws. · · ·, Ws, By the Riemann-Roch theorem there exists а 
function # in the field F(.S) of meromorphic functions on S with poles 
at Wai :::, Waa. We consider F(S) as an algebraic extension of 
C(u). The Riemann surface of C(u) is the complex u-sphere and the 
field of quasi meromorphic functions on 5 — {Wa PK. Wasa) con- 
tains F(S) and is an algebraic extension of degree [F(S):C(u)] over 
the field of meromorphic functions on the u-sphere from which the 
common projection of the Wa, is removed. To obtain the ideal theory 
of the ring of quasi analytic functions on Z— TA Фә сс, bs} we 
apply the preceding arguments to F(Z) = C(s).* Finally, the principal 
ideal theorem (Lemma 3) for the closed ideals holds in this case. 
Similarly Theorem 2 can be extended. _ 

It may be interesting to see which results of the theory of pro- 
longations can be extended to relations between the ideals in the 
various rings of continuous functions on completely regular spaces 
and their finitely sheeted covering spaces. It appears that euch prob- 
lems have not been discussed to any extent. 


6. The principal ideal theorem. We assume for the moment that 
Sis a compact Riemann surface. Suppose that Q, is the ring of all 
functions in F(S) whieh are integral over a polynomial ring CÍr], 
F(S) 2 C[v]. Then all ideals of F(S) with respect to Q, are principal 
if and only if S has genus 0; this follows immediately from Abel'a 
theorem and Jacobi’s inversion theorem [2, 17]. 

We now show that, їп contrast to the preceding compact case, 
the principal ideal theorem holds for the closed ideals on certain 
open Riemann surfaces. The existence of integral functions with pre- 
scribed zeros depends on a combination of the proof for (8) with the 
methods leading to Abel’s theorem. 


з Quasi analytic functions on Z—{,, fi, >> - , fa] are quasi meromorphic func- 
tions without poles. 
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We shall assume in the sequel that K is a field of algebroid func- 
tions as defined in §5. Thus, K is the set of all meromorphic functions 
on a finitely many sheeted covering surface T of 2’. We agree that 
the elements of F(Z’) are given as functions of the variable s. 

Let O(T) be the ring of integral functions over O(Z’) as described 
in the preceding section. Weierstrass’ formula (8) uses the existence 
of a uniformizing variable ¢, in O(Z/) for each point ~C2’ such that 
t (q) #0 for all other points qCZ'. In the general case we first define 
а differenital kidk for k, Ey € К as follows [6]: 


(25) kidk is the totality of all local derivatives kdk/ diw 


for ali local unsformising variables ty of W and ай valuations W be- 
longing to the points of T. 

If we use the completions Ky of K with respect to W it follows 
that W(ds/diw) = W(ds) =e—1 where e is the degree of ramification 
of W relative to its projection V on F(Z’). In other words, ds is at 
W the local different of Kw/F(2’),. As in the theory of algebraic 
functions we say that a differential yds, y C К, һава zero of order m at 
W if W (yds) =m; a pole of order m is present if W(yds) = —m, m» 0. 
` Moreover, the zeros and poles W, of a differential yds of K have pro- 
jections У, with |a,|—« if there are infinitely many. 

We now construct a d.fferential dow of K whick has a logarsthmic 
singularsiy with the residue +1 at a given valuation W. Later doy shall 
be used to construct the analogue of the prime functions s—a, a € C. 
Suppose that 21, · - ·, a, are я linearly independent elements of 
O(T) over F(Z’); we may take а, = k+! where EC O(T) is a primitive 
element of K/F(Z^. Let of, 1S5, be the п conjugates of ар 
Then the system of linear equations 


(26) > 69, ы =з 0,5, бї the Kronecker symbols, 


has я conjugate sets of solutions 5, - - - , 000, for the independence 
of the сув implies det | af? | #0. Let b® =b,, 1 S$ n. We may assume 
without loss of generality that smc>0 (mod У) for the given valua- 
tion W of K. Since W corresponds to a point of T' we agree to denote 
the value of a function fc K at W by f(W).* Consider the differ- 
ential doy Y? ib, [a,(W)]dz/(z—c). Then W(dwy) = —1 is a con- 
sequence of the construction of the b,'s and the remarks on ds; we : 
apply the homomorphism determined by W.* The differential doy 

t [n other words, the function-theoretic value f(W) is essentially the residue 
of f modulo W. 

$ Note? .&(W)a,(W) =1 and W(ds) =0. 
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may of course have other singularities. We first remove the potential 
poles at the conjugates W™ of WY = W. Suppose W™ (duty) = — ma, 
miz 0. By Lemma 10, the differential dw] [ua = dw has W (das) 
=0 for k1 and И (009) = —1. The possible poles W: of deg form 
an at most denumerable set with |a;| — o, if the Va are the projec- 
tions of the W;. We next pick an integral function gC O(2’) which does 
not vanish at W and its conjugates, that is, V(g) —0 for the contrac- 
tion of W to F(Z/^). Moreover, g is to have zeros of sufficiently high 
orders at the V,,. This can be done according to Weierstrass’ theorem. 
Then W(gdwy)=—1 апа W’'(gdwy)20 for all other valuations. 
Finally, we multiply gdog by a suitable constant and obtain а differ- 
ential dwy with the desired properties. 

Now let I(W) be the indefinite integral /dww. Then the ex- 
ponential 10 is a multiplicative function on T which has locally 
the properties of a meromorphic function on Г. In particular W(e!(*?) 


сә —1 and W’(e!™) «0 for al] other valuations W’. However, in | 


general, 67 will not be a function of K. We show next that 610) 
can be normalized so as to lie in K provided a certain hypothesis is 
valid for the vector space of everywhere finite integrals of K. 

Let ВНК) = { 0, W(dv/dtw)2;0 for all W} be the vector space of 
everywhere fintie differenisals with complex coefficients. Suppose that 
Ay(K)={S,--- | is the Вей group of T. Then the integrals fade 
e (5, dv) дейле for fixed dv a homomorphism of Hi(K) into C and 
dually for fixed Sa homomorphism of H1{K) into C since homologous 
closed curves determine the same definite integral. Let ¢ be a homo- 
morphism of H,(K) into C. Then it is a well known fact that ф cannot 
always be realized as (5, dv) for a suitable dv if integrals on an alge- 
braic compact Riemann surface are considered [2]. 

We assume the following hypothesis: 

(Н) Given a. homorphism ф of Hi(K) inio C, then d=(S, dv), 
SEH, (K) for a sustable differential do c HK). 

Later we shall see that our hypothesis can be proved for certain 
open Riemann surfaces. 

Let {xg}, SEH;(K), be the periods of the normalized integral 
[dww which was constructed at the beginning of this section. Then 
there exists by (Н) an everywhere finite differential de with (S, dv) =a, 
for all S. Hence {(dwy—dv) =ту has no periods on T and 


(27) ET = by 
is a uniformizing variable for W with W'(ty) =0 for all other valua- 


tions W'. It is now easy to show that each closed ideal A of K with ' 


* А multiplicative function f on T reproduces itself but for a constant factor 
ps if it is continued analytically along a closed path 5 on Т, 


m 
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respect to O(T) is principal, provided A has only a finite number of ' 
zeros and poles W, with the multiplicities m, We form the func- 
tion dm Ig. Then #а 07A and therefore 4 =aO(T). If A has 
infinitely many zeros and poles then A can still be shown to be prin- 
cipal, but this time the functions £y, have to be modified so that their 
rate of growth is suitably bounded as s— o; this can be achieved by 
a combination of the methods in [11] and [13]. 
We now formulate the following theorem. 


THEOREM 5. Let T be the open Riemann surface which ts obtained 
from a compact Riemann surface by omstisng a poini. Then all closed 
ideals of meromorphic functions on Т with respect lo ihe ring of analytic 
functions on T are principal. Each closed ideal ts uniquely determined 
by sis zeros and poles and their respective mulisplicitses. The set of zeros 
and poles of an ideal is at most countable and contains no infinite sub- 
sequence which ts compact tn T. 


REMARK. The statement of Theorem 5 can be‘extended to open 
Riemann surfaces which arise from algebraic Riemann surfaces by 
omitting more than one point. We note that an analogue to Weier- 
strass’ theorem (8) holds. 

We now return to hypothesis (H) кай indicate briefly how it сап 
be proved for surfaces T which arise from a compact algebraic Rie- 
mann surface Te by omitting a point W, T=T,—{W} [12]. Let Ko 
be the field of algebraic functions of Те and assume that g is the genus. 
Suppose that $1, · · •, S, Т, · · ·, T, is a set of canonical retrosec- 
tions of Ty. We may assume, after a suitable deformation of the cuts 
that W does not lie on any of them. The everywhere finite differ- 
entials du, can now be selected such that, for det [rs:| 0, 


Q8) (Sj, ж) = x(— D'*, (Sj, du) = 0, (Ty dw) = ты. 


Using the gap theorem of Weierstrass [2], we remark that pre- 
' cisely g integers cannot occur as multiplicities of poles of functions 
(on Ky) at W. Since there exist, however, differentials which are 
poles of any order exclusively at W, we can pick precisely g dif- 


ferentials digi, * * * , dus, of Ko whose multiplicities at W are the g 
missing orders for the functions. Using (28) we can subtract from 
Фм, -::, dus, suitable linear combinations of the differentials 
dui, ++ , du, and obtain differentials ds4,,, - - +, dug, such that 
(1) the multiplicities at W are preserved, 
(29) . : (5, йм єн.) = 0 foris h, j 3 55 
(ii) 


(Ts, мн) = Thy: 
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The g differentials du,,, are independent over C, for otherwise there 
would exist a nontrivial linear combination f! ds,, c; f, СС, 
without periods. Hence f would be a function of К, with a forbidden 
multiplicity at W. Hence det | т,| #0. We can therefore replace бау}, 


1<ј 5р, by suitable linear combinations dv»,45, - © - , доз, auch that 
(30) (Sa, 20,3) = 0 fori Ss sj Sg, 
(Гь, dv ,,,) = бьук(— 1)". 

Finally we add appropriate linear combinations of 40,41, · © * , dus, 

to the differentials ds4, - - - , du, and obtain 2g independent dif- 

ferertiala dm, +--+, dv,, d9,41, - - - , des, with 

(31) (Su, doi) = бык(— 1), (T4, до) = 0, 1S Аў АДЕ, 
(Sa, dv p43) = 0, (74, dv pi) = 6m(— 1), 15А, 1, ks &. 


These 2р differentials are now considered on T^ T,— W. Since we 
do not count W, it turns out that our differentials are everywhere 
finite on Г. We observe that the cuts 5;, Tı can be placed in a region 
of T whose projection on X’ is given by | s| Sp. Therefore each 
SC H,(K) = Н,(Т) is an integral combination of the S;, Ti. Suppose 
then that the homomorphism ¢ is given. Then it suffices to know 
P(S), (Ti) for then $(S)—2 mé(S)-F2.m/à(T)) if S nS, 
+) 3/ Тү. Hence $(S) ~ (S, до) for a suitable dv as a consequence of 
(31) and hypothesis (H) is shown to hold. 

A further instance of the validity of (H) was recently exhibited 
by Myrberg [11], who considered K = F(Z^)(f(s)!*) where f(s) is an 
entire function with infinitely many zeros. We remark that Myrberg’s 
device of approximating K by hyperelliptic fields can be generalized. 

We note in conclusion that the methods used to prove Abel's 
theorem can be extended to prove a generalized Abel’s theorem for 
meromorphic functions of finite order. The last restriction gives rise to 
congruences describing the necessary and sufficient conditions for a 
given set of zeros and poles to belong to a function of finite order [13]. 


7. Unramified extensions. The function theoretic methods of the 
preceding section can be further expanded to discuss the unramified 
finite algebraic extensions L/K in which each valuation W of K has 
[L:K] distinct prolongations. It can be shown that the unramified 
abelian extensions are generated by radicals like (k)1/* where k has 
zeros and poles on T. | 

More generally, fields of quasi meromorphic functions Ё arising 
from T.—{W, Wi, LA can be treated with our method. 

Furthermore, the methods of the theory of algebraic functions 


/ 
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can be applied directly to prove that a finite group G can be realized 
as the Galois group of a normal unramified extension L/K if and 
н Giga крл, па of the Poincaré group P(K) = {| 5, 

Sy, Tuy Pa Us +, Un [TESTS T JT: LU, 11. 
We note that the ae (1,)!/* are агала о functions over Ё, where 
the t; are suitable uniformizing variables for the W,. 

Finally, the analogue of the theory of algebraic correspondences 
can be established in a variety of cases. It may be worthwhile to 
compare the results of H. Cartan [4] with the interpretation of 
meromorphic correspondences by infinite matrices arising in the 
fields considered by P. J. Myrberg’ [11]. 
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Tux Untverstry or СнісАСО 


THE SUMMER MEETING IN ITHACA 


The fifty-second Summer Meeting of the Society was held at Cor- 
nell University, Ithaca, New York, Tuesday through Friday, August 
20-23, 1946. The Mathematical Association of America met on 
August 19-20 and the Institute of Mathematical Statistics on August 
22-23. Over five hundred people attended the meeting among whom 


were the following three hundred ninety-nine members of the So- 
ciety: 

C. R Adams, R. B. Adams, J. G. Adshead, R. P. Agnew, A. A. Albert, P. L. 
Alger, E. B. Allen, C. B. Allendoerfer, Warren Ambrose, T. W. Anderson, R. C. 
Archibald, К. F. Arens, Silvio Aurora, M. C. Ayer, W. L. Ayers, E. G. Baker, D. Н. 
`~ Balou. E. W. Barankin, J. L. Barnes, P. T. Bateman, G. E. Bates, H. P. Beard, К. 
L. Beinert, Stefan Bergman, D. L. Bernstein, Felix Bernstein, Lipman Bers, Garrett 
Birkhoff, C. J. Blackall, David Blackwell, Gertrude Blanch, E. E. Blanche, R. Р. 
Boas, Paul Boschan, S. G. Bourne, J. W. Bower, А. Н. Bowker, C. C. Bramble, R. 
W. Brink, А. A. Brown, B. L. Brown, H. E. Buchanan, Е. F. Buck, R. C. Buck, E. L. 
Buell, R. S. Burington, M. L. Burke, F. J. H. Burkett, Herbert Busemann, W. H. 
Buseey, К. E. Butcher, S. S. Cairns, W. D. Cairns, R. H. Cameron, C. C. Camp, Н. 
Н. Campaigne, W. B. Campbell, С. F. Carrier, I. 5. Carroll, К. C. Cartwright, 
W. B. Carver, T. E. Caywood, W. F. Cheney, Herman Chernoff, C. E. Clark, J. A. 
Clarkson, M. D. Clement, G. R. Clements, I. S. Cohen, L. W. Cohen, Nancy Cole, 
. R. H. Cole, J. B. Coleman, M. A. Coler, J. A. Cooley, Byron Cosby, N. A. Court, 
A. P. Cowgill, W. H. H. Cowles, V. F. Cowling, M. J. Cox, H. S. M. Coxeter, H. B. 
Curry, J. H. Curtiss, D. R. Davis, M. M, Day, F. F. Decker, L. S. Dederick, J. L. 
Doob, H. L. Dorwart, C. H. Dowker, Y. N. Dowker, Arnold Dresden, W. L. Duren, 
Jacques Dutka, P. S. Dwyer, L..A. Dye, E. D. Eaves, Samuel Eilenberg, Benjamin 
Epstein, Bernard Epstein, Paul Erdóe, W. S. Erickson, Luis Esteban-Carrasco, Н. 
S. Evere-t, Herbert Federer, Will Feller, A, D. Fialkow, F. A. Ficken, N. J. Fine, 
C. D. Fieston, К. W. Folley, L. Е. Ford, W. B. Ford, R. M. Foster, A. Н. Fox, 
J. S. Frame, M. R. Freundlich, Orrin Frink, R. E. Fullerton, M. G. Gaba, C. А, 
Garabedian, Н. L. Garabedian, Н. M. Gehman, Abe Gelbart, B. Н. Gere, ]. J. Gergen, 
J. Н. Giese, B. P. Gill, M. A. Girshick, J. W. Givens, A. М. Gleason, Н. E. Goheen, 
Michael Goldberg, Samuel Goldberg, Michael Golomb, М. O. González-Rodriguez, 
A. W. Goodman, R. O. Goodman, M. J. Gottlieb, S. H. Gould, F. G. Gravalos, Lewis 
Greenwald, V. G. Grove, М. С. Gunderson, W. W. Gutzman, Theodore Hailperin, 
P. К. Halmo, К. W. Hamming, W. J. Harrington, B. I. Hart, C. M. Hebbert, M. 
H. Heins, R. G. Helsel, J. G. Herriot, Fritz Herzog, M. R. Hestenes, E. Н. C. Hilde- 
brandt, T. H. Hildebrandt, Einar Hille, M. P. Hollcroft, T. R. Hollcroít, R. H. 
- Hoskins, Harold Hotelling, S. E. Hotelling, R. C. Huffer, H. К. Hughes, E. M. Hull, 
Ralph Hul, Witold Hurewicz, W. A. Hurwitz, L. C. Hutchinson, T. J. Jaramillo, 
Б. L. Jeffery, E. D. Jenkins, S. A. Jennings, Evan Johnson, К. E. Johnson, К. Е. 
Johnson, £. W. Jones, B. W. Jones, Harris Jones, L. G. Jones, P. S. Jones, R. C. 
Jones, Н. A. Jordan, Mark Kac, С. К. Kalisch, Irving Kaplansky, William Karush, 
J. L. Kelley, A. J. Kempner, D. Е. Kibbey, W. M. Kincaid, J. R. Kline, T. L. Koehler, 
C. F. Koescck, E. L. Krall, G. A. Larew, C. G. Latimer, V. S. Lawrence, M. A. Lee, 
Solomon Lefachecz, Joseph Lehner, Walter Leighton, Howard Levene, W. J. LeVeque, 
Norman Levinson, Harry Levy, F. A. Lewis, C. C. Lin, Charles Loewner, Z. L. 
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Loflin, E. R. Lorch, Lee Larch, А. N. Lowan, L. L. Lowenstein, C, I. Lubin, К. К, 
Luneburg, R. C. Lyndon, V. O. McBrien, Dorothy McCoy, N. Н. McCoy, S. W. 
McCuskey, E. A. McDougle, A. W. McMillan, Brockway McMillan, E. J. McSbane, 
J. K. L. MacDonald, C. C. MacDuffee, С. W. Mackey, С. R. MacLane, Saunders 
MacLane, M. S. Macphail, Dis Maly, Morris Marden, A. M. Mark, Ella Marth, 

М.Н. Martin, D. C. May, A. E. Медет, L. E. Mehlenbacher, ЇЧ. S. Mendelsohn, W. 

- A. Mersman, A. N. Milgram, E. D. Miller, Norman Miller, Knox Millsape, J. M. 

Mitchell, E. C. D. Molina, C. N. Moore, T. W. Moore, F. V. E. Morfoot, K. A. 
Morgan, Vladimir Morkovin, Richard Morris, A. P. Morse, D. S. Morse, Marston 
Morse, J. E. Morton, I. R. Moses, C. G. Mumford, M. E. Munroe, C. W.Munshower, 
W. R. Murray, J. R. Museelman, A. L. Nelson, E. D. Nering, Morris Newman, C. 
V. Newsom, R. E. O'Connor, E. G. Olds, L. F. Ollmann, F. W. Owens, Н. B. Owens, 
S. T. Parker, W. V. Parker, W. H. Pell, P. M. Pepper, R. M. Peters, George Piranian, 
Everett Pitcher, Harry Pollard, Hillel Poritaky, William Prager, G. B. Price, A. L. 
Putnam, Tibor Radó, C. H. Rawlins, C. J. Rees, Mina Rees, Irving Reiner, Eric 
Reisener, C. N. Reynolds, R. G. D. Richardson, E. K. Ritter, R. B. Robbins, H. P. 
Robertson, J. B. Robinson, R. M. Robinson, S. L. Robinson, W. J. Robinson, P. 
C. Rosenbloom, Arthur Rosenthal, J. B. Rosser, P. J. Rulon, Hans Samelson, 
Arthur Sard, F. E. Satterthwaite, S. A. Schaaf, A. С. Schaeffer, М. A. Scheier, О. 
F. G. Schilling, E. R. Schneckenburger, Lowell Schoenfeld, К. C. Schraut, Abraham 
Schwartz, G. E. Schweigert, C. Н. W. Sedgewick, К. W. Sedgewick, C. E. Seely, I. 
E. Segal, M. E. Shanks, I. M. Sheffer, Seymour Sherman, D. M. Smiley, M. F. Smiley, 
C. V. L. Smith, F. C. Smith, G. W. Smith, H. W. Smith, J. C. Smith, P. A. Smith, 
W. M. Smith, Andrew Sobcryk, Herbert Solomon, D. E. Spencer, V. E. Spencer, E. 
P. Starke, N. E. Steenrod, F. F. Stephan, F. M. Stewart, E. C. Stokes, R. W. Stokes, 
К. R Stoll, M. H. Stone, К. C. Strodt, W. C. Strodt, A. C. Sugar, J. L. Synge, Otto 
Szász, M. E. Taylor, J. M. Thomas, К. M. Thrall, W. J. Thron, Leonard Tornheim, 
J. I. Tracey, W. К. Transue, W. J. Trjitzinsky, C. A. Truesdell, Y. W. Төсһеп, A. 
W. Tucker, J. W. Tukey, A. К. Turquette, F. E, Ulrich, Н. E. Vansant, Abrabam 
Wald, G. L. Walker, G. W. Walker, R. J. Walker, S. E. Walkley, Henry Wallman, 
J. L. Walsh, J. B. Walton, C. W. Watkeys, J. V. Wehausen, Alexander Weinstein, 
F. P. Welch, C. P. Wells, E. T. Welmers, G. W. Whitehead, E. A. Whitman, P. M. 
Whitman, W. F. Whitmore, Hassler Whitney, G. T. Whyburn, D. V. Widder, V. A. 
Widder, A. S. Wightman, J. E. Wilkins, S. S. Wilks, С. M. Wing, František Wolf, 
Н. A. Wood, P. M. Young, J. W. T. Younga, Oscar Zariski, J. A. Zilber, Antoni 
Zygmund. 


On Tuesday afternoon, Wednesday, Thursday and Friday morn- 
ings, Professor Hassler Whitney of Harvard University gave the 
Colloquium Lectures on Topology of smooth manifolds. President T. Н. 
Hildebrandt and Vice Presidents J. M. Thomas, L. R. Ford and 
Saunders MacLane presided in turn at these lectures. 

Professor M. H. Stone of the University of Chicago on Wednes- 
day morning gave his retiring presidential address entitled Some 
general principles of funcitonal representation. President Hildebrandt 
presided. 

On Thursday afternoon Professor J. L. Doob of the University of 
Illinois gave an address on Probabihiy in function space. Professor 
S. S. Wilks presided. 
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Presiding officers for the sessions of contributed papers were: To- 
pology, Tuesday afternoon, Professor G. T. Whyburn; Applied Math- 
ematics, Tuesday afternoon, Dr. Hillel Poritsky; Statistics and Proba- 
bility, Thursday morning, President W. С. Cochran of the Institute 
of Mathematical Statistics; Algebra and Theory of Numbers, Thurs- . 
day morning, Professor Samuel Eilenberg; Analysis, Thursday after- ' 
noon, Professor M. R. Hestenes; Geometry, Thursday afternoon, 
Professor Oscar Zariski; Analysis, Friday morning, Professor С. B. 
Price; Algebra and Topology, Friday morning, Professor S. S. Cairns. 

There was a business meeting Wednesday morning at which Presi- 
dent T. Н. Hildebrandt presided. . - 

The general sessions were all held in 200 Baker Laboratory and the 
sections in thia room and in 7 Baker Laboratory. 

Registration headquarters were in Risley Hall. Balch and Risley 
dormitories were available to those attending the meetings. Meals 
were served in Willard Straight Hall and Martha Van Rennselaer 
Hall. 

The ladies of the Cornell University Department of Mathematics 
served tea on Monday and Thursday afternoons. 

On Tuesday afternoon the members of the mathematical organiza- 
tions, their families and guests, were entertained at tea at the home of 
Professor Emeritus W. B. Ford of the University of Michigan and 
Mrs. Ford. The Fords have a beautiful home on the west shore of 
Cayuga Lake about twenty-five miles north of Ithaca. Tea was served 
on the porches and lawn overlooking the lake. Both the setting and 
the weather were ideal. 

On Tuesday evening the Walden String Quartette entertained the 
mathematicians and their friends with a delightful program. 

A group photograph was taken at 1:30 р.м., Wednesday. 

For the Wednesday afternoon outing, a choice was given of either 
dining at The Krebs or going on a picnic. The Krebsis a famous restau- 
rant at Skaneateles, New York. The picnic was held in Robert H. 
Treman State Park, Upper Enfield Glen. 

Thes dinner for the three organizations was served in the Ivy Room 
and adjacent rooms of Willard Straight Hall. After dinner, the group 
adjourned to Memorial Hall for the program of the evening. The toast- 
master, Professor C. B. Allendoerfer, introduced Provost Adams of 
Cornell University who gave an address of welcome, following which 
brief addresses were given by Professors P. A. Smith, L. R. Ford and 
Harold Hotelling. Professor C. C. Camp proposed a resolution, unani- 
 mously approved, expressing the appreciation of the members of the 
three organizations to the President and administration of Cornell 
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University, Professor and Mrs. W. B. Ford, the local committee and 
all who assisted them for their excellent arrangements and cordial 
hospitality. 

The Council met at 8:15 Р.м. on August 20, 1946, and at 2:15 р.м. 
on August 21, 1946, in Willard Straight Hall. 
. The Secretary announced the election of the following forty per- 
- вопв to membership in the Society: 


Mr. Richard Davis Anderson, University of Texas; 

Mr. Howard Clinton Arnold, Federal Enamel and Stamping Co., Pittsburgh, Pa.; 

Mr. Albert Abraham Blank, Brown University; 

Profeseor James Lawrence Botsford, Reed College; 

Mrs. Joan Robinson Clark, Brown Instrument Co., Philadelphia, Pa.; 

Mr. Francis Eugene Cothran, Los Angeles, Calif.; 

Mr. William John Culmer, Radio Corporation of Amici. Indianapolis, Ind.; 

Mr. William Carl Davis, Stockham Pipe Fittings Co., Birmingham, Ala.; 

Mrs. Georgia Knox Del Franco, University of Miami; 

Professor Flora Dinkines, University of South Carolina; . 

Professor Luis Esteban-Carrasco, University of Madrid; 

Miss Charlotte Gladys Dragstedt, University of Chicago; 

Mr. Bertram Morris Drucker, University of North Carolina; 

Mr. Joseph Н. Engel, New York, N. Y.; 

Mrs. Norma MacLeod Gilbert, New York, ЇЧ. Y.; 

Mr. Oscar Goldman, Palmer Physical Laba ay. Princeton University; 

Professar Edison Greer, Kansas State College; 

Mr. Cornelius Groenewoud, Lieutenant, U.S.A.; 

Mr. Norman Tyson Hamilton, Princeton University; 

Mr. Alan Jerome Hoffman, New York, N. Y.; 

Mr. Chuan Chih Hsiung, Michigan State College; 

Mr. Ralph Bernard Johnson, University of Tennessee; 

Mr. Rufus Alexander Koerting, University of Wisconsin; 

Mr. Benjamin Lepeon, Columbia University; 

Mr. Edgar Linton, Kansas City, Mo.; 

Professor Joe James Livers, Montana State College, Boxeman, Mont.; 

Mre. Chin Hua Liu Lu, Boston, Mase.; 

Mr. Gregory Joseph Mann, Wright Junior College; 

Mr. Bernard Mason, New York, М. Y.; 

Dr. Eric M. Michalup, Caracas, Venezuela; i 

Professor Raymond David Mindlin, Department of Civil Engineering, Columbia 
Univeralty; 

Miss Gabrielle Marcelle Morin, Columbia University; 

Professor Rosa Catherine Paschal, Anderson College, Anderson, S. C.; 

Dr. Roy Bly Saunders, University of Minnesota; 

Mr. I. Richard Savage, Detroit, Mich.; ; 

Dr. Henry Maksymiljan Schaerf, Montana State College; 

Mr. William Raymond Scott, Ohio State University; 

Mr. Robert Rex Seeber, Jr., Watson Scientific Computing Laboratory, New York, 
N.Y.; 

Professor Kenichi Watanabe, University o£ Hawali; 

Mr. Albert Wilansky, Brown University. 
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The following appointments by President Т. H. Hildebrandt were 
reported: Professors B. W. Jones (Chairman), T. R. Hollcroft, W. T. 
Martin, J. B. Rosser, and R. J. Walker as a Committee on Árrange- 
ments for the 1946 Summer Meeting at Cornell University; Professors 
Arnold Dresden (Chairman), H. W. Brinkmann, J. A. Clarkson, T. R. 
Hol]croft, B. W. Jones, C. О. Oakley, and J. C. Oxtoby as a Com- 
mittee on Arrangements forthe 1946 Annual Meeting at Swarthmore 
College; Professors A. W. Tucker (Chairman), R. H. Fox, T. R. Holl- 
croft, and Marston Morse as a Committee on Arrangements for the 
fall eastern meeting at Princeton University on November 2, 1946; 
Professor O. E. Neugebauer as the representative of the Society at a 
possible conference for discussion of an abstract journal in applied 
mechanics; Professor A. W. Tucker as a member of the Committee 
on Aid to Devastated Libraries (to replace Professor Solomon Lef- 
schetz); Professor J. L. Synge as the representative of the Society 
on the Committee on American Participation for the Sixth Interna- 
tional Congress for Applied Mechanics, to be held in Paris on Septem- 
ber 22-29, 1946. ' 

The appointment by the President of Professor Philip Franklin as : 
the representative of the Society on the Council of the American 
Association for the Advancement of Science for the year 1946 was 
confirmed. 

Times and places of meetings during 1947 were set as follows: 
Е ebruary 22, April 25-26 and October 25 in New York City; April 
25-26 in Chicago; April 26 at Stanford University. 

It was reported that Professor D. C. Spencer had been invited to 
deliver an address at the November, 1946, meeting in Los Angeles, 
California, and that Professor S. E. Warschawski had been invited to 
deliver an address at the November, 1946, meeting in Ames, Iowa. 

On recommendation of the Committee on Places of Meetings, the 
' Council voted to hold the 1947 Summer Meeting at Yale University 
and the 1947 Annual Meeting at the University of Georgia. 

On the recommendation of the Colloquium Editorial Committee, 
the Council voted to invite Professor T. Y. Thomas to deliver a geries 
of Colloquium Lectures in 1948. 

The resignation of Associate Secretary W. L. Ayres was accepted 
with regret. On recommendation of the Committee on Nominations, 
the Council elected Professor G. B. Price to fill the unexpired term of 
Professor Ayres, this term to expire December 31, 1947. (This election 
was later confirmed by the Board of Trustees.) 

Professors Solomon Lefschetz and G. T. Whyburn were appointed 
representatives of the Society on the Council of the American Asso- 
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ciation for the Advancement of Science for the year. 1947. 

Professors R. V. Churchill and M. R. Hestenes were nominated as 
representatives of the Society in the Division of Physical Sciences of 
the National Research Council for the three-year period beginning 
July 1, 1947. 

The committee which had been studying problems connected with 
the publication of the complete works of the late Professor G. D. 
Birkhoff reported to the Council. The committee was requested to 
re-study certain aspects of the question in the light of Council dis- 
cussion. 

The Council voted to invite Professor P. M. Morse of Massachu- 
setts Institute of Technology to deliver the twenty-first Josiah Wil- 
lard Gibbs Lecture at the 1947 Annual Meeting. 

The Council voted to invite Professor Heinz Hopf of the Federal 
Institute of Technology in Zurich, Switzerland, as Visiting Lecturer 
for the academic year 1946-1947. (Professor Hopf found it im possible 
to accept this invitation.) 

Professor M. H. Stone reported for the Policy Committee for Math- 
ematics that the committee had discussed in detail a number of prob- 
lems which face the mathematical profession in the post-war period. 
Prominent among these are: the various science bills before Congress; 
atomic research, particularly as it affects freedom of scientific in- 
vestigation; the various changes in Selective Service regulations; in- 
ternational cooperation problems raised by the United Nations 
Educational, Scientific and Cultural Organization. A report of the 
activities of this committee for the period October 1, 1945-June 30, 
1946, was submitted during the summer of 1946 to the Rockefeller 
Foundation, which has been supporting the work of the committee. 

Professor Arnold Dresden reported for the Committee on Aid to 
Devastated Libraries that a request for members of the Society to 
contribute books, journals and cash to aid such libraries was to be 
inserted in a forthcoming issue of the Bulletin. The Council voted, on 
recommendation of this committee, to make certain recommendations 
to the Board of Trustees in connection with contributions of the So- 
ciety to this project, to discharge the committee, and to appoint a 
committee of three to work out the proper distribution of the material 
collected in response to the Bulletin notice. 

The Secretary was authorized to arrange a reciprocity agreement 
with the Société Mathématique de France similar to agreements with 
other societies abroad. 

The Council authorized the President to appoint a committee to 
consult with the editors of the Annals of Mathematics regarding the 
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publication problems of that journal. 

The President was authorized by the Council to appoint a com- 
mittee to consider the relation of the Society to the various groups of 
applied mathematicians. 

The question of the United Nations Educational, Е апа 
Cultural Organization, as it relates to international mathematical 
organization, was referred to the Policy Committee for Mathematics 
for discussion. 

Titles and cross references to the abstracts of papers read are given 
below: papers 1—4 in the section for Topology, Tuesday afternoon; 
papers 5—9 in the section for Applied Mathematics, Tuesday after- 
noon; papers 10-16 in the section for Statistics and Probability, 
Thursday morning; papers 17—23 in the section for Algebra and The- 
ory of Numbers, Thursday morning; papers 24—31 in the section for 
Analysis, Thursday afternoon; papers 32—39 in the section for Geome- 
try, Thursday afternoon; papers 40—48 in the section for Analysis, 
Friday morning; papers 49-57 in the section for Algebra and Topol- 
ogy, Friday morning; papers 58-111, whose abstract numbers are 
followed by the letter ѓ, were read by title. Paper 1 was read by Pro- 
fessor Kelley, paper 28 by Professor Hughes, paper 32 by Professor 
V. G. Grove for the author, paper.51 by Professor Birkhoff, paper 
54 by Dr. Poritsky, paper 57 by Professor Eilenberg. Sister Petronia 
was introduced by Professor Karl Menger and Professor ‘Ancochea 
was introduced by Professor Oscar Zariski. 


1. R. F. Arens and J. L. Kelley: Characterization of the space of 
continuous funcisons. (Abstract 52-7-258.) 

2. Herbert Federer: Dimenston and measure. (Abstract 52-9-340.) 

3. J. W.T. Youngs: The representation problem for Fréchet surfaces. 
Preliminary-report. (Abstract 52-9-346.) 

4. Felix Bernstein: А new four-color problem. (Abstract 52-7-259.) 

5. A. C. Sugar: On the relaxation-mairix method of soloing -boundary 
value problems. (Abstract 52-7-248.) 

6. Alexander Weinstein: On the method of sources and sinks. (Ab- 
stract 52-9-317.) 

7. William Prager: On the variational principles of plasticity. (Ab- 
Btract 52-9-313.) 

8. C. A. Truesdell: On Bekrbohm and Pinl’s linearisation of the 
equaison of two-dimensional steady flow of a compressible adiabatic flusd. 
(Abstract 52-9-316.) 

9. S. A. Schaaf: On the superposition of a heat source and a comad 
reststance. (Abstract 52-7-246.) 
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10. Howard Levene: A test of randomness in two dimensions. (Ab- 
stract 52-7-257.) 

11. Herman Rubin: Asymptotic disiribution of moments from a sys- 
tem of linear stochastic difference equaitons. (Abstract 52-9-332.) 

12. David Blackwell: Conditional expectation and unbiased sequen- 
Hal estimation. (Abstract 52-9-327.) 

13. Mark Kac: A discussion of the Ehrenfest model. Prenas re- 
port. (Abstract 52-7-256.) 

14. J. W. Tukey: Sampling from contaminated distributions. Pre- 
liminary report. (Abstract 52-9-334.) 

15. Leo Katz: On the class of funcisons defined by the diferenca equa- 
Hon (x-4-1)f(x4-1)-— (a--bx)f(x). (Abstract 52-9-330.) 

16. F. E. Satterthwaite: Retention of decimal places in matrix cal- 
culaitons. (Abstract 52-9-333.) 

17. R. C. Buck: The measure-iheoreisc ere to dessin (Ab- 
stract 52-9-266.) 

18. J. S. Frame: On the reduction of ihe conjugaisng represeniaiion 
of a finite group. (Abstract 52-9-268.) 

19. Orrin Frink: Complemented modular laktces and prajective spaces 
of snfinsie démensson. (Abstract 52-7-225.) 

20. H. S. M. Coxeter: Integral Cayley numbers. (Abstract 52-7-223.) 

21. C. N. Moore: On the tnfinstude of prime pairs. (Abstract 52-9- 
271.) 

22. К. M. Robinson: Primsiive recursive funcisons. (Abstract 52-9- 
274.) 

23. P. T. Bateman: On the represeniaitons of a number as ihe sum of 
three squares. (Abstract 52-9-262.) 

24. G. К. MacLane: Concerning ihe uniformisaison of certain Ris- 
mann surfaces allied to the snverse-cosine and snverse-gamma. surfaces. 
(Abstract 52-7-236.) 

25. J. G. Herriot: On the restricted summability of multiple Fourier 
series. Preliminary report. (Abstract 52-9-296.) 

26. Y. W. Taschen: Branch points and flat potnis of minimal sur- 
faces $n. Кї, (Abstract 52-9-310.) 

27. J. A. Clarkson: A characterization of C-spaces. (Abstract 52-9- 
288.) 

28. H. K. Hughes and Cleota С. Fry: Asymptotic developments of 
types of generalized Bessel functions. (Abstract 52-9-297.) 

29. A. W. Goodman: On some daterminants related to p-valent func- 
tions. Preliminary report. (Abstract 52-9-292.) 

30. S. H. Gould: Lagrange нән and funcional determinants. 
нан 52-9-293.) 
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31. Stefan Bergman: The “extended class" in the theory of functions 
of two camplex variables. (Abstract 52-9-285.) 

32. C. C. Hsiung: Projective theory of surfaces and conjugate nets 
in four-dimenstonal space. (Abstract 52-9-321.) 

33. N. A. Court: On the biratio of the atitudes of a teirahedrom. (Ab- 
gtract 52-7-252.) 

34. V. С. Grove: On congruences and conjugate nets. (Abstract 52-9- 
320.) 

35. Herbert Busemann: Inirinsec area. (Abstract 52-7-251.) 

36. Tibor Radó: The ssoperimeiric inequality and the Lebesgue defini- 
Hon of surface area. І. (Abstract 52-7-253.) 

37. L. A. Dye: A Cremona transformation tn Sı defined by a pencil 
of quartic surfaces. (Abstract 52-9-318.) ' 

38. Michael Goldberg: Tubular linkages. (Abstract 52-9-319.) 

39. С. W. Walker: Games of the checkers family in line, plane, and 
space. (Abstract 52-9-325.) 

40. Bernard Epstein: Integral representations of solutions of certain 
classes of partial diferential equattons. (Abstract 52-9-290.) 

41. William Karush: A semi-sirong minimum for a double integral 
problem $n the calculus of variations. (Abstract 52-7-234.) 

42. Josephine M. Mitchell: Value distribution of a function of two 
complex variables in a domain with distingutshed boundary surface. (Ab- 
stract 52-9-302.) 

43. J. L. Synge: Approximations in elasticity based on the concept 
of function space. (Abstract 52-9-315.) 

44. I. M. Sheffer: On k-periodic systems of linear equations. (Ab- 
stract 52-9-307.) 

45. Otto Szász: On ihe Mobius inversion formula and closed sets of 
functions. (Abstract 52-7-240.) 

46. R. P. Agnew: Methods of summability which evaluate sequences 
of zeros and ones summable С. (Abstract 52-9-281.) 

47. George Piranian: Infinite iteration of totally regular iransforma- 
tions. Preliminary report. (Abstract 52-9-303.) 

48. František Wolf: On the continuation of analytic functions. (Ab- 
stract 52-9-311.) | 

49. Irving Kaplansky: T'opological rings. (Abstract 52-7-226.) 

50. G. К. Kalisch: Uniform spaces and topological groups as general- 
ized meric spaces. (Abstract 52-5-121.) 

51. Garrett Birkhoff and P. M. Whitman: Representaiton see for 
. certain non-assoctulive algebras. (Abstract 52-9-263.) 

52. S. A. Jennings: The group ring of a class of infinite nilpotent 
groups. (Abstract 52-9-269.) 


! 
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53. Irma R. Moses: On the representaiton, in the ring of p-adic în- 
tegers, а аа (Ab- — 
stract 52-9-272.) 

54. Hillel Poritsky and D. W. Dudley: Conjugates action of snvolute 
helscal gears wih inclined axes. (Abstract 52-9-312.) 

55. Witold Hurewicz: Algebraic and topological classification of 
mappings. (Abstract 52-9-341.) 

М. J. Fine: On the Walsh funcisons. Preliminary report. (Ab- 
stract 52-9-291.) 

57. Samuel Eilenberg and Saunders MacLane: Determinaison of the 
second. homology and cohomology groups of a space by means of homo- 
topy snvarianis. (Abstract 52-11-399.)- 

58. R. P. Agnew: Subsertes of series which are not absolutely con- . 
vergeni. (Abstract 52-9-282-1.) 

59. Germán Ancochea: Zartskt’s proof of the theorem of Bertins- 
Enriques in ihe case d an arbitrary ground field. (Abstract 52-11- 
387-1.) 

60. R. F. Arens: Boss topological algebras. Preliminary report. 
(Abstract 52-9-336-1.) 

61. К. F. Arens: Dualsty in topological linear spaces. н 52- 
9-337-4.) 

62. H. P. Atkins: On fractional derivatives of untoalent functions. 
(Abstract 52-9.283-1.) 

63. J. D. Bankier: Modified regular continued fractions. Prelimi- 
nary report. (Abstract 52-9-2844.) - 

64. Н. W. Becker: Stirling's numbers of the third kind. aaa 
52-9-326-4. ) 

65. Stefan Bergman: On functions which satssfy certain Sins of 
parisal diferential equations. (Abstract 52-7-229-4.) 

66. R. H. Bing: Skew seis. (Abstract 52-9-338-.) 

67. G.-D. Birkhoff and D. C. Lewis: Chromatic polynomials. (Ab- 
atract 52-9-339-[.) 

68. Paul Boschan: The consolidated Doolittle technique. (Abstract 
52-9-328-4.) 

69. A. T. Brauer: Linas for the characteristic roots of ‘a mairix. 
(Abstract 52-9-264-1.) 

70. Ellen F. Buck and R. C. Buck: A note on finstely-addsitve meas- 
ures. (Abstract 52-9-265-1.) ` 

71. C. C. Camp: Integral equaisons with kernels having discontinus- 
Hes along iwo diagonals. (Abstract 52-9-287-1.) 

72. Н. S. M. Coxeter: A simple proof of the eight square theorem. 

(Abstract 52-7-222-1.) 


974. AMERICAN MATHEMATICAL SOCIETY Morenko 


73. H. V. Craig: On the structure of intrinsic derivaiives. (Abstract 
52-9-2894.) 

74. Roy Dubisch: On the dired product of rational generalized qua- 
ternion algebras. (Abstract 52-7-224-1.) 

75. R. J. Duffin: Nonlinear networks. III. (Abstract 52-7-243-1.) 

76. W. F. Eberlein: Weak sequential compactness and regularity of 
Banach spaces. (Abstract 52-7-2314.) 

17. C. J. Everett and Н. J. Ryser: кишки он: (Abstract 
52-9-267-:) 

78. Evelyn Frank: The real parts of the seros of a ‘complex polyno- 
mial. (Abstract 52-7-232-1.) 

79. W. H. Gottschalk and G. A. Hedlund: Recursive properties of 
transformaion groups. (Abstract 52-7-260-1.) 

80. M. H. Heins: On the Phragmén-Lindel df principle. (Abstract 
52-9-295-1.) 

81. P. G. Hoel: T'he effictency of ihe mean moving range. (Abstract 
52-9-329-1.) 

82. B. F. Kimball: Some bastic theorems for developing tests of fit for | 
the case of the non-parameiric probability disiribulon function. (Ab- 
stract 52-9-331-4.) 

83. D. C. Lewis: On polynomial interpolation апі extrapolation by 
least squares with arbitrary weight function. (Abstract 52-9-298-1.) 

. 84. Szolem Mandelbrojt and С. R. MacLane: On functions holo- 
morphic $n a strip region and an extension of Watson's problem. (Ab- 
stract 52-9-299-4.) 

85. Р. R. Masani: Laurent factorization of arate functtons tn 
normed rings. (Abstract 52-9-300-4.) 

86. Р. К. Masani: Multsplicatives Riemann integraiton in normed 
rings. (Abstract 52-9-301-2.) 

87. B. E. Meserve: Inequalstses of higher degree. (Abstract 52-9- 
270-4.) 

88. Harry Pollard: The inversion of the transforms with resierated 
Siselijes kernels. (Abstract 52-9-3044.) 

89. Harry Pollard: The representation of «^*^ as a Laplace integral. 
(Abstract 52-9-305-1.) 

90. M. H. Protter: Generalised spherical harmonscs. (Abstract 52- 
7-238-t.) 

91. Tibor Radó: The isoperimetric inequality and the Lebesgue defini- 
ноп of surface area. IT. (Abstract 52-7-254+4.) 

92. W. T. Reid: Solutions of linear diferential equations. (Abstract 
52-9-306-4.) 
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93. C. E. Rickart: The singular elements ау а “Danach DENT (Ab- 
stract 52-9-273- і.) 

94. Н. E. Salzer: Alternative formulas for direct ne of a 
complex functton tabulated along equidistant circular arcs. (Abstract 
52-7-245-1.) 

95. К. D. Schafer: Concerning automorphisms of non-assocsaitve al- 
gebras. (Abstract 52-9-275-4.) 

96. A. R. Schweitzer: Sums and products of ordered dyads $n the 
foundations of algebra. III. (Abstract 52-9-276-1.) 

97. A. R. Schweitzer: Sums and products of ordered dyads in the 
foundations of algebra. IV. (Abstract 52-9-277-.) 

98. I. E. Segal: Irreductble representations of operator algebras. (Ab- 
stract 52-7-239-1.) 

99, Seymour Sherman: Stability calculations and time lag. (Abstract 
52-5-1794.) 

100. S. S. Shü: On Taylor and Maccoll's equation of a cons moving 
$n. ihe айт with supersonic speed. (Abstract 52-9-3144.) 

101. Abraham Spitzbart: The minimum of a certain integral. (Ab- 
stract 52-9-308-Ł.) 

102. A. C. Sugar: An elementary expostiton of the relaxation method. 
(Abstract 52-7-247-t.) 

103. Fred Supnick: A theorem on rectslinear deformation. (Abstract 
52-9-342-4.) 

104. Fred Supnick: On the packing of spheres. I. (Abstract 52-9- 
323-1.) 

105. Fred Supnick: Topology of sphere clusters. I. (Abstract 52-9- 
343-1.) 

106. Fred Supnick: Topology of sphere clusters. II. Analogue of 
Kuratowske's theorem. (Abstract 52-9-344-1.) 

107. W. J. Trjitzinsky: Singular integral equations of the first hind 
and those related to permutability and steration. (Abstract 52-9-309-1.), 

108. Sister Petronia Van Straten: Toroidal and non-toroidal graphs. 
(Abstract 52-9-345-1.) 

109. M. L. Vest: An snvolutorial space transformation associated 
| witha Qj. congruence. (Abstract 52-9-324-1.) 

110. Jacob Wolfowitz: Confidence limits for the fracison of a normal 
population which lies between two given miis. (Abstract 52-9-335-4.) 

111. Oscar Zariski: The concept of a simple point of an abstract alge- 
braic variety. (Abstract 52-11-393-é.) 

T. R. HorrcEorT, 
A ssoctate Secretary 


BOOK REVIEWS 


iude des sommes d' exponentielles réelles. By Laurent Schwartz. (Ac- 
tualités scientifiques et industrielles, no. 959.) Paris, Hermann, 
1943. 89 pp. 85 fr. 


The problems discussed here originate from Weierstrass’ polyno- 
mial approximation theorem. An introductory section deals with fun- 
damental concepts in vector spaces. Chapter I starts with a discussion 
of the theorem of Müntz and Szász: If A,=0,-A,.2a>0 for sg 1, 
then a necessary and sufficient condition for the closure of the se- 
quence {x=} in C(0, 1) is thé divergence of the series J Az. (It is 
etated on page 24 that Kaczmarz and Steinhaus gave a new proof; 
however their proof is the same as Szász's proof.) The author then 
discusses in detail the case that > Az conver ges. One of the results 
in this case is: If A, 4-1/p 0 (p 1), 4,— o, Mos ! converges, and 
if the index of condensation of the sequence {А, | is zero, then every 
function f(s) belonging to the L, span of the sequence (2! із ana- 
lytic in (0, 1), it can be continued into the region |s| <1 of the Rie- 
mann surface of log z, and it has an expansion ? ,¢,8** absolutely and 
uniformly convergent for |s| «1—e, e» 0. For the case that the №, 
are integers a similar result appears in a paper by Clarkson and Erdée 
(Duke Math. J. vol. 10 (1943) pp. 5-11). The author also discusses 
the problem of completeness for the interval (a, b), where 0 «a « b. 

In Chapter II estimates for the coefficients a, of generalized poly- 
nomials g(x)»2 a.x?* are given when Sele) "1х<1, pel. For . 
М =n and pco the exact bound was given by S. Bernstein. The au- 
thor finds the exact bound for p 2, while for arbitrary P asymptotic 
estimates are given. (Hille, Szegó and Tamarkin gavé asymptotic : 
estimates for the exact bound of |g'(x)| ; see Duke Math. J. vol. 3 
(1937) pp. 729-739.) 

The book has a bibliography and a table of contents. It would be 
interesting to consider the analogous problems in several variables. 

Отто SzAsz 


Mathematical theory of elasticity. By I. S. Sokolnikoff. New York, 
McGraw-Hill, 1946. 114-373 pp. $4.50. 


This book contains approximately the first half of the material of a 
course given by the author in 1941 and 1942 in the Program of Ad- 
vanced Instruction and Research in Mechanica, conducted by the 
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Graduate School of Brown University. In fact, except for the last 
chapter, the book is a revision of part of a set of lecture notes of this 
course, which notes have been circulated widely in mimeographed 
form. A second volume is contemplated which will contain the re- 
mainder of the material in these notes. The excellence of these notes 
has long been recognized, and appearance in printed form of the ma- 
terial contained therein is most welcome. 

The first three chapters contain a very complete treatment of the 
fundamentals of the theory of elastic bodies, that is, the analysis of 
strain, the analysis of stress, and the stress-strain relations. In the 
classical treatments of these, many notations have been employed, 
all of which are cumbersome. In the present volume, a departure is 
made in this regard, and the tensor notation is used. This results ina . 
great compactness and ecónomy of effort. This volume should hasten 
the current trend towards an increased use of the powerful methods 
of tensor calculus in elasticity. 

Chapter 4 deala with the application of the fundamental theory to 
the extension, torsion, and flexure of homogeneous beams. In this one 
chapter the tensor notation is not employed, in order that the con- 
tents of thia chapter may be available to persons unfamiliar with the 
tensor notation but familiar with the fundamental theory. The treat- 
ment is quite thorough, and contains among other things a detailed 
account of the method usually associated with the name N. I. 
Muschelisvili. In this method, the problems of torsion and flexure, ' 
which are reduced to a number of Dirichlet problems, are solved by 
conformal mapping of the cross section of the beam onto the unit 
circle. The fundamental equations of elasticity are obtained in terms 
of general orthogonal curvilinear coordinates, and are used to solve 
a number of problems. There is also a section on the technical theory 
of beams, as used by the engineer. 

Chapter 5, which is the last chapter, contains material which does 
not appear in the mimeographed notes on which this book is based. 
It deals with variational methods in elasticity. Various energy and 
reciprocity theorems are developed, and there is also a presentation 
of variational methods of obtaining approximate solutions of bound- 
ary value problems. Among these are the Rayleigh-Ritz method, 
Galerkin's method, and the method of Biezno and Koch. There is 
also a treatment of the method of finite differences as applied to the 
approximate solution of boundary value problems, with particular 
application to the problem of torsion as an example. 

This book is written clearly and in a manner which is easy to follow. 
Also, it contains many interesting exercises. Because of this it is ad- 


NOTES 


The sixty-fifth meeting of the French Association for the Advance- 
ment of Science was held at Nice, September 9—14, 1946. 


The School of: Mathematics of the Institute for Advanced Study 
will allocate a small number of stipends to gifted young mathemati- 
cians and mathematical physicists to enable them to study and to do 
research work at Princeton during the academic year 1947-1948. 
Candidates must have given evidence of ability in research compara- 
ble at least with that expected for the degree of Doctor of Philosophy. 
Blanks for application may be obtained from the School of Mathe- 
matics, Institute for Advanced Study, Princeton, New Jersey, and 
are returnable by February 1, 1947. 


The Mathematical Tables Project issues monthly progress reports. 
Those interested in the work of the Project will, upon request to the 
Mathematical Tables Project, 150 Nassau Street, New York City, be 
placed on the mailing list for copies of these reporta. 


The Naval Ordnance Development Award has been conferred upon 
the Applied Mathematics Group of the Division of War Research, 
Columbia University. Special individual certificates have been pre- 
sented to the following mathematicians who were members of the 
group: M. R. Hestenes, Irving Kaplansky, Walter Leighton, D. P. 
Ling, Saundere MacLane, and Hasaler Whitney. 


Professor P. Alexandrov has been elected to membership in the 
American Philosophical Society. 


Professor Lennie P. Copeland of Wellesley College has retired with 
the title emeritus. 


Professor Charlotte I.. Davison of Wilson College, Chambersburg, 
Pennsylvania, has retired with the title emeritus. She received the 
honorary degree of Doctor of Humane Letters from Wilson College 
in June, 1946. 


Dr. D. M. Dribin of the Ármy кошу Agency has been awarded 
the Legion of Merit. 


Professor Peter Field of the University of Michigan has retired 
with the title emeritus. 


nti 


Associate Professor Mayme I. Logsdon of the University of Chi- 
cago has retired with the title emeritus. During the academic year . 
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1946-1947 she will be visiting professor at the University of Miami. 


Dr. A. N. Lowan, Director of the Mathematical Tables Project, has 
received the Naval Ordnance Development Award. 


Associate Profeseor R. D. Mindlin of Columbia University has been 
awarded the Medal for Merit. 


Professor M. B. Porter of the University of Texas has retired with 
the title emeritus. 


Professor Harlow Shapley of Harvard University has been elected 
correspondent for the astronomy section of the French Academy of 
Sciences, 


Professor W. P. Milne of the University of Leeds has retired. 


Sir Edmund T. Whittaker, professor of mathematics of the Uni- 
versity of Edinburgh, has retired. He will be succeeded by Dr. A. C. 
Aitken. P 

Dr. M. Raziuddin Siddiqi, Director of Research Institute at Os- 
mania University, has arrived in this country. He has lectured at 
Harvard and Princeton Universities. 


Dr. J. С. Abbott has been appointed to an assistant professorship 
at the United States Naval Academy. 


Associate Professor Н. Н. Alden of the University of Wyoming has 
been appointed to an assistant professorship at Ohio State University. 


Associate Professor H. E. Arnold of Wesleyan University, Middle- 
town, Connecticut, has been promoted to a professorship. 


Mr. J. W. Arnold has accepted a position as engineer with Interna- 
tional Telephone and Telegraph Corporation. 


Professor Emit Artin of Indiana University has been appointed to 
a professorship at Princeton University. 

Dr. Winifred A. Asprey of Vassar College has been promoted to an 
assistant professorship. 


Assistant Professor A. A. Aucoin of the University of Houston has 
been promoted to an associate professorship. 


Dr. S. P. Avann of Oregon State College has been appointed to an 
assistant professorship at the University of Washington. 


Associate Professor H. W. Bailey of the University of Illinois has 
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been appointed Associate Dean of the Undergraduate Division, Lib- 
eral Arts and Sciences, University of Illinois, Chicago, Illinois. 
Assistant Professor Grace M. Bareis of Ohio State University has 
retired. 
Dr. Joshua Barlaz of Ohio State University has been appointed to 
an assistant professorship at Rutgers University. 


Mr. W. J. Barr has accepted a position with Experiment, Incorpo- 
rated, of Richmond, Virginia. 


Assistant Professor J. J. Barron of Marquette University has been 
promoted to an associate professorship. 


Mr. M. S. Bartlett of Cambridge University has been appointed 
to a visiting professorship at the University of North Carolina. 


Assistant Professor A. E. Basch of Amherst College has been ap- 
pointed to an associate professorship at the Massachusetts State Col- 
lege at Fort Devena. 


Mr. P. S. Bauer has been made president of the New England 
Electronics Corporation, Lynn, Massachusetts. 


Mr. J. K. Baumgart has been appointed to an assistant professor- 
ship at Elmhurst College, Elmhurst, Illinois. 


Associate Professor E. F. Beckenbach of the University of Cali- 
fornia at Los Angeles has been promoted to a professorship. 


_ Dr. J. H. Bell has been appointed to an assistant professorship at 
Michigan State College. 
Dr. T. J. Benac of the United States Naval Academy has been pro- 
moted to an assistant professorship. 


Dr. P. G. Bergmann has been appointed assistant director of the 
Sonar Analysis Group, Bureau of Ships, Navy Department. 


Dr. Dorothy L. Bernstein of the University of Rochester has been 
promoted to an assistant professorship. 


Dr. E. E. Betz of the United States Naval Academy has been pro- 
moted to an assistant professorship. 


Professor H. L. Black of Westminster College, New Wilmington, 
Pennsylvania, has been appointed to an assistant professorship at 
Michigan State College. 


- 
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Dr. E. E. Blanche has accepted the position of principal adminis- 
trative analyst, Management Branch, Plans and Policy Office, Serv- 
ice, Supply and Procurement Division of the War Department. 


Associate Professor M. G. Boyce of Western Reserve University 
has been appointed to an associate professorship at Vanderbilt Uni- 
verBity. | | ' 

Dr. С. Р. Brady has been appointed to an associate professorship 
at the United States Naval Academy. 


Mr. B. К. Brown of Syracuse-University has beén appointed to an 
associate professorship at the James Millikin University, Decatur, 
Illinois. 


Dr. C. M. Brown of the Harrow School, England, has been ap- 
pointed to an assistant professorship at Michigan State College. | 


Dr. С. W. Brown has been appointed to an associate professorship 
at the Iowa State College of Agriculture and Mechanical Arts. 


Mr. R. H. Brown has been appointed lecturer at Columbia Uni- 
versity. 


Professor C. T. Bumer of Kenyon College has been appointed Head 
Mathematician, Assistant to Chief, Evaluation and Analysis TOM, 
Bureau of Ordnance. 


Assistant Professor H. E. Burns of Calumet Extension Center, 
Indiana University, has been appointed director. 


Mr. K. A. Bush of the United States Naval Academy has been 
appointed to an assistant professorship at Mohawk College, Utica, 
New York. 


Assistant Professor F. A. Butter, Jr., of Stanford University has 
been appointed mathematician at the Hughes Aircraft Company, 
Culver City, California. 


Assistant Professor Ralph Byrne of the University of California at 
Los Angeles has been appointed to an associate professorship at the 
California Institute of Technology. 


Assistant Professor S. S. Cairns of Queens College has been ap- 
pointed to a professorship at Syracuse University. 


Assistant Professor H. H. Campaigne of the University of Minne- 
eota has accepted a position as mathematician with the Navy De- 
partment. 
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Assistant Professor E. W. Cannon of the University of Delaware 


has accepted a position as mathematician with the National Bureau 


of Standards. 


Dr. Achille Capecelatro has been appointed supervisor of the The- | 


огу and Analysis Section, Underwater Sound Laboratory, New Lon- 
don, Connecticut. 


Dr. В. С. Сарб, on leave of absence from the Agricultural Experi- 
mental Station, Rio Piedras, Puerto Rico, has been appointed tech- 
nical supervisor at the Ancram Paper Mills, Ancram, New York. 


Dr. G. F. Carrier has been appointed to an assistant professorship 
at Brown University. 


Dr. A. B. Carson has been appointed to an associate professorship 
at the Army Air Force Institute of iniu Wright Field, 
Dayton, Ohio: 


Mr..R. L. Caskey of Oklahoma — and Mechanical Col- 
lege has been promoted to an assistant professorship. 


Associate Professor J. W. Cell of the State College of Agriculture 


and Engineering of the University of North Carolina has been pro-' 


moted to a professorship. 


Dr. Nicholas Chako has been appointed to an associate professor- 
ship in theoretical physics at the Kansas State a of Agriculture 
and Applied Science. 


Assistant Professor Randolph Church of the Postgraduate School, 
United States Naval Academy, has been promoted to an associate 
professorship. 


f 


Mr. E. H. Clamons of the College of St. Thomas has accepted a 
position as design engineer with J. M. Dalglish and Company, St. 
Paul, Minnesota. 


Assistant Professor C. L. Clark of Oregon State College has been 
promoted to an associate professorship. 


Dr. W. W. S. Claytor has been appointed to a professorship at 
Hampton Institute. 


Assistant Professor A. H. Clifford of the Massachusetts Institute 
of Technology has been appointed to an associate professorship at 
Johns Hopkins University. 


Assistant Professor Nathaniel Coburn of the University of Texas 
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has been appointed to an assistant professorship at the University of 
Michigan. | 
Professor W. G. Cochran of Iowa State College of Agriculture and 


Mechanical Arts has been appointed to a professorship at the Uni- 
versity of North Carolina. 


Dr. George Comenetz has accepted a position as research engineer 
with Westinghouse Electric Corporation. 
Assistant Professor Byron Cosby of the United States Naval Acad- 


emy has been appointed to an assistant ИОВ at the State 
University of Iowa. 


Professor C. C. Craig of the University of Michigan has been ap- 
pointed director of the Statistical Research Laboratory. 


Associate Profeseor G. F. Cramer of Tulane University of Louisiana 
has accepted a position as mathematician with the Navy Depart- 


‘ ment. 


Mies Jane E. Crawford has accepted a position as engineer with 
General Electric Company. 


Dr. W. J. R. Crosby of the University of Saskatchewan has been 
promoted to an assistant professorship. 


Dr. E. L. Crow has accepted a position as mathematician at the 
United States Naval Ordnance Test Station, Inyokern, California. 


Dr. A. B. Cunningham of Pennsylvania State College has been ap- 
pointed to an assistant professorship at West Virginia University. 


Dr. J. F. Daly has accepted a position as statistician with the 
Bureau of the Census. 


Dr. Margaret К. Davis of Southeastern Louisiana College, Ham- 
mond, Louisiana, has been promoted to an aseociate professorship. 


Associate Professor D. B. DeLury of Virginia Polytechnic Institute 
has been promoted to a professorship. 


Dr. W. W. Denton has been appointed principal of the High School, 
Minden City, Michigan. 


Dr. C. R. DePrima has been appointed to an assistant professor- 
ship in applied mechanics at the California Institute of Technology. 


Associate Professor Douglas Derry of the University of Saskatche- 
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wan has been appointed to an associate professorship at the Univer- 
sity of British Columbia. 


Dr. J. В. Diaz of Brown University has been appointed to an as- 
sistant professorship at Carnegie Institute of Technology. 


Sister Agnes T. Dimond of the College of Mount Saint Joseph, 
Mount Saint Joseph, Ohio, has been promoted to a professorship. 


Professor Emeritus L. L. Dines of Carnegie Institute of Technology 
has been appointed to a visiting professorship at Smith College. 


Mrs. Nancy M. Dismuke has accepted a position as junior physicist 
with the Monsanto Chemical Company, Clinton Laboratories, Knox- 
ville, Tennessee. 


Dr. C. L. Dolph has been appointed lecturer at the University of 
Michigan. 
Associate Profeseor J. L. Dorroh of Louisiana State University has 


been appointed to an associate professorship at the Illinois Institute 
of Technology. 


Dr. T. L. Downs of Trinity College, Hartford, Connecticut, has 
been appointed to an associate proieseoremp at the United States 
Naval Academy. 


Dr. F. W. Dresch of the University of California has accepted a 
position as principal mathematician, Naval Proving Ground, Dahl- 


gren, Virginia. ` 
Mr. J. A. H. Duffie has been appointed to a professorship in physics 
at Assumption College, University of Western Ontario. 


Dr. R. J. Duffin of the Carnegie Institution of Washington has been 
appointed to an associate professorship at the Carnegie Institute of 
Technology. 


Mr. D. G. Duncan has been appointed lecturer at the University 
of British Columbia. 


‚ Assistant Professor Russell Dunholter of the College of Engineering 
and Commerce, University of Cincinnati, has been promoted to an as- 
sociate professorship. 

Dr. W. W. Durding has accepted a position as senior physicist with 
the Kellex Corporation, New York City. 
Associate Professor P. S. Dwyer of the University of Michigan has 


~ * 
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been promoted to a professorship. 


Associate Professor Margaret C. Eide of State Teachers College, 
River Falls, Wisconsin, has been promoted to a profeasorship. 


Mr. Murray Ellis has accepted a position as mathematician at the 
Computing Laboratory, Harvard University. 


Assistant Professor Howard Eves of the College of Puget Sound 
has been appointed to an assistant professorship at Oregon State Col- 
lege. 

Assistant Professor F. G. Fender of Rutgers University has been 
promoted to a professorship. 


Dr. A. D. Fialkow of Columbia University has accepted a position 
as mathematician with the Control Instrument Company, Brooklyn, 
New York. 


Associate Professor. E. J. Finan of Catholic University has been 
promoted to a professorship. 


Dr. N. J. Fine has accepted a position with the овезиш Evalua- 
tion Group, Navy Department. 


Assistant Professor F. G. Fisher of the University of Santa Clara 
has been promoted to an associate professorship. 


Mr. J. D. Fitzpatrick has been appointed to an assistant professor- 
ship at Marquette University. 


Mr. N. S. Free of Mount Royal College, Calgary, Alberta, Canada, 
has been appointed to a lectureship at the University of British Co- 
lumbia. 


Dr. Bernard Friedman has been appointed 10 an assistant profes- 
sorship at New York University. 


Assistant Professor A. S. Galbraith of Colby College, Waterville, 
Maine, has accepted a position as mathematician at Aberdeen Prov- 
ing Ground. : | : 

Associate Professor H. L. Garabedian of Northwestern University 
.has been appointed principal physicist at the Monsanto Chemical 
Company, Knoxville, Tennessee. 


Dr. Louis Garfin has been appointed actuary, бозлы of In- 
- gurance, State of Oregon. 


Dr. G. N. Garrison of the College of the City of New York has been 
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appointed to an assistant professorship at Lehigh University. 


Dr: R. E. Gaskell of Brown University has been appointed to an 
assistant professorship at the Iowa State College of Agriculture and 
Mechanical Arts. 


Dr. B. E. Gatewood has accepted a position as consulting engineer 
with Beech Aircraft Corporation. 


Associate Professor F. C. Gentry of the Louisiana Polytechnic In- 
stitute has been promoted to a professorship. 


Mr. P. T. Gilbert has accepted a position as research chemist with 
the National Technical Laboratories, South Pasadena, California. 


Mr. M. E. Gillis of the University of Tennessee has been appointed > 
to an associate professórship at the University of Florida. 


Dr. H. F. Gingerich of the Carnegie Institution of Washington has 
accepted a position as mathematician in the Navy Department. 

Mr. H. T. Gittings has been appointed physicist at the Naval 
Ordnance Laboratory. 


Assistant Professor Wallace Givens of Northwestern University 
has been appointed to ай associate professorship at the Ilinois In- 
stitute of Technology. 


Mr. W. H. Glenn of Pasadena Junior College has been appointed 
head of the division of natural science of Muir Junior College, Pasa- 
dena, California. 


‚рг. (asper Goffman of Westinghouse Electric E PETETA has 
been appointed to an assistant professorship at the University of 
Kentucky. 


Dr. H. E. Goheen has accepted a position as mathematician with 
the Office of Research and Inventions, Navy Department. 


Professor V. D. Gokhale of the University of the Philippines has 
been appointed to a viaiting lectureship at Rutgers University. 


Dr. H. H. Goldstine of the University of Michigan has been pro- 
moted to an assistant, professorship. i 


Assistant Professor Michael Golomb of Purdue University has been 
promoted to an associate professorship. 


Dr. M. J. Gottlieb has been appointed to an assistant professor- 
ship at Washington University. 
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Assistant Professor S. Н. Gould of Victoria College, University of 
Toronto, bas been promoted to an associate professorship. 


Assistant Professor H. S. Grant of Rutgers кышу has been 
promoted to an associate professorship. 


Dr. A. A. Grau has been appointed to an assistant professorship at 
the University of Kentucky. 


Dr. F. G. Gravalos of the De Laval Turbine —m dient. 
New Jersey, has been appointed to an associate рыша аї 
Rensselaer Polytechnic Institute. 


Mr. Lewis Greenwald has been appointed physicist at Camp Evans 
Signal Laboratory, Belmar, New Jersey. 


Dr. К. E. Greenwood of the University of Texas has been pro- 
moted to an assistant professorship. 


Professor W. C. Griffith of Marion Institute, Marion, Alabama, 
has been appointed to an associate professorship at Centenary Col- 
lege, Shreveport, Louisiana. р 


Мг. N. D. Griffin of Oklahoma Agricultural and Mechanical Col-- 
lege has been promoted to an assistant professorship. 


Dr. G. L. Gross has accepted a position as research engineer with 
the Grumman Aircraft Engineering Corporation, Bethpage, New 
York. 


Assistant Professor C. C. Grove of the College of the City of New 
York has retired. 


Dr. E. J. Gumbel of the New School for Social Research has ac- 
cepted a position as a special lecturer in statistica at Newark College 
of Engineering. 


Assistant Professor Marshall Hall of Yale University has been ap- 
pointed to an associate professorship at Ohio State University. 


Dr. N. A. Hall has been appointed head of the Analysis Section, 
Research Department, United Aircraft Corporation. | 


Assistant Professor Р. С. Hammer of Oregon State College has been 
promoted to an associate professorship. 


Dr. Duncan Harkin of Brooklyn College has accepted a position 
as mathematical consultant at the Naval Research Laboratory. 


Assistant Professor F. S. Harper of the University of Nebraska has 
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been appointed to a professorship at Drake University, Des Moines, 


Iowa. 


Dr. W. J. Harrington of Pennsylvania State College has been pro- 
moted to an assistant professorship. He will be on leave on a visiting 
assistant professorship at Cornell University during the present aca- 
demic year. 

Mr. L. J. Harris has accepted a position as electrical engineer with 
the Aluminum Company of America. — 


Dr. Gerald Harrison of the Radiation Laboratory, Massachusetts 
Institute of Technology, has been appointed project engineer at the 
Sperry Gyroscope Company, Garden City, New York. 


Assistant Professor O. G. Harrold of Pomona College has been ap; 
pointed lecturer at Princeton University. 


A 


Dr. Philip Hartman has been appointed to an assistant professor- 
ship аё Johns Hopkins University. 


Mr. Cecil Hastings has accepted a position as research analyst with 
the Douglas Aircraft Company, Santa Monica, California. 


Dr. Charles Hatfield has been appointed to an assistant professor- 
ship at the University of Minnesota. 
Professor B. A. Hausmann of the University of Detroit has been 


appointed to a professorship at West Baden College, Loyola Uni- 
versity, West Baden Springs, Indiana. ~ 


Professor E. K. Haviland of Lincoln University, Lincoln Univer- 
sity, Pennsylvania,,has been appointed to an assistant — 
at Johns Hopkins University. 


Assistant Professor Euphemia L. Haynes of Miner Teachers Col- 
lege, Washington, D. C., has been promoted to an associate professor- 
ship. 

Dr. Olaf Helmer has accepted a position as research mathematician 
with the Douglas Aircraft Company, Santa Monica, California. 


Mr. Manuel Herschdorfer of Amherst College has been appointed 
to an aseistant professorship at Seton Hall College, South Orange, 
New Jersey. 


Assistant Professor A. D. Hestenes of Carnegie Institute of Tech- 
nology has accepted a position as head of special testing equipment, 
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Fire Control Department, United States Naval Air Test Center, 
Patuxent River, Maryland. | 


Mr. J. S. Hickman of Rochester Junior College has been appointed 
physicist at the United States Naval Electronics Laboratory, San 
Diego, California. 


Assistant Professor E. Н. C. Hildebrandt of Northwestern Uni- 
versity has been promoted to an associate professorship. 


Associate Professor E. L. Hill of the University of Minnesota has 
been promoted to a professorship of physics. 


Assistant Professor P. G. Hoel of the University of California at 
Los Angeles has been promoted to an associate professorship. 


Dr. V. A. Hoersch of the University of Illinois has been promoted 
to an assistant professorship. 


Mr. R. H. Hoskins has accepted a position as actuarial clerk with 
John Hancock Mutual Life Insurance Company. 


Associate Professor Aughtum S. Howard has been promoted to a 
professorship. 

Mr. J. F. Hubbard has been appointed to an assistant professor- 
ship at Massachusetts State College at Fort Devens. 


Assistant Professor P. M. Hummel of the University of Alabama 
has been promoted to an aseociate professorship. 


Assistant Professor H. D. Huskey of the University of Oklahoma 
is on leave of absence. He will serve as mathematician at the Na- 
tional Physical Laboratory, Teddington, Middlesex, England. 


Dr. L. C. Hutchinson of the Norden Laboratories has been ap- 
pointed to an assistant professorship at the Polytechnic Institute of 
Brooklyn. | 


Mr. Seymour Jablon has accepted a position as price economist 
with the Bureau of Labor Statistics, United States Department of 
Labor. 


Professor J. B. Jackson has been appointed Dean of Men at the 
University of South Carolina. 


Mr. A. W. Jacobson of Wayne University has been promoted to an 
assistant professorship. 


Assistant Professor W. C. Janes of the Kansas State College of 
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profeseorship. 


Mr. J. B. Jeffriea has been appointed to an associate professorship 
at the Agricultural and Technical College of North Carolina. 


Dr. Herbert Jehle has accepted a position as research physicist 
with Franklin Institute. 


Mr. Walter Jennings has been appointed to an assistant professor- 
ship at Virginia Polytechnic Institute. 


Associate Professor Н. S. Kaltenborn of the University of Idaho 
has been appointed to a professorship at Memphis State College. 


Dr. Leo Katz of Wayne University has been appointed to an as- 
sistant professorship at Michigan State College. 


Mr. J. R. F. Kent has been appointed to an assistant professorship 
at the University of British Columbia. 


‘Dr. J. M. Kingston of the University of Washington has been pro- 
moted to an assistant professorship. 


Dr. F. L. Kiokemeister of Purdue University has been appointed 
to an assistant professorship at Mount Holyoke College. 

Mr. K. V. Knight has accepted a position as physicist with the 
Bureau of Ordnance, Navy Department, Washington, D. C. 


Dr. E. A. Knobelauch of the University of Pennsylvania has been 
appointed lecturer at Rutgers University. 


Dr. C. F. Kossack of the University of Oregon has accepted a posi- 
tion as mathematician with the Navy Department. 

Associate Professor R. L. Krueger of теч College has been 
promoted to a professorship. 


Dr. М. 2. Krzywoblocki has been appointed to an associate pro- 
fessorship of aeronautical engineering at the University of Illinois. 


Dr. G. B. Lang of the University of Florida has been promoted 
to an assistant professorship. 


Associate Professor H. D. Larsen of the University of New Mexico 
has been promoted to a professorship. 


Mies Jane M. Lawler has accepted a position at the United States 
Naval Ordnance Test Station, Inyokern, California. 
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Associate Professor V. S. Lawrence of Cornell University has been 
appointed to an associate professorship at Virginia Polytechnic In- 
stitute. ; | 

Mr. Н. R. Leifer has accepted a>position as assistant chief, Regis- 
tration and Research Section, Veterans Administration, Pittsburgh, 
Pennsylvania. 


Mr. W. G. Leight has accepted a position as metecrologist im 
the United States Weather Bureau. 


Dr. J. H. Levin has been appointed Chief of the Machines Section 
of the Computing Laboratory at the Ballistic Research Laboratory, 
Aberdeen Proving Ground, Maryland. 


Assistant Professor P. E. Lewis of the Oklahoma Agricultural and 
Mechanical College has been promoted to an associate professorsh ip. 


Associate Professor Hans Lewy of the University of California has 
been promoted to a professorship. 


Dr. F. W. Light of the Johns Hopkins кш: has been рго- 
moted to an assistant professorship. 


Assistant Professor H. W. Linscheid of Eastern New Mexico Col- 
lege has been appointed to an associate professorship at the College 
of Emporia, Empona, Kansas. 


Associate Professor Charles Loewner of Syracuse University has 
been promoted to a professorship. 


Dr. L. H. Loomis of Harvard University has been promoted to an 
associate professorship. 

Mr. Jack Lorell has been appointed research engineer at the Jet 
Propulsion Laboratory, California Institute of Technology. 


Mr. R. A. Lytle of the University of Virginia has been appointed to 
an adjunct profeseorship at the University of South Carolina. 


Mr. W. S. McCulley of the Agricultural and Mechanical College 
of Texas has been promoted to an assistant professorship. 


Dr. Janet McDonald of Vassar College has been promoted to an 
assistant professorship. 


Professor W. H. McEwen of Mount Allison University has been 
appointed to a professorship at the University of Manitoba. 


Dr. A. W. McGaughey of the United States Naval Academy has 
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been appointed to a professorship at Westminster College, New Wil- 
mington, Pennsylvania. 


Assistant Professor J. C. C. McKinsey of the University of Nevada 
has been appointed to an associate professorship at Oklahoma Agri- 
cultural and Mechanical College. 


Dr. Brockway McMillan has been appointed a member of the 
technical staff of Bell Telephone Laboratories. 


Professor H. M. MacNeille is on leave from Kenyon College and 
has been appointed scientific director, Office of Assistant Naval 
Attaché for Research, American Embassy, London. 


Dr. W. G. Madow has been appointed to an associate professor- 
ship at the University of North Carolina. 


Associate Professor J. D. Mancill of the University of Alabama has 
been promoted to a professorship. 


Mr. Ralph Mansfeld has accepted a position as chief engineer with: 
Joseph Weidenhoff, Incorporated, Chicago, Illinois. 


Associate Professor Morris Marden of the University of Wisconsin 
in Milwaukee has been promoted to a professorship. 


Dr. A. J. Maria of Brooklyn College has been promoted to an as- 
sistant professorship. 

Assistant Professor C. E. Marshall of Oklahoma Agricultural and 
Mechanical College has been promoted to an associate professorship. 

Dr. R. M. Martin has been appointed to an assistant professorship 
in philosophy at Bryn Mawr College. l 

Dr. A. E. May of the University of Wisconsin at елсе has been 
promoted to an assistant professorship. 

Мг. P. E. Meadows has been appointed to an assistant professor- 
ship at Washington and Lee University. | 

Professor Karl Menger of the University of Notre Dame has been 
appointed to a professorship at the Illinois Institute of Technology. 


Dr. W. A. Mersman has accepted a position as research mathemati- 
cian with Taylor Instrument Companies, Rochester, New York. 


Professor Н. A. Meyer of Indiana University has been appointed - 
to an associate professorship at the University of Florida. 
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Associate Professor Herman Meyer of the University oí Miami has 
been promoted to a professorship. 


Dr. Abraham Miller has accepted a position as mathematician with 
the Bureau of Ordnance, Navy Department, Washington, D. C. 


Mr. К. 5. Miller has accepted a position as engineer with the Otis 
Elevator Company, New York City. 


Assistant Professor W. I. Miller of Bucknell University has been - 
pramoted to a associate professorship. 


Dr. Н. J. Miser has been appointed to an assistant professorship 
at Williams College. 


Associate Professor Josephine M. Mitchell of Winthrop College has 
been appointed to an associate professorship at Texas State College 
for Women. 


Mr. E. C. Molina, formerly with Bell Telephone Laboratories, has | 
been appointed a special lecturer at Newark College of Engineering. 


Dr. L. J. Monville of John Carroll University has been promoted 
to an asaistant professorship. 


Assistant Professor T. W. Moore of the United States Naval Acad- 
emy has been promoted to an associate professorship. 


Dr. C. W. Moran of Illinois Institute of Technology has accepted a 
position at Wright Junior College. 


Professor Eugenie M. Morenus of Sweet Briar College has retired. 


Dr. Vladimir Morkovin has accepted a position as mathematician 
in the Planning Division, Office of Naval Research, Navy Depart- 


ment. 


Mr. R. C. Morrow of the United States Naval Academy has been 
promoted to an assistant professorship. 


Associate Professor J. E. Morton of Cornell University has been . 
promoted to a professorship. 


Dr. Frederick Mosteller has been appointed lecturer and research 
associate in social relations at Harvard University. 


Sister M. Joanne Muggli of Saint Benedict's College, Saint Joseph, 
Mirmesota, has been promoted to an assistant professorship. 


Associate Professor Ernest Nagel of Columbia University has been 
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promoted to a professorship of philosophy. 


Assistant Professor David Nelson of Amherst College has been ap- 
pointed to an assistant professorship at George Washington Univer- 
sity. — i | 

Assistant Professor С. J. Nesbitt of the University of Michigan has 
been promoted to an associate professorship. 


Dr. Albert Newhouse of the University of Houston has been pro- 
moted to an assistant professorship. 


Associate Professor G. D. Nichols of the University of Arkansas 
has been appointed acting dean of the College of Arts and Sciences. 


Professor R. E. Norris of State Teachers College, Milwaukee, Wis- 
consin, has been appointed dean of instruction. 


Associate Professor E. P. Northrop of the University of Chicago 
has been appointed associate dean of the college. 


Assistant Professor Emma J. Olson of Kent State University, Kent, 
Ohio, has been promoted to an associate professorship. 


Dr. H. L. Olson has been appointed to a professorship at Indiana 
Technical College, Fort Wayne, Indiana. 


Dr. Isaac Opatowski has been appointed to an assistant professor- 
ghip at the University of Michigan. 


Dr. W. K. H. Panofsky has been appointed to an assistant profes- 
sorship of physics at the University of California. 


Mr. R. I. Pepper has been appointed to an assistant professorship 
at Winthrop College, Rock Hill, South Carolina. 


Dr. A. S. Peters of New York а; has ез promoted to an 
assistant professorship. 


Associate Professor H. R. Phalen of the College of William and 
Mary has been promoted to a professorship. 


Dr. Edmund Pinney of Oregon State College has Den ы 
lecturer at the University of California. 


Associate Professor R. J. Pitts of Fort Valley State College, Fort 
Valley, Georgia, has been promoted to a professorship. 


Associate Professor Н. S. Pollard of Min University has been 
promoted to a professorship. 
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Associate Professor George Polya of Stanford University has been 
promoted to a professorship. 


Assistant Professor A. R. Poole of Montana State College has been 
appointed to an assistant professorship at Oregon State College. 


Assistant Professor J. W. Porter of Bluefield State College, Blue- 
feld, West Virgihia, has accepted a position as contact representative 
with the Veterans Administration, Philadelphia, Pennsylvania. 


Assistant Professor E. S. Quade of the University of Florida has 
been promoted to an associate professorship. 


Mr. L. J. Quaid of the University of Minnesota has been —À 
to an assistant professorship. 


Assistant Professor E. D. Rainville of the University ofMichigan 
has been promoted to an associate professorship. 


Assistant Professor H. W. Raudenbush of Queens College, Flush- 
ing, New York, has been promoted to an associate professorship. 


Reverend John Raymond of Saint Martin's College, Lacey, Wash- 
ington, has been pramoted to a profeasorshiip. 


Asaierant Professor M. O. Reade of Purdue University has been 
appointed to an assistant professorship at the University of Michigan. 


Assistant Professor L. M. Reagan of the Polytechnic Institute of : 
Brooklyn has been appointed to an assistant professorship at the 
University of Wichita. 

Profeseor L. J. Reed of Johns Hopkins University has been ap- 
pointed vice president. 

Professor P. K. Rees of Southwestern Louisiana Institute, La- 
fayette, Louisiana, has been appointed to an associate professorship 
at Louisiana State University. 


Assistant Professor Eric Reisener of the Massachusetts Institute 
of Technology has been promoted to an associate professorship. 


Dr. H. J. Riblet bas accepted a position as radio engineer with Sub- 
marine Signal Company, Boston, Massachusetts. 


Dr. C. E. Rickarx of Yale University has been promoted to an as- 
sistant professorship. 


Dr. F. D. Rigby has been appointed mathematician at the Office of 
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Naval Research, Navy Department. 


Mr. R. К. Ritt has been appointed a lecturer at Columbia Uni- 
versity. 

Assistant Professor R. M. Robinson of the University of California 
has been promoted to an associate professorship. He will be a visit- 
ing lecturer at Princeton Univeraity this academic year. 

Dr. P. C. Rosenbloom of Brown University has been appointed to 
an assistant professorship at Syracuse University. 

Associate Professor A. E. Ross of Saint Louis University has been 
appointed to a profeasorship at the University of Notre Dame. 


Mr. S. G. Roth of Cooper Union has been appointed to an aseistant 
professorship at New York University. 


Assistant Professor Raphael Salem of the Massachusetts Institute 
of Technology has been promoted to an associate professorship. 


_ Mr. John Salerno has been appointed mathematician with the 
United States Coast and Geodetic Survey in New York City. 


Assistant Professor Hans Samelson of Syracuse University has been 
appointed to an assistant professorship at the University of Michigan. 


Dean R. G. Sanger of the University of Chicago has been ap- 
pointed to a professorship at Kansas State College of Agriculture and 
Applied Science. 

Associate Professor A. C. Schaeffer of Stanford University has been 
promoted to a professorship. 


Dr. Alice T. Schafer has been appointed lecturer at New Jersey 
College for Women, Rutgers University. 


Dr. W. T. Scott of Northwestern University has been promoted to 
an assistant professorship. 

Assistant Professor C. E. Sealander of the University of South Da- 
kota has been appointed to an assistant professorship at the Iowa 
State College of Agriculture and Mechanical Arts. 


Dr. C. W. Seekins has been appointed to an assistant ор 
at the United States Naval Academy. 


Miss M. Anice Seybold of the University of Illinois has been ap- 
pointed to a professorship at North Central College, Naperville, Illi- 
nois. 
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Dr. M. E. Shanks of the University of Missouri has been appointed 
to an assistant professorship at Purdue University. 


Mr. R. L. deShelly has been appointed chief of the statistical di- 
vision, French Supply Council in the United States of America. 


Assistant Professor В. W Shephard of Purdue University has been - 
` appointed a lecturer at the University of California. 


: Mr. W. L. Shepherd has been appointed to an assistant professor- 
&hip at Oklahoma Agricultural and Mechanical College. 


Dr. D. T. Sigley has been appointed research engineer, Institute of 
Cooperative Research, Johns Hopkins University. 


Professor Heinz Simon of Southern Union College has been ap- 
pointed to a professorship at William Penn College, Oskaloosa, Iowa. 


Mr. Harold E. Smith of Junior College of Connecticut has been 
promoted to an assistant professorship. 


Dr. T. L. Smith has been appointed chief engineer at the Super- 
sonic Wind Tunnel, Ballistic Research Laboratories, Aberdeen Prov- 
:ng Ground, Maryland. 


Dr. A. F. Smullyan of Williams College has been appointed to an 
assistant professorship of philosophy at the University of Washing- 
ton. ` 


Associate Professor D. С. Spencer of Stanford University has been 
promoted to a professorship. 


Dr. Abraham Spitzbart of the University of Wisconsin has been 
appointed to an assistant professorship at the University of Wiscon- 
sin in Milwaukee. 

‘Assistant Professor D. W. Starr of Southern Methodist University 
has been promoted to an associate professorship. 


Mr. Fritz Steinhardt has been appointed lecturer at Columbia Uni- 
versity. 

Dr. J. C. Stewart of Louisiana State University has been appointed 
to an assistant professorship at Lawrence College, Appleton, Wiscon- 
gin. С : 

Assistant Professor R. R. Stoll of Williams College hag been ap- 
pointed to an assistant professorship at Lehigh University. 


Assistant Professor I. L. Stright of Baldwin-Wallace College, 
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Berea, Ohio, has been appointed to an associate professorship at 
Northern Michigan College of Education, Márquette, Michigan. : 


Mr. Irving Sussman of Johns Hopkins University has been ap- 
pointed to an assistant professorship at the University of Dayton. 


Associate Professor Alfred Tarski of the University of California 
has been promoted to a professorship. 


Associate Professor Н. 5. Thurston of the University of Alabama 
has been promoted to a professorship. 


. Associate Professor Gerhard Tintner of the Iowa State College of 
Agriculture and Mechanical Arts has been promoted to a pro- 
fessorship. 

‚ Dr. С. B. Tompkins has been appointed director of research, 

Engineering Research Associates, Incorporated, Saint Paul, Minne- 
Bota. | 

Associate Professor C. C. Torrance of Case School of Applied 


Science has been appointed to an associate professorship at the Post- 
graduate School, United States Naval Academy. 


Dr. C. A. Truesdell has been appointed mathematician at the 
Naval Ordnance Laboratory, Washington, D.C. 


Dr. G. B. Van Schaack has been appointed to an assistant pro- : 
fessorship at Union College, Schenectady, New York. 


Dr. Andrew Vazsonyi has accepted a position as engineer with 
North American Aviation, Los Angeles, California. 

Dr. V. J. Varineau of the United States Naval Academy has been 
appointed to an assistant professorship at the University of Wyoming. 

Dr. C. W. Vickery has been appointed to an associate professor- 
ship at the Wright Field Graduate Center of Ohio State University. 


Dr. T. C. G. Wagner has been appointed to an associate professor- 
ship at the University of Maryland. 


Associate Professor O. E. Walder of South Dakota State Соне 
has been promoted to a professorship. 


Dr. P. R. Wallace has been appointed to an associate И 
ship at McGill University. 


Dr. Henry Wallman of the Massachusetts Institute of Tech- 
nology has been promoted to an associate professorship. 
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Assistant Professor R. M. Walter of New Jersey College for 
Women, Rutgers University, has been promoted to an associate 
professorship. 


^ Assistant Professor C. T. Wang of the University of Akron has 
been appointed to an assistant professorship of aeronautical engineer- 
ing at New York University. 


Mr. Joseph Wannemacher has accepted a position with the New 
Jersey Bell Telephone Company, Newark, New Jersey. 


Associate Professor L. E. Ward of the State University of ‘lows 
has been appointed mathematician with the Aircraft Fire Control 
Section, Research, Development, and Test Organization, Naval 
Ordnance Test Station, Inyokern, California. 


Associate Professor W. С. Warnock of the University of Alabama 
has been appointed to an associate profeasorship at Rensselaer Poly- 
technic Institute. 


. Dr. J. V. Wehausen has been appointed mathematician at the 
David Taylor Model Basin. 


Associate Professor Alexander Weinstein of the University of 
Toronto has been appointed to an associate professorship at Carnegie 
Institute of Technology. 


Assistant Professor C. P. Wells of Michigan State College has 
been promoted to an associate professorship. 


Dr. R. L. Westhafer has been appointed to an assistant professor- 
ship at New Mexico College of Agriculture and Mechanical Arte. 


Professor A. H. Wheeler of Clark University has retired. 


Dr. A. L. Wbiteman of Purdue University has been appointed 
mathematician in the Offce of the Chief of Naval Operations, Navy 


Department. 
Dr. W. F. Whitmore of Massachusetts Institute of Technology 


has accepted a ae as operations analyst with the Navy Depart- 
ment. 


Dr. J. E. Wilkins has accepted a position as mathematician with 
the American Optical Company, Buffalo, New York. 


Dr. Wilfred Wilson of the University of Illinois has been promoted 
to an assistant professorship. 
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Dr. Y. K. Wong of the University of North Carolina has been 
promoted to an associate professorship. 


Associate Professor C. B. Wright of East Texas State Teachers 
College, Commerce, Texas, has been promoted to a professorship. 


Assistant Professor C. R. Wylie of Ohio State University has 
been appointed to a professorship at the Army Air Force Institute 
of Technology, Wright Field, Dayton, Ohio. 


Assistant Professor S. D. Zeldin of the Massachusetts Institute 
of Technology has been promoted to an associate professorship. 


Sister M. Claudia Zeller of the College of Saint Francis has been 
promoted to an assistant professorship. 


The following appointments to instructorshipe are announced: 
University of Arizona: Miss Gloria Olive; Bay City Junior College, 
Bay City, Michigan: Miss Meta M. Ewing; Brooklyn College: Dr. 
Н. S. EKieval, Mr. Ira Rosenbaum; Brown University: Dr. Bjarni 
Jónsson, Mr. Albert Wilansky; University of California: Dr. C. A. 
Hayes, Dr. Alfred Horn, Dr. E. L. Lehmann; University of Cali- 
fornia at Los Angeles: Dr. Leonard Greenstone; University of Chi- 
cago: Mr. R. S. Fouch, Dr. Daniel Zelinsky; University of Cincin- 
nati: Mr. H. D. Lipsich; College of the City of New York: Mr. J. 
H. Blau, Dr. Solomon Hurwitz, Mr. Herbert Solomon; Clark Junior 
College, Vancouver, Washington: Mr. R. H. Stair; Cornell Univer- 
sity: Dr. Y. H. Kuo; Creighton University: Miss Helen E. Clarkson; 
DePaul University: Rev. F. J. Fischer; Emory University: Mr. E. R. 
Rohrer; Franklin Technical Institute, Boston, Massachusetts: 
Mr. Robert Kates; Harvard University: Dr. G. P. Hochschild; 
Hollins College, Hollins College, Virginia: Miss Azelle Brown; Uni- 
versity of Illinois: Dr. Theodore Bedrick, Dr. W. A. Ferguson, Dr. 
Joseph Landin, Dr. E. J. Scott; University of Illinois, Chicago, 
Illinois: Miss Alice J. Froseth, Mr. R. G. Stoneham; Illinois Institute 
of Technology: Dr. E. G. H. Comfort, Dr. M. H. M. Esser, Dr. Mar- 
garet S. Matchett; Johns Hopkins University: Mr. Emmanuel Mehr; 
University of Kentucky: Mr. D. F. Atkins; Lafayette College, 
Easton, Pennsylvania: Dr. J. C. Smith; University of Maryland: Mra. 
Ruth A. Bari; University of Miami: Mrs. Georgia K. DelFranco; 
Michigan State College: Miss Laura J. Bullard, Miss Frances E. 
Davis, Mr. Emerson Grindall, Mr. H. H. Holloway, Mr. C. A. 
Jacokes; University of Minnesota: Mr. E. J. Specht; Montana State 
College: Dr. H. M: Schaerf; Newark College of Arts and Sciences, 
Rutgers University: Mr. J. J. McCarthy; New York University: Mr. 
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S. D. Bernardi; University of North Carolina: Mr. Edward Paulson; 
Northwestern University: Mr. V. C. Harris, Mr. R. E. von Holdt, 
Mr. D. H. Potts, Dr. R. H. Stark; University of Notre Dame: Rev. 
H. F. DeBaggis; University of Oklahoma: Mr. R. L. Wine; Okla- 
homa Agricultural and Mechanical College: Mr. Milton Berg, Mr. 
J. L..Cawood, Miss Helen Dayton, Mr. К. D. Morrison, Mr. Р. C. 
Stanger; University of Pennsylvania: Dr. I. S. Cohen; Pennsylvania 
State College: Miss Helen F. Story; Purdue University: Dr. Lee 
Byrne; Rice Institute: Dr. H. D. Brunk; University of Rochester: 
Dr. Horace Komm; Rutgers University: Dr. L. M. Court, Mr. Aaron 
Galuten, Mr. Luis Nanni, Dr. H. J. Zimmerberg; Saint Louis Uni- 
versity: Mr. A. J. Lorenz; Stanford University: Mr. A. V. Baez; 
State Teachers College, Superior, Wisconsin: Mr. J. O. Danielson; 
Syracuse University: Mr. B. K. Dickerson, Dr. P. W. Gilbert, Miss 
Eleanor Á. Ludwig; University of Tennessee: Mr. R. B. Johnson; 
University of Texas: Mr. J. M. Hurt; Agricultural and Mechanical 
College of Texas: Mr. W. E. Beeman, Dr. J. A. Daum, Mr. N. W. 
Wells; United States. Naval Academy: Mr. A. R. Craw, Mr. G. J. 
Mann, Dr. К. C. Rand, Dr. H. K. Sohl, Mr. W. J. Strange, Mr. E. 
G. Swafford; Wabash College, Crawfordsville, Indiana: Mr. P. T. 
Mielke, Mr. V. G. Robinson; Washington University: Mr.:Marlow 
Sholander, Dr. W. J. Thron; University of Wisconsin in Milwaukee: 
Miss Mildred J. Brannon. Р 


The death on June 14, 1946, of Federigo Enriques, formerly of 
the University of Rome, has been reported. A group of his students 
are instituting a “Grant Federigo Enriques,” with the object of help- 
ing some of his pupils who are in financial difficulties in the continua- 
tion of their scientific careers. | 


Word has been received of the death of Professor Friedrich 
Hartogs, formerly of the University of Munich, in 1943 and of Pro- 
fessor Richard Baldus of the Technische Hochschule of Munich in 
1945. 


The death of Professor Basilio Mania of the University of Milan 
has been reported. 


Mr. E. B. Escott of Oak Park, Illinois, died May 30, 1946, at the 


age of seventy-eight years. He had been a member of the Society 
since 1898. 


^ 


Mr. A. M. Freeman, director of mathematical research at Boston 
Fiduciary and Research Associates, died May 20, 1946, at the age of 
forty-eight years. 


- 


ABSTRACTS, OF PAPERS 


SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary and 
the Associate Secretaries of the Society for presentation at meetings 
of the Society. They are numbered serially throughout this volume. 
Cross references to them in the reports of the meetings will give the 
number of this volume, the number of this issue, and the seria] num- 
ber of the abstract. 


ALGEBRA AND THEORY oF NUMBERS- 
347. A. T. Brauer: Limits for the characteristic roots of a matrix. II. 


Let А = (аш) bea square matrix of order я. Set PrP ha, à el Gaal. In an earlier 
paper (Duke Math. J. vol. 13 (1946)) it was proved that each characteristic root 
ey of A must lle in at least one of the я circles |s—au.| SP,. This result will be im- 
proved as follows. Each characteristic root must lie in at least one of the aoa 
Casini Iso [sd a D,P.. It follows in particular that, for »»1, 2, - * - , м, 
[op] шах уш... {| ax] +(Р„Ру)ЧЗ}, Received September 25, 1946.) 


348. H. W. Brinkmann: On ihe prime (юзо? of a сн with 
$niegral coefficients. 

Let f(x) and g(x) be polynomials with rational integral coefficients, It is shown in 
this paper that there exist infinitely many primes ф that are divisors of both poly- 
nomials, that is, there exist integers a, b so that f(a) mg(b) m0 (mod p). The proof 
is not elementary. As a corollary it follows that it is imposslble for all but a finite 
number of prime divisors of a polynomial to belong to the same residue clase ks -t-m 
if mall (mod k). This answers a question raised by A. T. Brauer (Duke Math. J. 
vol. 13 (1946) pp. 235-238). The problem of deciding when there are infinitely many 
prime divisors of f(x) that are wot divisors of g(x) is also attacked and as a conse-- 
quence it is posaible to generalize Brauer's main theorem in the paper just referred to. 
(Recelved August 26, 1946.) | 


349. E. R. Kolchin: Algebraic matric groups and the Picard-Ves- 
stot theory of homogeneous linear ordinary dsfferential equations. 


This is a modern algebraic development of the Galols theory of homogeneous 
linear ordinary differential equations of Picard and Vessiot. Based on a theory of 
algebraic groups of matrices (developed here, for any algebraically closed field. of 
arbitrary characteristic, without recourse to Lie theory) and on the Ritt theory of 
algebraic differential equations, the paper extends the Picard-Vessiot theory, fills in 
its main gape, and brings it up to present day standards of rigor. The coefficient 
domain is an arbitrary differential field’ of characteristic 0 with an algebraically 
closed of constants, Ámong the results obtained are the analogue to the funda- 
mental theorem of Galois theory (one-to-one correspondence between subgroupe and 
intermediate fields), and an extension of Veseiot's big theorem on solvability “by 
quadratures," The first part of the development is quite general and contains the 
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rudiments of a general Galois theory of differential fields (ordinary or partial) of 
characteristic 0. (Received September 16, 1946.) 


350. E. R. Kolchin: Extensions of differential fields. TII. 


The purpose of the present note is to show how the point of view of a preceding 
paper (Exienstons of défferential fields. 1, Ann. of Math. vol. 43 (1942) pp. 724-729) 
can be used in developing the concepts of resolvent, ion and order introduced 
by J. F. Rittin his theory of algebraic differential equations. (Received September 16, 
1946.) 


351. R. M. Robinson: Unsymmetrical approximation of trratstonal 
numbers. | 


As an application of a theorem about lattice points, B. Segre (Duke Math. J. 
vol. 12 (1945) pp. 337—365) has shown that for any +20 every irrational number £ 
admits infinitely many rational approximations A/B such that —1/(1--4r) 83 
«A/B-—t«r/(1-4-47)V3B2, For т» 1, this reduces to the inequality —1/5!/3p* 
«A/B—t£«1/593B3 of Hurwitz. For other values of r, one side of the inequality is 
‚ strengthened, the other weakened. In this paper, a proof of Segre's theorem is given 
using continued fractions. Some sharper results are also obtained; in particular, it is 
, shown that for «>0 the inequality !—1/(5/13—4)B1 A/B —£«1/(51--1)B* has 
infinitely many solutions. This result ів interesting віпсе it shows that one side of 
Hurwitz's inequality can be'strengthened without essentially weakening the other.. 
(Received September 20, 1946.) 


352. A. R. Schweitzer: Sums and products of ordered dyads in the 
foundaisons of algebra. V. 


Postulates for a group of ordered dyads are constructed in terms of elements of - 
a set S(a) and a relation of equality (equivalence) between dyads T(af) of these ele- 
ments, as follows: 1. a, 8 in S imply af in Т, and conversely. 2. aa, BB in T imply 
aam ВВ. 3. af, y8 in T imply the existence of £, qin S such that f= y8 and gy af. 
4. об mat implies £8 and af = 8 implies ya. Definitions. 1. æy is the “product” 
of af and By. 2. Xu is the product of af and 78, apX туё ui, means: There exists £ 
such that BE= y8 and af = Аш or there exists y such that apm «y and з = Аш. Rela- 
tively to the preceding postulates and definitions, any complete set of mutually non- 
equivalent dyads constitutes a group with a self-conjugate dyad (aq) as the identical 
element. Examples: (1) Any regular group of configurational sets of dyads: two dyads 
are equivalent if and only if they occur in the same configurational set. (2) The set 
of segments of points on a descriptive line (including null segments): af = yë if and 
only if af and yë are congruent and have the same orientation. In the latter example 
ey is usually designated as the “sum” of af and fy. (Received September 27, 1946.) 


353. A. R. Schweitzer: Sums and products of ordered dyads tn the’ 
foundations of algebra. VI. 


' The construction of postulates for a field of dyads is based on set S of elements 
(а) and a set T of ordered dyads (а/8): Ay. There exists uniquely in S such that for 
any a in S, а/о is not in T. Ag a, B in S, 84w, imply а/В in T and conversely. 
Ау w/t, о/а in T, Ey€y, imply a/m o/sy. Bi. Excluding w/t, the dyads of the set Т : 
form a group under multiplication relatively to the postulates and definitions of the 
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preceding abstract (with af replaced by a/f). Bs. Multiplication is commutative. C. 
The dyads of T, including «/t, form a commutative group under the undefined 
compostion “addition.” Under C postulates are first stated (Су) in terms of addition 
of dyads with the same posterior elements (denominators); it is then assumed (C3) 
that a/B, y/8 in T imply the existence of Ё such that у/5= £/8. Definition: a/B 
+7/8=d/p means: There exist Ё, » such that y/3— £/B, s/B—X/p, where a/B--£/8 
=/8. D. Multiplication over addition to the right (left) is distributive. The inde- 
pendence of C, is discussed. Application is made to the author's Foundations of Grass- 
mann s extexsiva algebra (Amer. J. Math. vol. 35 (1913) pp. 39—49). (Received Sep- 
tember 27, 1946.) 


354. J. D. Swift: Periodic functions over a finite field. 


A function of period a over the Galois field, GF(*), is defined as a function over 
the elements of the field to the elements of the field such that f(x--xa) = f(x), where # 
is an integer. Multiply periodic functions are defined in an analogous manner. 
A GF(p*) admits functions with а number of independent periods not greater than 
ж —1. The besic function of period a is: f(a; x) = x*—G* tr, The basic function of periods 

tae mE Бе denned recucuyely icon ie shove ан JU c “+, Gent} Ox); 
po * 0x4; X)). These basic functions are odd and additive, and flan + + + , a4; cx) 
is periodic with periods a,/c, ++ +, a/c. The principal result is: Any periodic function of 
рон а, * t, Gyoser the GF(p9), hGn—1, may be expressed by: g(x) =) je (an 

, Gh; х) ол), where |= prh- 1, and the a; are a set of elements of the Йй. 
(Кесеге! September 16, 1946.) 


355. P. M. Whitman: Finite groups with a cyclic group | as latitce- 
homomorph. 

It is shown that.if G and H are groups, L(G) and (Ну diet latices af ead 
groupe, L(G) is finite, L(A) is а lattice-homomorphic image of L(G), and H is cyclic, 
then G contains a cyclic subgroup which is mapped onto H by the homomorphism. 
(Received September 26, 1946.) | 


ANALYSIS 
356. Warren Ambrose: Direct sum theorem for Haar measures. 


A variation of a theorem of A. Well (L'intégration dans les groupes topologiques, 
Paris, 1940, pp. 42—45) is proved. (Received September 19, 1946.) 


357, R. F. Arens: Location of spectra in Banach «-algebras. 


A E EE а p iisen space with a continuous multiplication and a 
MU: satisfying (Af f, Up* =f", and RE val. 

0. Мар жюн де s tia: s suia and there will exist k’>0 such that 
il IL] 52Р]. It is proved that, if f= +49, u” =u, v* —9, wy - vx, then E cos б 
+y sin 0| 5 19 coe 6+ sin 0 for any complex number x++4y in the spectrum of f, 
and0 50 32x. Thusif f f*, the spectrum is real. The case &' = 1 studied by I. Gelfand 
and M. Neumark, Rec. Math. (Mat. Sbornik) N. S. vol. 12 (1943) pp. 197—213, is 
a special case. (Received August 8, 1946.) 


` 358. Lipman Bers: A property of bounded analytic functions. 
Let f(s) be bounded and analytic for |s| <1. Lf {s4} is a sequence of points euch 
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that s.—+1, tan arg (#,—-1) = O(1), №) —a, then elther f" a at infinitely many points, 
or a similar sequence exists on any nontangential path terminating at s-1. If in 
addition ||, |ж ж | =О(1— ||), then either fma at infinitely many 
points, or f possesses at s~1 the sectorial limit a: (Received September 12, 1946.) 


359. Lipman Bers: Os rings of analytic functions. 


Let D be a plane domain. The regular one-valued analytic functions defined in 
D form a topological ring R(D). Theorem 1. Two rings R(D) and R(D’) are isomorphic 
if and only if D’ can be mapped onto D by a conformal transformation, or by a 
conformal transformation followed by a reflection. Theorem 2. If D is not the whole 
Riemann sphere, then any isomorphism between R(D) and R(D") is a homeomorphism 
due to either a conformal or an anticonformal transformation of D onto D". (Received 
September 30, 1946.) 


360. R. C. Buck: Interpolatton series. 


Carlson (Nove Acta Regiae Societatis Sdentiarum Upsaliensis (4) vol. 4 (1915)) 
has given conditions an A(é@), the growth function of the entire function f(s), under 
which the Newton series > ^, (1 —1) + + - (s—5-1-1)A*f (0) /&| converges to f(s). Gont- 
charoff (Rec. Math. (Mat. Sbornik) vol. 42 (1935) pp. 473—483) has achieved similar 
results for the Abel series De -as(s —5)7 109 (w) /mL In the present paper, sum- 
mability of these and other expansions is considered. In particular, the Newton series 
is Mittag-Leffler summable for all functions of the class K (o, c), c « v, thus providing 
another proof of the familiar Carlson uniqueness theorem, These results are com- 
pared with those contained in a paper of Gelfond (Rec. Math. (Mat. Sbornik) 
N. S. vol. 4 (1938) pp. 115-148). A simple consequence is that if f(x) c X (a, с), 
c «s, and (—1)*A*/(0) z 0, then for any f, lim s*A*f(0) —0; thus, if f(s) is integral, 
f(s) is a polynomial. (Received September 27, 1946.) 


. 361. R. C. Buck: Os some properties of arithmetic density. Pre- 
liminary report. 

In a previous paper it was shown that if {Aa} is а monotone sequence of sets 
of D, the clase of all sets of integers having a density, a definition of lim Ay can be 
given, unique to within sets of density zero, and for which density ls continuous. In 
the present paper, this is applied to yield a wide variety of resulta. A simple example is 
the foll : Lf f(s) is an entire function of type zero, and [f(*#-+1)/fls)| 52 0, then 
lim s^ log |f(w)| =0. (Received September 27, 1946.) 


362. V. F. Cowling: A generalisation of a theorem of LeRoy and 
Lindelöf. 


Let f(s) Уи олз" with radius of convergence unity. Let the coefficients a. be 
the values taken on by an analytic function a(s) at s=0, 1, · +--+. Suppose a(s) is 
analytic and single-valued with the possible exception of a pole of order К at 
infinity in an angle with vertex & 0 (non-Integral) on the axis of reals and including 
the axis of positive reals in its interior. Let the sides of this angle make angles ya 
and фз with the axis of positive reals, Then, if y 0 but otherwise arbitrarily small 
and0 << x/2, 0 Cy4« v/2,f(s) is regular in thedomain common torgexp [9 tanpi] — 
and r Serp [(9—2r) tan үз] – у for 050 «2x. A similar theorem is proved in the case 
that a(s) has an eseential singularity at infinity. If the angles yı and ұз are both 


~ 
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greater than 90° in magnitude, some theorems are proved which are closely related to 
the sufficient condition that a function defined by a Taylor series have exactly ons 
singularity in the entire complex plane. (Received September 14, 1946.) 


363. V. F. Cowling: On the form of certain entire functions. 


Let F(s) =) и. (8./9 10) 9", where the a, are integers. If F(s) is an entire function 
not a polynomial and lim sup pix log | F(re'f)| /r - p(0) <1-+cos 6 for 0:306 32x then 
F(s) =O(s)e", where Q(s) is a polynomial in s. Other theorems of a similar nature are 
proved. (Recerved September 14, 1946.) 


364. C. L. Dolph: Nonlinear integral equations of ihe Hammer- 
stein type. 


The author generalizes certain results of A. Hammerstein (Acta Math. vol, 
54 (1930)), R. Iglisch (Math. Ann. vol. 108 (1933)), and M. Golomb (Math. Zeit. 
vol. 39 (1935)) on the existence of solutions to the nonlinear integral equation 
V(x) = kls, 3)f[y, v(y) Му. A solution will exist in La if the linear operator is 
Hermitian and if f(x, y) satisfies my А Sf (x, у) Suny tA fo? large |у|, oor <ду 
<ua «№, Aw and г being the Nth and (N-+-1i)th characteristic values of the 
kernel. The proof is by the method of Leray-Schauder. The solution is unique and 
a constructive process is given for it when д/(®, y)/8y satisfies the derivative of the 
above inequality. When the kernel is poeitive-definite and f(x, y) satisfies дуу — Cy 
S2/U (s, ®)Ф Suway Сич the equation is equivalent to an Euler-Lagrange equa- 
tion of a functional over I4. Although under these conditions no a priori estimate can 
exist solely for topological reasons, the calculus of variations in the large establishes 
the existence of a solution when the associated functional possesses only опе maxi- 
mum on each linear manifold in Z4 parallel to the one spanning the origin and the 
first N characteristic functions of the kernel. (Received August 23, 1946.) 


365. W. F. Eberlein: Weak compaciness in Banach spaces. 


Let E be any Banach space and denote by Er the linear topological epace formed 
by the elements of E under the weak neighborhood topology. A set S in Er is said to 
be compact if every infmite subset of S possesses at least one limit point in Er. (As 
shown by Smulian, this type of compactness is equivalent to weak sequential com- 
pactness.) It is proved that a set Sin Er is bicompact if and only if it is closed and 
compact. This result contains a theorem previously announced by the author (cf. 
Bull. Amer. Math, Soc. Abstract 52-7-231), as well as a demonstration of the equiva- 
lence of various notions of “weak” and “topological” completeness introduced by 
others. (Received August 5, 1946.) 


366. Alfred Horn: The asymptotic behavior of solutions of systems 
of Volterra integral equations. 


Previously announced results (Bull. Amer. Math. Soc. Abstract 52-5-154) 
are extended and generalized to systems. Using capitals for s-rowed square matrices 
and lower case for vectors, consider the system w(x, y, X) eX [K (z, t, X)u(1, y, )di 
f(x, y, №), where К and f have asymptotic developments of the form J aX K', 
Joc. Suppose the characteristic roots y,(x) of K*(z, x) are distinct and not 0 
for each x in Ja, В]. Let Z be the region in which Ri(n(z)) & R10, (2) for a x SP, 
and let 21, Za be the subregions in which R1(M(x)) 50, and R1Qyi(x)) 20 respec- 
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tively. Then s has an asymptotic expansion 2 X^ F(z, y)e(z, У) Ба (жу). 


in Z, where ¢,(=, y)exp (A/}7,(s)ds), the remainder being bounded in 2: and of - 
order exp (A /7i(s)ds) in Za. The assumption у, (х) 940 is essential here and for this case 
the above theorem constitutes a generalization of С. D. Birkhoff’s theorem for sys- 
tems of differential equations. Better bounds are obtained for the subregions in which 
|y —arg Ari] 3r/2-—1, [arg Ail a*/2—5. When f is the pth column of K, ж becomes 
the pth column of the resolvent Sof К. In thiscase, g!mO,and раи - - - mgm) for 
all the columns of 5 if and only if there exist matrices 4f, Bi such that K'(x, y) 
mS A(s) B), 05157 —2. Applications are given. (Received July 29, 
1946.) 


367. W. М. Huff: On the type of ihe polynomials generated by 
f(xr)é(r). 


The polynomials у.(х) generated by g(xr)=f(x re(7)-25,»(x)* with 
f(xr) У sax (zr)*/sl and дф(т) e, br /s| are considered. Necessary aad sufficient 
conditions for the polynomials to be of A, B and C type k and of infinite type in 
accordance with the definition of Sheffer are obtained along with the explicit relations 
satisfied by the polynomials in each case. The Hermite polynomials are the only 
orthogonal polynomials of type zero among the y,(x). For polynomials of A type 1 
the differential equation and recurrence relation are found. The X(x) include no 
orthogonal polynomials of A type 2 and серне Аек 
those of Laguerre. (Recetved September 19, 1946.) 


368. К. C. James: Inner products tn normed linear ern 


Let x.y be defined as meaning ||x-++-kyl| 2||x1| forall b. If xLyimplieæ y1 +, or if 
у 1х ands | simply у4-з1 x, then the norm can be defined by an inner product 
if the space isof three or more dimensions. However, x Lyand x 1s imply xLy-+s if 
and only if the unit sphere has a tangent hyperplane at each point, It then follows 
from the relations between orthogonality and linear functionals that the norm can 
be defined by an inner product if the space is of three or more dimensions and one of 
the following conditions is satisfied: Whenever x and y are such that there is a 
nonzero linear functional f with m -) [|| and f(y) =0, then there is а nonzero 
linear functional g with еу [ell апа р(х) «0. (2) Whenever f(x) = || -Ilall 
and g(x) - llgll - lal, i-i lo a and b (not both zero) such that f(ax-1-by) 
бохь) = [lf 3-] - a mr (3) Normal projection is a linear operation if defined, 
where the normal projection of x on a linear subset L is the element #¢-L for which’ 
lx —sd| is minimum. (Received September 25, 1946.) , 


369. M. Z. Krzywoblocki: A local maximum property of the fourth 
coeficient of schischi functions. 


. Let the power series 10 = (2) = Z-+asZ?+a,2Z'-+a,Z‘+ - - - define a one-to-one 
conformal mapping of the unit circle | Z| <1 т озш ла еле и 
well known, Faber and Bieberbach proved that |a| 22. Lowner showed that 
lai] à 3. Schaeffer and Spencer gave a aecond proof that | вз 53. In the present paper 
it is shown that |a| has a local maximum for the function f(Z) e Z/(1—4*2)1 
we Z 1-24/9 23-3099 73-4499 Z- . - -, thus completing certain calculations indi- 
cated by Yoh. More precisely, the following theorem was proved: If Lowner's 
K-function has the form K(t) sot] where as is an arbitrary real constant and 
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a(t) is а real function satisfying the condition |a(/)| 31/18000, then for the cor- 
responding fourth coefficient b, ы 54. No importance should be attached to the 
value 1/18000; it can easily be replaced by a somewhat larger number merely by 
refinement of the estimates given below. It would be desirable, however, to prove the 
theorem under the weaker restriction that Salt) dt <. (Received September 12, 
1946.) | 


370. С. W. Mackey: On the domains of closed lineartransformations 
in Hilbert space. Preliminary report. 

The principal result of this paper is the following. Let # be the family of all 
closed linear subepaces of Hilbert space. Let Ў be the smallest family of linear sub- 
spaces of Hilbert space which includes ЯЙ and contains with each two subspaces A 
and B their intersection A(\B and their linear union A+B. Then а subspace is in | 
JR if and only if it is the domain of definition of a closed linear transformation. 
Furthermore, every member of # may be represented in the form (А +B)yC\(CLD) 
where A, B, C and D are members of Ў. (Received September 30, 1946.) 


371. A. P. Moree: Perfect blankets. | 


In this peper, which is to appear in Trans. Amer. Math. Soc., it is shown that a 
rather wide clase of Euclidean closed sets can be so associated with a polnt that if f 
and $ are Gay two mensures of a quite general sort then the Euclidean closed sets can 
be used in forming difference quotients f(B)/$(8) which, in the limit, determine а 
derivative almost everywhere in the sense of 4. (Received August 30, 1946.) 


372. P. V. Reichelderfer: On the dafintiton of the essential multi- 
рисйу for continuous transformations in the plane. 


Let Т: (т), we S, be a bounded continuous transformation from the set S 
in the w-plane into the's-plane. In the paper by Radó and Reichelderfer entitled 
A theory of absolutely continuous transformations in ike plane (Trans. Amer. Math. Soc. 
vol. 49 (1941) pp. 258-307) different definitions are used for the essential multiplicity 
of a point s under Tin S, according as S is a bounded finitely connected Jordan region 
or a bounded domain. The main purpose of this note is to show that their definitions 
differ merely in form by proving the following theorem: Given a bounded continuous 
transformation T:s=i(w), te D, defined on a bounded domain D in the w-plane, a 
positive number e and a point s in the s-plane, there exists a bounded continuous 
transformation T'g:z efg(s), wE D, whose distance from T on D is less than e and 
such that the number of models of s under Tin D is equal to the essential multiplicity 
of s under T in D. (Received August 7, 1946.) 


373. P. C. Rosenbloom: Entire associative jfuncitons. 


If f(s, я) is an entire function of two complex variables and f(s, f(s, ж)) 
mf (f), 1), ха), then f is one of the functions с, э, #2, 51-530, (313a) (n—23)/b 
where a, b, and c are constants and b »40. The proof depends on repeated use of Picard's 
theorem for functions of one complex variable. (Received September 30, 1946.) 


374. W. T. Scott and H. S. Wall: On the convergence and divergence 
of continued fractions. | 
The authors show that a necessary condition for the convergence of the continued 
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fraction Ki (1/5,) is that at least one of the following three statements holds: (a) 
У 6. diverges, (b) 25 | мун] diverges, where sp = аы ++ + ы (c) lim, s, 
wo, This condition, which first appeared in a theorem of Hamburger, is called 
condition (Н). In particular, they show that the continued fraction diverges if УЬ, 
$ 535,1 converge, at least one absolutely, thus extending a result of Stern and von 
Koch. The condition (H) is sufficient for convergence in the case where 53, ; "е р 15р, 
Dap = hae, 0, 50, Rey) 80, Rs) 2:25, |s| «M (8020, M50, pat, 2, - +). 
This result includes theorems of Stieltjes, Van Vleck, Hamburger and Mail. (Received 
August 19, 1946.) 


375. I. E. Segal: The group algebra of a locally compact group. 


Earlier results of the author (see Bull. Amer. Math. Soc. Abstract 46-7-366 and 
Proc. Nat. Acad. Sci. U.S.A. vol. 27 (1940) pp. 348—352) are extended and refined. 


(Received August 10, 1946.) 


376. J. E. Wilkins: The converse of a theorem of Tchaplypin on 
differential inequalities. / 
| If y(x) is a solution of the equation ЈГ. [у| ау’ ру’ – ау 900, such that 
y(x«) = ye, У'(ха) = os, and if v(x) is such that L[v] 20, v(x4) «уо, v'(x9 yé, then 
e(x) »5y(x) when x4 «xa&x provided that x is the-first zero to the right of z, of the 
solution «(x) of the equations #’’— pw’ — pm 0), (xo) «0, н(е) 1. This is a best 
poseible result in the sense that either xı does not exist or there exists a function v(x) 
satisfying the above requirements for which e(x) —y(x) vanishes at a point arbitrarily 
close to ху. (Received September 27, 1946.) 


{ 
APPLIED MATHEMATICS 


377. Н. W. Becker: Circuit algebra. 


By means of the symbols +, |, and L, any passive electrical network is represent- 
able on the linotype. They denote series, parallel, and bridge connections respectively, 
and have inverses —, _, and T, Thedefinition Ral|b —ab/(a-F-b) generates a system 
parallel to ordinary arithmetic, except that Infinity and zero exchange roles, and so 
on, hence called paranrithmetic. The number of integer solutions of this equation 
. depends only on the prime factor structure, not magnitude, of R. If Regi --- рд”, 
this number is Y4(C--1), where C, 1, C,- 2*1, and © is an expansion with general- 
ized binomial coeficients (m, v), the eum of the products of the ws 9» at a time. 
Where all the s's equal 1, this reduces to (3*--1)/2. Considered as a static structure, 
a SP network is collapsible. Rigidity is imparted by bridge connections, or trusses. 
The elementary model is the Wheatstone bridge (a:-+-a1){|(bi-+0:) 1.8 = [(a:+a1) 
* (b -F53)8 +a +53) + (а 4-22) baba | / [(а-++@+Һ-+Ь)8+ ath) (а-а) ]. In this 
algebra, sharting or an operand effects remarkable transformations amongst 
the operators; as, (2a:4-24)| (bi--53) L0 e ai] bi --al| bs. In general, 1 connections are 
. specified by subscripts at the pluses involved. Thus the network whose components 
are the edges of a cubic lattice energized at two opposite vertices is [(2:--123)|| (h+) 
-a3]|| [ert (o 7329 || (Ф--эй) L8, 8%. By а method of combinatory synthesis, the total 
and transfer conductances are then formulated, alternatively to the Kirchhoff 
method, (Received September 9, 1946.) 


\ 
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378. Herman Chernoff: A note on the inversion of power series. 


The author presents a method of calculating the coefficients of the inverse of a 
given power series: This method has the advantage of being compact, requiring only 
one page for calculations, of being systematic, and of not requiring the substitution 
in complicated formulae. In fact the only operations are cumulative multiplications 
and only occasional divisions. The method can be extended to many problems of 
calculations in power series, (Received August 10, 1946.) 


379. К. E. Gaskell: An extension of the finsie Fourser iransforma- 
ion. 

Applications of the finite Fourier transformation (see R. V. Churchill, Modern 
operational mathematics in engineering, p. 267) are limited to problems involving 
special linear differential operators, 2,22% /0х4, where the coefficients; а, do not 
involve the independent variable, x. Further, the boundary conditions used must be 
of a special form. A more general transformation which can be used in problems in- 
volving any linear differential operator, L, of order r, is introduced. The transforma- 
tion is defined by T {Е} m fip, Fdi, where үм ів a solution of the equation Ту) = Xv, 
involving the adjoint operator. The transformation can be inverted with the help of 
фм, а solution of І(ф) = Xt. The homogeneous end conditions Ф, = 0 for фа are taken 
from the boundary conditions of the problem, those for y, are determined so that the 
bilinear concomitant has the special form У ytst. An elementary example re- 
quiring the steady state temperature in a thick-walled cylindrical tube of finite length, 
with radiation at one end, serves to illustrate the more e general transformation. 
(Received September 3, 1946.) 


380. H. E. Goheen: A bound for the error in computing the Bessel 
functions of the first kind by recurrence. 


A method is determined for obtaining a close upper bound to the absolute value 
of the error in the computation of Js(x), the Bessel function of the first kind, the 
method of computation assumed being the obvious one of using the recurrence rela- 
tion on approximate values of J,(x) and Ji(x). It is shown that while in general 
the absolute value of the error increases without limit, it is less than an easily de- 
termined function of s, x and an upper bound to the absolute values of the errors in 
Jo(x) and Ji(x). (Received September 16, 1946.) 


381. Harry Polachek and К. J. Seeger: On the existence of solutions 
for three-shock Prandil- Meyer configurations in the case of weak re- 
flected shocks. 

Simple analytical expressions are obtained for three-ahock Prandtl-Meyer con- 
figurations for the case where the pressure ratio acroes the reflected shock £' ap- 
proaches unity. For the presence of Prandtl-Meyer waves in the regions between 
(a) the reflected shock and the density discontinuity and (b) the incident and re- 
flected shocks, these expressions are identical. By means of this expression, a theorem 
concerning the existence of Prandtl-Meyer waves in the above regions is derived. 
The w £ plane (defined as the angle between the direction of material flow and the 
incident shock, and the pressure ratio across the incident shock, respectively) is di- 
vided into four regions by the curves f= 0 and g —f m0, where g and f are known func- 
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tions of w and Ё. In one of these regions no solutions are possible, while two of these 
regions contain solutions only for case (a) above, and one region contains solutions 
only for case (b). (Received September 16, 1946.) 


382. К. C. Roberts: On the isft of a triangular ung at supersonic 
speeds. 


In a recent paper (Quarterly of Applied Mathematics vol. 4 (1946)) H. J. Stewart 
has found the lift on a flat plate wing, where the plan form of the wing is an isoeceles 
triangle whose base is perpendicular to the free stream flow, and the wing lies entirely 
within the Mach cone through the vertex opposite to the base. In the present paper, 
the author has extended the method to the case where the plan form of the wing is 
any triangle under similar conditions. The result obtained shows that the slope 
dCr/da of the lift coefficient curve is (2x8/[|E(&^) (M3—1)23] { (6-1) /2А} 3. In 
this formula, M is the Mach number of the free stream, E(k’) is the complete elliptic 
integral of the second kind with modulus д’ (1—k*)*, b; and f are related to the 
angles ол, оң between the perpendicular to the base and the sides of the triangle by 
the formulae b -(M*—1)V? tan о, kym (M1!—1)U* tan c, and he [1--Ài — ((1 
—k)(1—x)13]/0--). When kis the result reduces to the formula dCr/da 
m 2x tan w/ E(À^), obtained by Stewart. (Received September 18, 1946.) 


383. H. E. Salzer: An alternative definsison of reciprocal differences. 

In place of Thiele’s reciprocal difference p,(xi* * + хат.) which has the ad- 
vantage of symmetry in the q'a, a new definition for the sath reciprocal difference is 
employed, namely Pa(tajit%e • • - 21) mtpa(ti > ++ teTey)—pea(ti * + teeta). Al- 
though nonsymmetric in the x;'s, PL(xe4ixa * - + x1) is generated by a simpler recursion 
formula than the pa(zi * * * 342441) and enables Thiele’s continued fraction interpola- 
tion formula to be expressed in a more concise and natural form. Both these properties 
lead to a saving of numerical work. The proof that the reciprocal difference (new defi- 
: nition) of a certain order of a rational function 4s constant is shown to be more direct 
than the proof of the same statement for Thiele’s reciprocal differences. This new 
definition is also applied to the completely confluent case, where all the z;'s approach 
х. (Received September 7, 1946.) 


384. H. E. Salzer: Tables for facilitating the use of Chebyshev' s 
quadrature formula. 


Chebyshev’s s-point quadrature formula / 17 (ж) 4з = (2/и)5 9 f(s) +R, where 
ж are the тегов of T.(3) polynomial part of s*exp (—м/2 : 303 —1/4-5s$— ---), 
has the advantage of being equally weighted, but the disadvantage that the s;'s are 
irregularly spaced. For a partial check on all the f(s) taken ther, coefficients 
Р“ are given to obtain the (s —1)th divided difference авг f(s), for ж = 3(1)7, 
9, iai. 2, ** *,*» mostly to 95. The calculations on р were checked by the rela- 
tions D? = p'* н, % odd, and DP = р, even, und by dae исан Dee ol 
the checkins аена р® especially t tke larger &'s, is more likely to detect an 
Өе neater do tha central Ja). Also (oc the ume range of @ and j the zeros ol the 
polynomials Т,(ж) are given to 10D, extending all previous calculations. Since 
Chebyshev's formula ів of practical use only when the zeros of Ta(s) are all real, an 
investigation showed that Т.(х) does not have all real roots for m=11 through 15 
(1-8 and 10 already noted'in the literature) and raises the interesting question 
whether T,(s) has all real roots for any #>15. The exact expressions for Т„(#) are 
given for ж = 1(1)12. (Received September 12, 1946.) 
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385. S. A. Schaaf: A cylinder cooling problem. 


The temperature distribution 18 obtained for a heat conducting region consisting 
of an infinitely long cylinder 057 «a initially at temperature Ts, immersed in an 
infinite medium f >a composed of a different substance initially at zero temperature, 
with a contact resistance condition at the Interface r =a. The Laplace transform is 
used and, in inverting, itis necessary to show that D(s) = J¢ (as) X «(Bs) —AIo(as) Ke (As) 
—из1$ (ax) Ko (Bs), where Ie(s) and Ke(s) are Beseel functions and a, 6, ^ and и are 
positive real numbers, does not vanish for larg s| 3x/2. This is done by considering 
the integral of D'(s)/D(s) around a contour consisting of two semicircular arcs 
[s| = К, К, and the segments of the imaginary axis joining them. (Received Septem- 
ber 26, 1946.) á 


386. Fred Supnick: Cooperative phenomena. I. Structure of the 
linear Ising model. 


The partition function f(T) (the physical term) plays an important part in the 
theory of crystal statistics (cf. C. Н. Wannler, Review of Modern Physics (1945) pp. 
50—60). Let the set of spins ж, · - - , м. each capable of two orientations be character- 
ized by w= -4+1 or m= —1, and arranged in cyclic order. It is assumed that only 
adjacent elements interact. To evaluate f(T) the interaction energy E must be found. 
E involves the calculation of Zw г үну where муш, All spin distributions 
are considered in evaluating f(T). The author calls Z the interaction constant of the 
spin distribution. Now, let 2, be any integer with | z| Sn. In this paper the set of all 
possible spin distributions with interaction constants equal to Zy is determined. A 
method is given for constructing each spin distribution with Z= Z,. Results involving 
the number of spin distributions with the same interaction constant are obtained. 
Both cyclic and non-cyclic cases are considered. (Received September 28, 1946.) 


(GEOMETRY 


387. Germán Ancochea: Zarssks's proof of the theorem of Bertsns- 
Enriques in the case of an arbitrary ground field. 


Zariski (Trans. Amer. Math. Soc. vol. 50 (1941)) gave a new proof of the theorem 
of Bertini-Enriques on reducible linear systems of V, ;'s on an algebraic V,, by con- 
sidering this theorem in a larger sense than the customary since irrational pencils are 
also included. The proof, given for the case of ground fields of characteristic rero, is 
based on several lemmas concerning the behavior, with respect to irreducibility, of an 
algebraic variety under ground field extensions. Most of these lemmas have been 
extended by Chevalley to the case of arbitrary ground fields (Trans. Amer. Math. 
Soc. vol. 55 (1944)). In the present paper the theorem of Bertini-Enriques, in the 
sense of Zariski, ів extended to ground fields of characteristic py»40. The auxiliary 
lemmas are reconsidered from a different standpoint than that of Chevalley, by using 
the Chow-van der Waerden concept oí an associated form of an algebraic variety. It 
also has been found necessary to, incorporate in Zariski's defmition of an irreducible 
pencil on V, the extra requirement that the field of functions on V be separably gen- 
erated over the ground field. With these changes the theorem. of Bertini-Enriques ів 
proved essentially as in Zariski’s paper, provided that the ground field be an infinite 
field for the case of linear systems. (Received August 2, 1946.) 
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388. John DeCicco: Constrained motion upon a surface under а 
generalised field of force. 

Some theorems are given concerning the trajectories of a particle moving in a 
given smooth surface 5 when acted upon only by a generalized field of force. Kasner 
has developed the differential geometry of the dynamical trajectories of general posi- 
tional fields of force on a plane, in space, and on a surface, in his Princeton Col- 
loquium Lectures. Recently Kasner and DeCicco have introduced the concept of gen- 
eralized (anistropic) fields of force which depend not only upon the position of the. 
paint but also upon the direction through the point. After discussing the differential 
equation of third order defining generalized dynamical trajectories on the stirface 
I, the œ?! lines of force and the «©? rest trajectories are compared. A formula for the 
ratio p of the departure of the rest trajectory to that of the line of force at the initial 
point is obtained. In the poeltional case, Kasner proved that p=1/3. The new 
formula involves the anguler rate and is similar to the one obtained for the plane in 
the Transactions paper of 1943. (Received September 27, 1946.) 


389. John DeCicco: Unton-preserving transformations of higher 
surface elements. 

Transformations in space from differential surface-elements of order я: 
(2, у, з, fin Pus coi Phe 77, Фон) Where фу „у = д=в/дйду= ? for jm 0, 1, 2, 

-, mand w=1,2,--+-, n, into planar-elements (X, Y, Z, P, О) are studied. It is 
shown that the union-preserving ‘transformations are defmed by a single directrix 
equation of the form Q(X, Y, Z, x, y, s, ptm +) =0, where ј 0, 1, 2, --- , m and 
1,2, ---, n—1, or by a pair or triplet of euch directrix equations. It is noticed 
that directrix equations contain partial derivatives of s with respect to x and y, of 
orders up to and mcluding #—1, but not s. For я 1, this result coincides with. the 
theorem of Lie concerning contact transformations of planar-elements. Finally it is 
proved that the only available union-preserving transformations in the whole domain 
of surface-elements are, first, Lie's group of contact transformations and, second, the 
author's set of union-preserving transformations from surface-elements of order s» 
into planar-elements, together with the extensions of these two types. Union-preserv- 
ing transformations of curve-elements of higher order have peen studied by Kasner 
and the author. (Received August 15, 1946.) 


390. Edison Greer and P. О. Bell: A study of analytic surfaces by 
means of a projective theory of envelopes. 

A new formulation of a projective theory of envelopes for the study of algebraic 
surfaces which are covariantly related to an analytic surface S at a point P, has been 
recently developed (Trans. Amer. Math. Soc. vol. 60 (1946) pp. 22-50). The present 
paper applies this theory of envelopes to investigate relationships of covariantly de- 
termined quadrics having contact of the second order with S at P, with systema of 
curves on the surface. A characteristic curve ia determined on each quadric Q at 
each point P, of a curve Cy of S. The cone which contains this characteristic curve 
and has ав its vertex the paint P, is introduced as the characteristic cons (3, of Q with 
respect lo Cy at P,. The geometric interrelations of the cone (*y, the quadric 0, and the 
curve Cy with respect to the surface 5 are investigated. By subjecting two of these 
entities to certain geometric restrictions, properties of the third are determined. The 
principal results thus obtained are geometric characterizations of significant families 
of quadrics, systems. оё hypergeodesics, the canonice! pencil, projective curvatures of 
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a curve О, the general transformation of Cech, the curves of Darboux and Segre, 
and a class of generalized pangeodesics. (Recerved September 9, 1946.) 


391. Walter Prenowitz: Characterization ы the laiisce of convex seis 
of a descriptive geometry. 

Іл, the lattice of convex sets of a descriptive PEE КИЕ з 
that of the linear spaces of a projective geometry, are characterized simultaneously. 
The geometries are of arbitrary dimension greater than 1. A new lattice concept . 
 knear dependence of a point on а sequence of points is Introduced and used to define 
closed element as one which contains, with any sequence of points, all linearly de- 
pendent points. A generalization of modularity involving “closed element” is a com- 
mon property of Lı and L4 Garrett Birkhoéf’s characterization of Га in the finite- 
dimensional case is deducible from the results. The simultaneous treatment of Гл and 
І is based on axiomatizations of descriptive and projective geometry in terms of 
point and “order” which differ only in a single postulate. (Received September 28, 
1946.) 


392. Alice T. Schafer: T Be nesghborhood of an undulation point on 


а space curve. 

This paper employs the methods of projective differential geometry to study the 
neighborhood of an undulation point on an analytic space curve. By a suitable choice 
of the projective coordinate system, canonical power-series expansions representing 
the curve in the neighborhood of the undulation point are deduced. These expansions 
are then used to study properties of the curve in the neighborhood of the point, with 
perticular emphasis placed on oeculants of the curve, projections of the curve onto 
the faces of the tetrahedron of reference, and sections of the tangent developable of 
the curve made by faces of the tetrahedron of reference. (Received September 28, 
1946.) 


393. Oscar Zariski: The concep} of a simple point of an abstract 
algebraic vartety. 

Let V and W be irreducible algebraic varieties over an arbitrary ground field x, 
of dimension respectively r and р, WC V. If m is the maximal ideal in the quotient 
rmg o of W then the ring m/m?, regarded вв a vector space over the field o/m, is of 
dimension not less than r—p. If the dimension is exactly r—p, W is said to be simple 
for V. In the first part of the paper this general concept of a simple W is studied by 
purely local methods. In the second part the global theory is developed. Here the 
main result is a general Jacobian criterion for simple loci, which reduces to the classical 
one whenever x is either of characteristic zero or ia a perfect field of characteristic 
p»«0. This general criterion implies that the singular manifold of V is always an 
algebraic proper subvariety of V. An absolutely simple W is defined by the condition 
that it remain simple under any extension of the ground field. Criteria for an ab- 
eolutely simple W are: (1) the ordinary Jacobian criterion of the classical case; (2) 
V is locally, at W, analytically eqivalent to a linear S~ (Received August 22, 1946.) 


ҳ 


LOGIC AND FOUNDATIONS 
394. E. L. Post: Recursive unsolvabslsty of a problem of Thue. 
Thue’s problem (Skrifter utgit av Videnskapeselskapet i Kristiania 1914. I. 
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Matematisk-Naturvidenskabelig Klasse, no. 10) may be restated as follows. Given 
an arbitrary finite set of symbols, with A's and B's arbitrarily given strings (zeichen- 
reihen) involving no other symbols than thoee in the given set, P and Q operational 
variables, to determine whether В is an aseertion in the system with initial assertion 
A and operations P A) produces Р B,Q, P B,Q produces P AsQ, $—1, 2,°°°, n. 
Through the intermediary of the Turing machine, a known recursively unsolvable 
decision problem is reduced to the decision problem of a system with initial aseertion 
A’ and operations Р А, Q produces Р В; Q, 11,2, · + · u’, having the property that 
the set of assertions of the system is unchanged when the system is transformed into 
Thue type by adding the inverse operations P B{Q produces P А Q. The recursive 
unsolvability of the problem of Thue easily follows. (Received September 20, 1946.) 


STATISTICS AND PROBABILITY 


395. H. W. Becker: Rooks and rhymes. 


Kaplansky and Riordan have shown that Rr-u or the number of ways of putting 
¢ non-attacking rooks on a right-angled isosceles triangle of side r—1, is the Stirling 
number A*^*0*/(r —c)L. This is the number of selections of c points on such a chess 
board, such that none have any row or column index in common, an idea incidental 
to various statistical problems. The point sets are well ordered, in 1-to-1 correspond- 
ence with the sequations (rhyme schemes) and distribution cycles. Further classifica- 
tions (OR,, *R,,  R,, and (oR, are formulated in terms of rhyme functions according 
to: row location of topmost rook; number of rooks in the principal diagonal; column 
vacancies; and column location of the bottom rook. A typical isomorphism is «R, is 
equal to the R, with cth column empty is equal to the number of distributions of r-+1 
men into crews, such that one man isincompatible with, and must be segregated from, 
r—c other men. (Received July 24, 1946.) 


396. Nilan Norris: An extension of an equalsiy among averages. 


A classic theorem of algbra states that if A, G, and H are respectively the 
arithmetic, geometric, and harmonic means of two positive real numbers, then 
` @ m AH. In this paper proof is given that a sufficient condition for the extension of 
this equality to any и positive numbers is that the logarithms of the variates be 
symmetrically distributed about an axis of ordinates at log G of the s numbers. For 
samples and populations obeying the symmetry condition with respect to log G, the 
theorem is extended to an unlimited number of averages as yielded by certain 
sample and integral forms of general means (generalized means value functions). (Cf. 
an unpublished mafuacript of J. B. Canning, A theorem concerning a certain family 
of averages of a certain iype of frequency distribution.) (Received August 15, 1946.) 


‘TOPOLOGY 


397. Salomon Bochner and Deane Montgomery: Groups on 
analytic manifolds. 


This paper studies the nature of complex and real Lle groupe acting on certain 
complex or real manifolds in the large. For example, it proves that the group of all 
complex anelytic homeomorphisms of a compact complex manifold is a complex Lie . 
group. (Received September 20, 1946.) 


x 
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398. C. H. Dowker: An extension of Alexandrof's mapping 
theorem. 


A continuous mapping of a space into the nerve of an open covering is called 
canonical if the Inverse image of the star of each vertex of the nerve is contained in the 
open set which corresponds to that vertex. An existence theorem for such mappings 
was proved by Р. Alexandroff (Ann. of Math. (2) vol. 30 (1928) р. 121) and extended 
by S. Lefschetz (Topics in topology, Princeton, 1942, pp. 35-49). Another extension is 
the following: A normal space has a canonical Mapping into the naturally topologized 
nerve of a covering if and only if the covering has a neighborhood-finite refinement. 
Consequently, a space has a canonical mapping into the naturally topologized nerve of 
every covering if and only if the space is paracompact and normal. The proof depends 
on showing that every complex with natural topology is a paracompact space. (Re- 
ceived October 1, 1946,) - 


399. Samuel Eilenberg and Saunders MacLane: Determination of 
the second homology and cohomology groups of a space di means of 
homotopy 1nvartanis. / 


The homotopy invariants of a topological space X include the fundamental 
group жү, the second homotopy group ту, and the fashion in which жу operates on rs 
А new invariant # of the space X is introduced as а 3-dimensional (algebraic) co- 
homology clase of жү with coefficients in яз. By using this additional invariant, the 
second cohomology groups of the space can be constructed algebraically from +; and 
т. This includes the known determination of the subgroup of spherical annihilators 
as the second (algebraic) cohomology group of жү. The homology groups are obtained 
by duality. If #=0, then the spherical subgroup of the homology group is a direct 
summand of the whole group. (Received August 23, 1946.) 


400. Ky Fan: On partially ordered additive groups of continuous 
funcisons. 


The totality C(Q) of all real bounded ‘continuous functions defined on a topo- 
logical space Q may be regarded as a partially ordered additive group (p.o.a.g.). Ап 
ideal space" = is constructed from the p.o.a.g. C(Q). If Q is a compact Hausdorff 
space, Q and % are homeomorphic. This provides a simple proof of the following 
theorem due to S. Kakutani (Ann. of Math. vol. 42 (1941) р. 1008), M. Krein and 
S. Krein (Rec. Math. (Mat. Sbornik) N.S. vol. 13 (1943) p. 25): If Q and O* are two 
compact Hausdorff spaces (or if they are completely regular and satisfy the first count- 
ability axiom), О and Q* are homeomorphic if and only if C(Q) and С(0*) are iso- 
morphic as p.o.a.g. More precisely, the general form of the isomorphisms (in the sense 
of p.o.a.g.) between C(Q) and С(@*) is obtained. For any topological space Q, to every 
"order-presersing direct sum decomposition” of the p.o.a.g. C(Q) into two proper mub- 
groups, there corresponds a decomposition of Q into two disjoint closed proper sub- 
sets. A characterization of the dimension of a compact metric space Q in terms of 
properties of the p.o.a.g. C(Q) is also given. (Received September 16, 1946.) 


401. R. H. Fox: On a problem of S. Ulam concerning Cartestan 
products. — 


Let A be the Cartesian product of a line segment with the bounded 3-dimensional 
manifold which is obtained fram the lens-space (5, 1) by removing a small 3-cell, and 
Y 
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denote by В the bounded 4-dimensional manifold which is similarly obtained from 
the lens-space (5, 2). It can be shown that A and B are not homeomorphic and that 
А XA is homeomorphic to В ХВ. This answers in the negative a question proposed 
by S. Ulam (Fund. Math. vol. 20 (1933)). (Recetved September 24, 1946.) 


402. S. T. Hu: On extension of homotopy. 


А closed subset X, of a topological space X is said to have the abeolute homotopy 
extension property AHEP if, for an arbitrary topological space Y, every partial 
homotopy fi(X«)C Y of an arbitrary mapping fs(X)C_ Y has an extension ff(X)C Y 
such that fè e fs. It is well known that X4 has the AHEP in X if X is a polyhedron 
and Xo a subpolyhedron (Alexandrofi-Hopf, p. 501). The author gives several gen- 
eralizations of this well known fact. (1) If Xeand X are compact ANR, then Хе has 
the AHEP in X. (2) If T «(X X0)-F(X«X1I) isan ANR, then X, has the AHEP in 
X. (3) If X is a compact ANR, then X4 has the AHEP in X if and only if T ia an 
ANR. The span s(f;, X) of a homotopy f(X)C Y over X is defined to be the least 
upper bound of р(ў, (2), fu(x)) for all xC X and 0t «& S1. For each «>0, every 
partial homotopy f(X) Y of an arbitrary mapping fs(X)C_Y has an extension 
ff (X)C. У such that fë јо and s(ff, X) 5707, Хе) е provided that either of the 
followmg conditions is satisfied: (i) Y is an АМЕ and X a normal space; (il) Y isa 
metric space and X, X4, are compact ANR. (Received August 29, 1946.) 


403. Deane Montgomery: A theorem on locally euchdean groups. 


It is proved that if G is a locally euclidean, connected, simply connected topo- 
logical group of dimension я greater than one, then G contains a closed subgroup of 
dimension greater than zero and lesa than я. Received Augus, 10, 1946.) 


404. S. B. Myers: Banach spaces of continuous funcisons. 


If B is a Banach space, let T denote any maximal subset of B with the property 
that, for any finite subset (fy ++, А), II ad] e l4ll, and let Fr be the functional 
Fr(b) РАТИ 140). If X is a topological space, B(X) will denote the space of 
all real bounded continuous functions on X. A subset EC B(X) is completely regular 
over X if foreach closed set CC X and point xCC «X — C, there exists (CE such that 
nid supsccclb(x)| < |||. The following two theorems are the main results of 

this paper, the first being a generalization of the Banach-Stone theorem, and the 
second а characterizatian of the space of continuous functions, I. If X1, Хз are com- 
pact, and if a closed, completely regular, linear subspace of B(X) is equivalent to such 
а subspace o£ B(X3), then X, is homeomorphic to Xs. П. A Banach space is equiva- 
s to Anis id eun ү d X if and only if the following conditions are satisfied: 

teins an element e such that every bE B satisfies either 
Were cl Fi m or - [lb d И +1, (с) for every В there exists b’CB such that for 
all Fr for which Fr(s)=1, Fr(b’) = | Fe(b)|. (Received September 27, 1946.) 


405. Everett Pitcher: Cretical potmi inequalsises for a nondegenerate 
functional. 

A simplified proof is presented of the inequalities of Morse for the case of a positive 
regular integral of the calculus of variations on cirves joining two fixed points on a 
manifold in the nondegenerate case for which the two points are conjugate on no ex- 
tremal. Noteworthy features are the use of singular homology, the avoidance of double 
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neighborhood definitions and techniques and of the concept of upper reducibility and 
the construction of deformations which carry cycles to their inferior limits. If J, de- 
notes the set of curves for which J «cand if g is an extremal on which J=c, then the 
extremal is characterized by the relative homology groups H,(J, VJ g mod J,). The 
method is related to ideas in the last section of a paper by Morse on functional 
topology (Ann. of Math. vol. 38 (1937) pp. 386-449). Received September 28, 1946.) 


406. Everett Pitcher: Exact homomorphism sequences for a nest of 
three spaces. | 


The basic construction of an exact homomorphism sequence is set up for relative 
homology theory of a nest of three chain complexes and for a nest of three вебе іп the 
singular and Cech theories. The duality on homology and cohomology sequences is 
set up in the abstract form and carried over to the two applications. Relative manifold 
duality is discussed, the duality being between a sequence of relative Cech homology 
groups for a nest consisting of a manifold and two closed subsets and a sequence of 
singular homology groups on complementary subsets in complementary dimensions. 
The work is an extension of a paper with J. L. Kelley titled Krad homomorphism 
sequences in homology theory and announced in’ Bull. Amer. Math. Soc. Abstracts 
§2-1-49 and 52-5-209. It is related to the construction of the exact sequence on rele- 
tive homology groupe of three sets as a theorem in the axiomatic homology theory of 
Wienberg and Steenrod and to the abstract developments of Mayer. (Received Sep- 
tember 28, 1946.) 


407. Fred Supnick: On the problem of Тай. Preliminary report. 


Let an alternating chain of marks, --'s and —'s, be associated with all the ver- 
tices af a polygon, except two which are adjacent. Let some two adjacent marks be 
transformed in a sense preserving manner along the polygon, to the blank spaces. 
The problem of Tait deals with the number of such transformations which are needed 
to separate the 4-'s from the —'s (with different signs adjacent to the blank spaces). 
This problem has been solved by Н. Dellanoy (cf. W. Ahrens, Mathematische Unter- 
haliwngen und Spiele, vol. 1, p. 19). In this paper the author studies the above problem 
subject to the restriction that the pair of marks which ars moved in ack transformation 
must bs diferent. The number of transformations required to achieve seperation 
becomes a function of the number of blank spaces. Formulas are obtained for the 
least number of blank spaces for which a separation is possible, and for the least num- 
ber of steps in which the separation can be effected. A method is given for effecting 
this separation. It is also noted that these problems of Tait might be interpreted as 
problems of cooperative phenomena where the marks are considered as spins. (Re- 
ceived September 28, 1946.) 


NEW PUBLICATIONS 
Buisa, G. A. Lectures on the calculus of variations, University of Chicago Press, 
1946. 94-296 рр. $5.00. 
BRITISH ASSOCIATION FOR THE ADVANCEMENT OF SCIENCE. Mathematical Tables. 
Cambridge University Press, 1946. 
PurtvpuHie А Неге рушан ey oa: Comrie. 42 pp. 
. 8s 6d. 
Part-volume В. The Airy integral, giving tables of solutions of the differ- 
ential equation y” «xy. Prepared by J. C. P. Miller. 56 pp. 10s. 
Auxiliary tables. I. Coefficients in the modified Everett interpolation form- 
ula. 6d. 
Auxillary tables. i. "Table for interpolation with reduced derivatives. Co- 
eficients for function and for first derivative. 6d. 


Свлмёв, Н. Mathematical méthods of statistics, Uppeala, Almqvist and Wiksells, а 


1945; Princeton University Press, 1946. (Princeton Mathematical Series, no. 9.) 
164-575 pp. $6.00. 
DavaL, R., and GuiLBAUD, С. T. Le raisonnement mathématique. Paris, Vive, 
Paol Prance. 1945. 152 pp. 40 fr. | 
FLETCHER, A., Мила», J. C. P., and Кояимнвар, L. An index of mathematical 
tables. London, Scientific Computing Service; New York, McGraw-Hill, 1946. 
84-451 pp. $16.00. | 
GUILBAUD, G. T. See DxvaL, К. 
GROSREY, A. Éléments de calcul infinitésimal. Paris, Gauthier-Villars, 1945, 192 2 рр. 
280 fr. | 
- HACHTROUDI, Si Tos раган попала Universes de Таа 1945. 83 pp. 
KEzRICH, J. E. An experimental introduction to the theory of probability. Copen- 
hagen, Munksgaard, 1946, 98 pp. 8.50 Dan. cr. 
LzrscHETI, S. Lectures on differential equations. Princeton University Press; Lon- 
don, Humphrey Milford, Oxford University Press, 1946. (Annals of Mathe- 
matics Studies, по, 14.) 84-210 pp. $3.00. - E 
Милки, G. A. Collected works, Vol. 3 ‚ Urbana, University of Illinois Press, 1946, 499 


рр. 

Murr, J. C. P. See FLESCHER, A. i 

БовкинкАр, 1. See FLeETCHÉR, А. 

Tables of fractional powers. Prepared by Mathematical Tables Project, National Bu- 
resu of Standards. Меж York, Columbia University Press, jets Ven ш 
$7.50. 
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REPRESENTATIVES AND COMMITTEES 
OF THE SOCIETY 
of the Society in the Division of Physical Sclences of the 
National Research Council: . 


1944-1945-—Marston Morse, М. H. Stone, Warren Weaver. 

1945-1946—A. B. Coble, С. A. Hedlund, Saunders MacLane, Marston Morse, 
Oswald Veblen, Warren Weaver. 

1946-1947—A. B. Coble, Saunders MacLane, John von Neumann, М. Н. Stone, 

l Oswald Veblen, Warren Weaver. | 

1947—1948—R. V. Churchill, M. R. Hestenes, Saunders MacLane, John уоп Neu- 

mann, M. H. Stone, Oswald Veblen. 
Representatives on the Council of the American Association for the Advancement 
of Sclence: 


1945—R. P. Agnew, M. R: Hestenes, 
1946—Philip Franklin, C. V. Newsom. 
1947— Solomon Lefschetz, С. T. Whyburn. 


Representatives on the Editorial Board of the Annals of Mathematica: 
K. O. Friedrichs, Norman Levinson, R. L. Wilder. | 

Representatives on the Editorial Board of the Duke Mathematical Journal: 
F. J. Murray, Morgan Ward. 

Representative on the American Year Book: 
С. T. Whyburn. ! 


Liaison Officer in Connection with Editorial Management of Quarterly of Applied 
Mathematics: 


Einar Hille. * 
Colloquinm Speakers: 

1944—Finar Hille. 1946—Hassler Whitney. 

1945—-Tibor Rado. 1947—Oscar Zariaki. 


Committee to Select Gibbs Lecturers for 1946 and 1947: 
L. M. Graves (Chairman), G. A. Hedlund, S. S. Wilka. 


Gibbs Lecturers: . 
1923—M. I. Pupin. 1930—E. B. Wilson, . 1939— Theodore von Kármán. 
1924—Robert Henderson. 1931—P. W. Bridgman. 1941—Sewall Wright. 
1925—James Pierpont, 1932—R. С, Tolman. 1943—Harry Bateman. 


1926—H. B. Williams. 1934—Albe:t Einstein. — 1944— John von Neumann. 
1927—E. W. Brown. 1935—Vannevar Bush. 1945—]. C. Slater. 

1928—G. H. Hardy. 1936—Н. N. Russell,  1946—Subrahmanyan 
1929—Irving Fisher. 1937—C. A. Kraus. Chandrasekhar. 


Committee on Society Visiting Lectureship: 
Hassler Whitney (Chairman), К. G. D. Richardson, Norbert Wiener. 
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Visiting Lecturers: 
1927-1928—Constantin Carathéodory, University of Munich. 
1928-19209— Hermann Weyl, Zurich Technical School. 
1929-1930—Enrico Bompiani, University of Rome. 
1930—1931— Wilhelm Blaschke, University of Hamburg. 
1931—1932—R. L. Moore, University of Texas. 
1936-1937— Thirjkkannspuram Vijayaraghavan, University of Dacca. 
Auditors for 1946: 
T. F. Cope, A. E. Meder, Jr. 
Committee on Publication of Moore Manuscript: 


R. W. Barnard, E. W. Chittenden, L. M. Graves, T. H. Hildebrandt, M. H. Ingraham. 


Committee on Use of Interest of Special Funds: x 

T. H. Hildebrandt (Chairman), Arnold Dresden, W. B. Fite, J. L. Walsh, Anna Pell- 
Wheeler. 
Cammittee on Role of Society in Mathematical Publication: 

R. L. Wilder (Chairman), Garrett Birkhoff, С. C. Evans, J. К. Kline, В. E. Langer, 
F. D. Murnaghan. 
Committee on Printing Contracts: 

R. M. Foster (Chairman), M. H. Ingraham, J. M. Thomas. 


Committee on Publicity: 
R. M. Foster (Chairman), J. B. Rosser, J. M. Thompson, К. J. Walker. 


Committees to Select Hour Speakers: 


For Annual and Summer Meetings: J. К. Kline, К. Р. Agnew, С. С. MacDuffee. 
For Eastern Sectional Meetings: T. R. Hollcroft, Oystein Ore, A. W. Tucker. 

For Western Sectional Meetings: К. H. Bruck, Tibor Rado, N. E. Steenrod. 

For Far Western Sectional Meetings: A. C. Schaeffer, D. H. Lehmer, Morgan Ward. 


Committee on Places of Meetings: 
C. R. Adams (Chairman), G. B. Price, W. T. Reid. 


Policy Committee for Mathematics: 


Representatives of American Mathematical Society: G. C. Evans, T. H. Hildebrandt, 
Marston Morse, M. H. Stone (Chairman). f 

Representative of Association for Symbolic Logic: Alonzo Church. 

Representative of Institute of Mathematical Statistics: William Feller. 


Emergency Executive Committee of the International Congress of Mathe- 
inaticians: 


Marston Morse (Chairman), T. H. Hildebrandt, Einar Hille, M. H. Ingraham, J. R. 
Kline, R. G. D. Richardson, M. H. Stone, D. V. Widder. 
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FORMER PRESIDENTS 


J. Н. Van Amringe, 1889-1890. Frank Morley, 1919-1920. 
Emory McClintock, 1891-1894. С. A. Bliss, 1921-1922, 

С. W. Hill, 1895-1896. Oswald Veblen, 1923-1924. 
Simon Newcomb, 1897-1898. G. D. Birkhoff, 1925—1926. 
К. S. Woodward, 1899-1900. . Virgil Snyder, 1927—1928. 
E. H. Moore, 1901-1902. ' E. В. Hedrick, 1929-1930. 
T. S. Fiske, 1903—1904, L. P. Eisenhart, 1931—1932. 
W. F. Osgood, 1905-1906. | А. В, Coble, 1933—1934. 

Н. S. White, 1907—1908. Solomon Lefschetz, 1935—1936. 
Maxime Bócher, 1909-1910. R. L. Moore, 1937--1938. . 
H. B. Fine, 1911—1912. . . С. C. Evans, 1939-1940. 

E. B. Van Vleck, 1913-1914. Marston Morse, 1941-1942. 
E. W. Brown, 1915-1916. М. H. Stone, 1943-1944. 


L. E. Dickson, 1917-1918, 


ENDOWMENT FUND 


In 1523 an Кайл Fund wan collected о пеге нер demandson the 
Society's publication program caused by the ever increasing number of important 
mathematical memoirs. Of this fund, which now amounts to some $71,000, a consid- 
erable proportion was contributed by members of the Society. Under the terms of the 
will of the late Robert Henderson, for many years a Trustee of the Society, the Society 
receives approximately $4,000 yearly. Upon the death of the other legatees, the So- 
ciety will receive the entire principal of the estate for its Endowment Fund. 


SPECIAL FUNDS 
The Bócher Memorial РНте. 

This prize was founded in memory of Professor Maxime Bécher. It is awarded 
every five years for a notable research memoir in analysis which has appeared during 
the preceding five years in a recognized journal published in the United States or 
Canada; the recipient must be a member of the Society, and not more than fifty years 
old at the time of publication of his memoir. 


First (Preliminary) Award, 1923: To G. D. Birkhoff, for his memoir Dynamicus 
systems with two degrees of freedom. ‚ 


Second Award, 1924: To E. T. Bell, for his memoir Artitensitcal paraphrases, and 
to Solomon Lefschetz, for his memoir On certain numerical invariants with applications 
lo abelian varieties, 


Third Award, 1928: To J. W. Alexander,.for his memoir Combinatorial analysis 
pts. | ; 

Fourth Award, 1933: To Marston Morse, for his memoir The foundations of a 
theory of the calculus of variations in the large in m-space, and to Norbert Wiener, for 
his memoir Tawberian theorems. 

Fifth Award, 1938: To John von Neumann, for his memoir Almost periodic func- 
tions and groups. 


Sixth Award, 1943: To Jesse Douglas, for his memoirs Green's function aud the 


£ 
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problem of Plateca, The most енеш form of tha problem of Plains, and Solution of the 5, 
inverse problem of the calculus of variations. f 


The Frank Nelson Cole Prize in Algebra. 
Tho Frank Nelson Cale Prize in the Thoory of Numbers 


These prizes were founded in honor of Profeesor Frank Nelson Cole, on the occa- 
‚боп of his retirement as Secretary of the American Mathematical Society and Editor 
of the Bulletin, after twenty-five years of service; the fund was later doubled by his 
son, Charles A. Cole. They are awarded at five-year intervals for contributions to 


Е Ne р а Ыра а а иш 
for the Bécher prize. 


First Award, 1928: To L. E. Dickson, for his book AJgebrem wad ihre Zahlen- 
theorie, Zurich, 1927. 


Second Aun 1931: To H. S. Vandiver, for his several papers on Fermat's last 
theorem published in the Transactions of the American Mathematical Society and the 
Annals of Mathematics during the last five years, with special reference to a paper 
entitled Ов Fermaf's last theorem, which appeared in volume 31 of the Transactions. 


Third Award, 1939: To A. A. Albert, for his papers on the construction of Rie- 
mann matrices, published in volumes 35 and 36 of the Annals of Mathematics. 


Fourth Award, 1941: To Claude Chevalley, for his paper entitled La ihéorte du 
Corps ds classes, published in volume 41 of the Annals o£ Mathematics. 


-Füth Award, 1944: To Oscar Zariski, for four papers on algebraic varieties, pub- 
lished in volumes 61 and 62 of the American Journal of Mathematics and volumes 
40 and 41 of the Annals of Mathematics. - ; 


Tho Eliskim Hastings Moore Fund. - 


"Tide Fund was founded in 1922.13 Honor Ы Prenon Etiam Hastings Moore, 
on the occasion of the twenty-fifth anniversary meeting of the Chicago Section of the | 
‘American Mathematical Society. The income from the fund is to be used, at the discre- 
tion of the Council of the Society, Me перыш pee ee 
books or memoirs, or the award of prizes. 


The Marion Reilly Fund. 
Daaa itis ныгу оша кеа мааа uasa edad 


her estate to he used for the advancement of research in pure mathematics, The prin- 
cipal of this fund is $23,500. 
The Ernest William Brown Fund. '" i ' 

From the estate of Professor Ernest William Brown, a fund of $1,000 is availeble» 
the interest on which, at the discretion of the Council, can be used for the furtherance 
of such mathematical interests as (a) the publication of important mathematical 
books, memoirs, and periodicals, and (b) lectures to be delivered on special occasions 
by invited guests of the Society. 

The Robert Henderson Fund. 


Upon his retirement from the Board of Trustees on December 31, 1940, Dr. 
Robert Henderson presented to the Society an unrestricted gift of $1,000 which the 
Trustees have set aside as the Robert Henderson Fund. 
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INSTITUTIONAL MEMBERS 


Acadia University, Wolfville, N.S., Canada. 

Amherst College, Amherst, Mase, 

Bell Telephone Laboratories, New York 14, N.Y. 

Belott College, Beloit, Wis. 

Brigham Young University, Provo, Utah. 

Bropktyn College, Brooklyn 10, N.Y. 

Brown University, Providence 12, R.I. 

Bryn Mawr College, Bryn Mawr, Pa. 

University of Buffalo, Buffalo 14, N.Y. 

California Institute of Technology, Pasadena 4, Calif. 
University of Caltfornla, Berkeley 4, Calif. | 
University of California at Los Angeles, Los Angeles 24, Calif. 
Carnegie Institute of Technology, Pittsburgh 13, Pa. 

Case School of Applied Sclence, Cleveland 6, Ohio, 

Catholic University of America, Washington 17, D.C. 
Untversity of Chicago, Chicago 37, Ш. 

University of Cincinnati, Cincinnati 21, Ohio, 

College of the City of Now York, New York 31, N.Y. zs 
Untversity of Colorado, Boulder, Colo. 

Columbia University, New York 27, N.Y. 

Connecticut College, New London, Conn. 

Cornell University, Ithaca, N.Y. 

Dartmouth College, Hanover, N.H. 

University of Delaware, Newark, Del. - 

Duke University, Durham, N.C - 

Equitable Life Insurance Company of Iowa, Des Moines 6, Iowa. 
Georgetown University, Washington 7, D.C 

Gettzyburg College, Gettysburg, Pa. 

Harvard University, Cambridge 38, Masa. 

University of Illinois, Urbana, Ill. 

Immaculata College, Immaculata, Ра, . 

Illinois Institute of Technology, Chicago 16, Ill. 

Indiana University, Bloomington, Ind. — 

Institute for Advanced Study, Princeton, N.J. 

Iowa State College of Agriculture and Mechanical Arts, Ames, Iowa. 
The State University of Iowa, Iowa City, Iowa. 

The Johns Hopkins University, Baltimore 18, Md. 

University of Kansas, Lawrence, Kan. 

University of Kentucky, Lexington 29, Ky. 

Lehigh University, Bethlehem, РА. 

Louisiana State University, Baton Rouge 3, La. 

McGill University, Montreal, Que., Canada. 

University of Manitoba, Winnipeg, Man., Canada. 
Massachusetts Institute of Technology, Cambridge 39, Masa, 
Mathematical Association of America, Ithaca, N.Y. 
Metropolitan Life Insurance Company, New York 10, N.Y. 
Michigan State College of Agriculture and Applied Science, East Lansing, Mich. 
Untversity of Michigan, Ann Arbor, Mich. 
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Univerzity of Minnesota, Minneapolis 14, Minn. 
University of Missouri, Columbia, Mo. 

University of Nebraska, Lincoln 8, Neb. 

University of New Mexico, Albuquerque, М.М. 
New York University, New York 12, N.Y. 
University of North Carolina, Chapel Hill, N.C. 
Northwestern University, Evanston, lll. . 
University of Notre Dame, Notre Dame, Ind. 

Ohio State Untverzity, Columbus 10, Ohio. 
University of Oklahome, Norman, Okla. 

Oregon State College, Corvallis, Ore. 

University of Oregon, Eugene, Ore. 

Pennsylvania State College, State College, Pa. 
University of Pennsylvania, Philadelphia 4, Pa. 
Univeraity of Pittsburgh, Pittsburgh 13, Pa. 
„Purdue University, Lafayette, Ind. 

Rice Institute, Houston 1, Tex. 

University of Rochester, Rochester 3, N.Y 

Rutgers Univerzity, New Brunswick, N.J. 

The College of St. Thomas, St. Paul 5, Minn. 
Smith College, Northampton, Mase. 

Stanford University, Stanford University, Calif, 
Stevens Institute of Technology, Hoboken, N.J. 
Swarthmore College, Swarthmore, Pa. ‚ 
Sweet Briar College, Sweet Briar, Va. D. 
Syracuse University, Syracuse 10, N.Y. ; 
Texas Technological College, Lubbock, Tex. 
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_ BY-LAWS OF THE 
AMERICAN MATHEMATICAL SOCIETY 


ARTICLE I 
OFFICERS 


Section 1. There shall be a President, three Vice Presidents, a Secretary, four 
Associate Secretaries, a Treasurer, and a Librarian. 

Section 2. It shall be a duty of the President to deliver an address before the 
Society at the close of his term of office or within one year thereafter. 

Section 3. The Librarian shall have charge of arrangements for the exchange of 
the Society's publications. 

ARTICLE II 
BOARD or TRUSTEES 


Section 1. There shall be a Board of Trustees consisting of frve trustees elected 
by the Society, in accordance with Article V. 

Section 2. The function of the Board of Trustees shall be to receive and ad- 
minster the funds of the Society, to have full legal control of its investments and 
properties, to make contracts and, in general, to conduct all businese affairs of the 
Society. 

Section 3. The Board of Trustees shall have the power to appoint a manager and 
such assistants and agents as may be necessary or convenient to facilitate the con- 
duct of the affairs of the Society, and to fix the terms and conditions of their em- 
ployment; The Board may delegate to the officers of the Society duties and powers 
normally inhering in their respective corpotative offices, subject to supervision by 
the Board. The Board of Trustees may appoint committees to facilitate the conduct 
of the business of the Society and delegate to such committees such powers as may 
be necessary or convenient for the proper exercise of those powers, Agents appointed, 
or members of committees designated, by the Board of Trustees need not be mem- 
bers of the Board. 

Nothing herein contained shall be construed to empower the Board of Trustees 
to divest itself of responsibility for, or legal control of, the ашы proper- 
ties and contracts of the Society. 


ARTICLE III 
EDITORIAL COMMITTEES 


Section 1. There shall be six Editorial Committees—-one of four members for 
the Bulletin, one of three members for the Transactions, one of three members for 
the Mathematical Reviews, one of three members for the Colloquium Publications, 
one of three members for the Mathematical Surveys, and one consisting of three repre- 
sentatives of the Society on the Board of Editors of the American Journal of Mathe- 
matica. 

ARTICLE IY 
COUNCIL 


Section 1. The Council shall consist of fifteen members at large, and the follow- 
ing ax oficio members: the officers of the Society specified in Article I, the members 
of the Editorial Committees, ex-secretaries who have served as secretaries for ten 
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years oc more, and ex-presidents for а period of six years after the completion of their 
respective presidential terma. 

Section 2, The Council shall formulate and administer the scientific policies of 
the Society and shall act in an advisory capacity to the Board of Trustees, 

Section 3, All members of the Council shall be entitled to be present at any 
meeting of the Council and to take part in the discussion at that meeting. 

Section 4, In the absence of the Secretary from any meeting of the Council, one 
of the Associate Secretaries present may be designated as Acting Secretary for the 
meeting, either by written authorization of the Secretary, or, falling that, by majority 
agreement among the Associate Secretaries present. 

Section 5. The voting members at any meeting of the Council shall be the fol- 
lowing: the members at large of the Council; the President; the Vice Presidents; the 
Secretary; the Acting Secretary for the meeting, if one is designated in the absence 
of the Secretary; the Treasurer; and a member of each Editorial Committee chosen 
annually by the committee, provided that if such voting member is absent at any 
meeting of the Council an alternate designated by him from among the membership 
of the committee shall have the power to vote. 

Section 6, The method for settling matters before the Council at any meeting 
shall be by majority vote of the voting members present, If the result of such a vote 
is challenged at the time by any member of the Council, it shall be the duty of the 
Secretary—or-of the Acting Secretary for the meeting—or of a member present who 
shall be designated by the Council for that purpose—to prepare a list of the voting 
members present, on the basis of which the presiding officer shall determine the true 
vote by a roll call. 

Section 7, A quorum for the transaction of business at any meeting of the Coun- 
cil shall consist of frve voting members as defined in Section 5 of this Article. 

Section 8. Between meetings of the Council, business may bé transacted by a 
mail vote. Voting members for this purpose shall be the members at large of the 
Council, the President, the Vice Presidents, the Secretary, the Treasurer, and the 
voting member of each Editorial Committee as designated in Section 5. An affirma- 
tive vote an any proposal by mail shall require at least a majority of the voting 
members, and at least three-quarters of the total number of votes transmitted to 
the Secretary before the time announced for the closing of the polls. If two or more 
voting members request postponement at the time of voting, action on the matter 
at issue shall be postponed until the next meeting of the Council, unless at the dis- 
cretion of the Secretary the question is made the subject of a second vote by mail, 
in connection with which brief statements of reasons, for and against, are circulated. 


ARTICLE V 
ELECTIONS AND TERMS OF OFFICERS 


Section 1, The term of office shall be two years in the case of the trustees, the 
President, the Vice Presidents, the Secretary, the Associate Secretaries, and the 
Treasurer; three years in the case of the Librarian and the members of the Editorial 
Committees. The term of office for members at large of the Council shall be three 
years, five of the members at large retiring annually. In every case, however, the ofh- 
cials specified in Articles I, II, III, and IV shall continue to serve until their successors 
have been duly elected and qualified. 

Section 2. The President and Vice Presidents shall not be eligible for immediate 
re-election to their respective offices, A member at large or an ex of&cio member of 


\ 


104 AMERICAN MATHEMATICAL SOCIETY 


the Council shall not be eligible for immediate election (or re-election) as a member 
at large of the Council. 

Section 3. Election of officers specified in Article I, trustees, members of Edi- 
torial Committees, and members at large of the Council shall be by bellot at the 
Annual Meeting. An official ballot shall be sent to each member by the Secretary 
at least one month before the Annual Meeting, and such ballots, if returned to the. 
Secretary in envelopes bearing’ the name of the voter and recelved prior to the 
Closing of the polls, shall be counted ‘at the Annual Meeting. Each ballot shall con- 
tain one or more names proposed by the Council for each office to be filled, with 
blank spaces in which the voter may substitute other names. A plurality of all votes 
cast, whether cast in person or by mail, shall be necessary for election. In case of 
failure to secure a plurality for any office, the members present at the Annual Meet- 
ing shall choose by ballot between the two having the highest number of votes, 

Section 4. If the President of the Society die or resign before the expiration of his 
. term of office, the Council may, with the approval of the trustees, designate one of 
the Vice Presidents to serve as President until the next Annual Meeting, when the 
Society shall elect a President for a two-year term. Such vacancies as may occur at 
any time in the group consisting of the Vice Presidents, the Secretary, the Associate 
Secretaries, the Treasurer, the Librarian, and the members of the Editorial: Com- 
mittees may be filled by the Council with the approval of the trustees. 

Section 5. If any trustee die or resign during his tenure of office, the vacancy 
thus created shall be filled for his unexpired term by the Board of Trustees. 

Section 6. If any member at large of the Council die or resign more than one 
year before the expiration of hie term, the vacancy for the unexpired term shall be 
filled by the Society at the next Annual Meeting. 


ARTICLE VI 
ELECTION OF MEMBERS 


Section 1. Election of members shall be by vote of the Coancil. 

Section 2. There shall be four clases of members, ordinary, contributing, in- 
stitutional contributing, and sustaining. 

Section 3. A firm, corporation, institution, association or individual interested 
in the support of mathematics may be elected to sustaining membership. A sus- 
taining member shall receive the Bulles, the Transactions, and Mathematical Re- 
views (tee Article IX), and shall have the privilege of nominating one or more persons 
for election by the Council to ordinary membership in the Society, the number to 
be determjned by the Council. Such nominations shall not be acted upon until at 
least thirty days after their presentation to the Council (at a meeting or by mail). 

Section 4. A firm, corporation, institution, or association interested in the sup- 
port of mathematics may be elected to institutional contributing membership. An 
institutional contributing member shall receive the Bulletin or have the privilege, for 
each twenty-five dollars contributed, of nominating one person to ordinary member- 
ship in the Society. Such nominations ehall not be acted upon until at least thirty 
days after their presentation to the Council (at a meeting or by mail). 

Section 5. Except in the case of nominees of sustaining members and of institu- 
tional contributing members, application for admission to ordinary membership shall 
be made by the applicant, on a blank provided by the Secretary, and shall be ap- 
proved by two members of the Society. Such applications shall not be acted upon 
until at least thirty days after their presentation to the Council (at a meeting or by 
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mail), except in the case of members of other societies entering under special action 
of the Council. 

Section 6. An ordinary member may become a contributing member by paying 
the dues for such membership. (See Article VII, Section 4.) 

Section 7. An ordinary member or a contributing member shall receive the 
Bulletin, except in the case of members whoee dues are remitted under Article УП, 
Section 10. . 


ARTICLE VII 
Durs 


Section 1. Persons elected to ordinary membership in the Society by the Coun- 
cil, under the provisions of Article VI, Section 5, shall be admitted to membership 
ироа the payment, within sixty days of the date of their election, of an initiation fee 
of five dollars, 

Section 2. The annual dues of persona elected by the Council to ordinary mem- 
bership under the provisions of Article VI, Section 5, shall be eight dollars, with the 
following exceptions: (1) during the first three years of membership, the annual dues 
shall be six dollars; a person shall be considered to have completed his first year of 
membership on January 1 following his election; (2) the amount of dues may be al- 
tered by reciprocity agreements with other societies; (3) the Council may male special 
rulings in exceptional cases, with the approval of the Board of Trustees, Each new 
member shall pay in proportion to the unexpired fraction of the year at the time of his 
election. ' 

Section 3. Four dollars and fifty cents of the annual dues of those members 
who receive the Baletin under the provisions of Article VI shall be allocated in pay- 
‘ment therefor. 

Section 4. The minimum dues for a contributing member ahal! be fifteen dollars. 
per year. Members may, upon their own initiative, pay larger dues. 

Section 5. The dues for an institutional contributing member for any year shall 
not be less than twenty-five dollars. Institutions may pay larger dues. 

Section 6. The dues of a sustaining member for any year shall not be less than 
one hundred dollars. A sustaining member who contributes annually at least five 
hundred dollars shall be designated as a Patron of the Society. 

Section 7. Persons elected to ordinary membership as nominees of sustaining 
members or Institutional contributing members under the provisions of Article VI, 
Sections 3—4, shall not be required to pay an Initiation fee. They shall not be required 
to pay dues, so long as it is agreed that they are designated by the sustaining member 
or institutional contributing member under these provisions. If a nominee of a sus- 
taining member or an institutional contributing member later becomes a dues-paying 
member, he shall pay dues at the rate of six dollars a year for the remainder (if any) 
of his first three years of membership, and eight dollars a year thereafter. 

Section 8. ыо г 
able time, the Board of Trustees shall remove his name from the list of members, 
after due notice. 

Section 9. Any member not Їп arrears of dues may become a life member on 
the payment of a sum to be, determined in accordance with actuarial principles. A 
life member shall have for life the status and privileges of an ordinary member, with- 
out further peyment of dues, After October 25, 1941, no additional applications for 
life memberships will be accepted. 
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Section 10. After retirement from active service on account of age, any member 
who is not in arrears of dues and with membership extending over at least twenty 
years may—hby giving proper notification to the Secretary—have his dues remitted, 
шешенин мо АЕ TE GEI ee Oe Or eee 
but not the Bullets. 


ARTICLE VIII 
MazTIXGS 


- Section 1. The Annual Meeting of the Society shall be held between the fifteenth 
of December and the fifteenth of January next following. Notice of the time and 
place of this meeting shall be mailed by the ‘Secretary or an Associate Secretary to 
the last known post office address of each member of the Society. The times aud 
places of the Annual and other meetings of the Society shall be designated by the 
Coyncil. No matter of general business shall be considered at any meeting of the 
Society except the Annual Meeting, without the recommendation of the Council. 

Section 2. The President may call a meeting of the Council whenever the af- 
fairs of the Society make It desirable; he shall call a meeting of the Council on written 
request of five of its members. 

Section 3. The Board of Trustees shall have its regular Annual Meeting on the 
first day of the Annual Meeting of the Society. Special meetings of the Board of 
Trustees may be called by the Chairman of the Board upon three days’ notice of such 
meeting mailed to the last known post office address of each trustee. He shall call a 
meeting upon the receipt of a written request of two of the trustees. Meetings for the 
transaction of business may also be held by common consent of all the trustees, 

Section 4. Papers intended for presentation at any meeting of the Society shall 
be passed upon in advance by a program committee appointed by or under the au- 
thority of the Council; and only such papers shall be presented as ahall have been 
approved by such committee. Papers in form unsuitable for publication, if accepted 
for presentation, shall be referred to on the program as preliminary communications 
or reports, 

- ARTICLE IX 


PUBLICATIONS 


Section 1. The Society shall publish an official organ called the Bulletin of the 
American Mathematical Society. It shall publish а journal called the Transactions of 
ike American Mathematical Society, the object of which shall be to make known im- 
portant researches presented at meetings of the Society. It shall publish a periodical 
called Mathematical Reviews containing abstracts or reviews of current mathematical 
literature. It shall publish a series of volumes called Colloquium Publications which 
shall embody in book form new mathematical developments. It shall publish a series 
of monographs called Mathematical Surveys which ahall furnish expositions of the 
principal methods and results of particular fields of mathematical research. It shall 
also coSperate in the conduct of the American Journal of Mathematics. 

Section 2. The editorial management of the Bulletin, Transactons, Mathemath- 
cal Reviews, Collogwium Publications, and Mathematical Surveys, and the participa- 
tion of the Society in the management of the American Journal of Mathematics shall 
be in charge of the respective Editorial Committees as provided in Article ПІ, Sec- 
tion 1, 
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A CHARACTERIZATION OF SEMI-SIMPLE RINGS WITH 
THE DESCENDING CHAIN CONDITION 


OSCAR GOLDMAN 


H. Weyl! has defined a semi-simple algebra (of finite rank) to be 
an algebra which'admits a faithful semi-simple linear representation. 
Now, algebras are rings with a field of operators; Artin and others? . 
have shown that the theory of semi-simple algebras can be general- 
ized to a theory of semi-simple rings (without the field of operators). 
provided we replace the condition of finite rank by suitable finiteness 
conditions. (Both the ascending and descending chain conditions were 
assumed, but it was later ahown that the descending chain condition 
was sufficient.*) The notion of semi-simplicity is defined by the con- 
dition that the radical reduces to {0}, there being several equivalent 
definitions of the radical. We introduce another one below. 

The question now arises whether the Weyl definition could not be 
extended to the case of rings. To do this, we must extend to an arbi- 
trary ring the notion of a linear representation of an algebra. This 
can be done by replacing the consideration of the algebra of matrices 
by the more general notion of the ring of endomorphisms of an abelian 
group: a representation of a ring A will be a homomorphism р of А 
into the ring of endomorphisms of an additive group Mt. Let such a 
representation be given; we can define a law of composition, (a, m) 
—am, between elements of А and of M by writing am = Í p(o) } (m). 
The composite object formed by $t and this law of composition is 
called an A-module. A sub-module of an A-module M is a subset 9t 
of M which is a subgroup of the additive group of Wt and is such that 
ARCH. (AN is defined to be the set of all finite sums > aon, СА, 
mC.) A homomorphism of an A-module M into an A-module M’ 
is a homomorphism д of the additive group of Mt into the additive 
group of Dt’ which is such that klam) =ah(m) for all aCA, mEM. 

An A-module M is said to be simple if its only submodules are {0} 
and itself. Concerning simple modules, we have the well known 
lemma: | 


Scuun's Lexma. A homomorphism h of a simple A-module M inio 


Received by the editors May 3, 1946, and, in revised form, June 26, 1946. 

1H. Weyl, The dasstcal groups, Princeton University Press, 1939, p. 85. 

* E. Artin, Abh. Math, Sem. Hamburgischen Univ. vol. 5 (1927) p. 251; J. Levitzkl, 
Compositio Math. vol. 5 (1937) р. 392. 

з К. Brauer, Bull. Amer. Math. Soc. vol. 48 (1942) p. 752; C. Hopkins, Duke 
Math. J. vol. 4 (1938) p. 664; J. Levitzki, Compositio Math. vol. 7 (1939) p. 214. 
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an A-module Mt’ either maps Wt on {0} or is an isomorphism of Dt with. 
‘some sub-module of Dt’. If M’ ss also и and k(M) »4 {0}, then 
KM) = Mr’. 


If [95 ];gr isa family of Т бш ТА Dt, we call 
the sum of this family of sub-modules, and we denote by Dae L Jta, the 
set composed of all sums 2 Ac z у, where for each A, s, € 96, and 
 fa**0 except for a finite number of the indices А. It is clear that 
Dace M is again a sub-module of M. The sum is said to be direct if 
the representation of an element of the sum in the form Уе LM 
uniquely determines the ny. (It is clear that 9t:+ 9t, is direct if, and 
only if, 9^9 {0}.) 

A module is said to be semi-simple if it can be represented as the 
direct sum of simple sub-modules. The following facts can easily be 
shown. 

I. If a module is the sum of a family Ẹ of simple sub-modules, it is 
also the direct sum of some sub-family of $. 

II. For a module Qt to be semi-simple, it ів necessary and suffi- 
cient that, given any sub-module 9t of Mt, there should exist a sub- 
module X’ such that M is the direct sum of Jt and N’. 

If M is an A-module, define Mr to be the set of all mCM for which 
Am={0}. Myr is clearly a sub-module of M; we call Myr the trivial 
sub-module of M. The set Ж of all aGA such that 29? = {0} is clearly 
a two-sided ideal in A, called the азаю? of M. The two extreme 
cases are the one in which A= {0}, in which case we say that M is 
faithful, and the case in which A= A and therefore Dtr =P. 

The radical‘ is now defined to be the intersection of the annihila- 
tors of all simple A-modules. It is clear that the radical is a two- 
sided ideal in A. The ring A is said to be semt-simple if the radical R 
reduces to {0}. It is readily seen that the factor ring A/® is semi- - 

‘simple. , 

The following theorem justifies our use of the term “radical”: 

THEOREM I. Lei A be a ring, and R sts radical. Then every nilpotent 
lefi ideal ts contained in R and, furthermore, tf A satisfies the Е 
chain condstton for left ideals, Ris ttself nalpotent. 


- If 9t is any simple A-module, Ж any left ideal in A, AM is а sub- 
‚ module of M, and is therefore {0} or Dt. If AM 2 9t, then A*M 9 
for ae itive integer s. Thus if "= {0} for some я, we have 


AM = {0} and ADM (0j and ACH. 


| 4 This definitioa of the radical is due to C. Chevalley. I am indebted to Professor 
Chevalley for many interesting discussions on the subject of this paper. 
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We suppose now that A satisfies the descending chain condition 
for left ideals and that 9t is not nilpotent. Consider the chain 
90:091) +++; under our hypotheses, there is some № such that 
RN aRt... yá {0}. Call RY —6; we have 61«6 and since R 
is two-sided, © is also. Let E be the set of all left ideals A {0} such 
that SX =A. E is not empty, since © is in E. Since the descending 
chain condition holds, we see that there is a minimal element in E, 
вау Ao such that no ideal in E is properly contained in Ж, Let Я; 
be the set of all x€A, for which бх = {0}. Since © is two-sided, it 
follows that 9f, is a left ideal. If «СЯ, x EA, €x is a left ideal, not 
[0], is contained in Ms, and is such that €(€x) =“ €x = Gx; whence 
it follows that Gx = As. A, A, being left ideals, the factor group #„/%, 
has a natural structure as an A-module, By the preceding remark, 
we have for any nonzero 2C-9(,/9(,, 62 = 91,/9(;. But then for any non- 
| zero 2C 91,/95,, we have 42: 9(,/?1,, from which it is clear that W/W 
is à simple A-module. Because of this we have 3094/95, {0} and . 
therefore 6% ,/%:— {0} which is contrary to our assumptions, From 
this it follows that 9t is nilpotent. 

The natural generalization of Weyl’s деййн, that a ring is semi- 
simple if it has a faithful semi-simple module, is, by Theorem II, 
equivalent to our definition. 


THEOREM П. A necessary and sufficient condstson that the тайса R - 
of a ring A be (0j as thai there exists a faithful semi-simple A-module. 


Let M be a semi-simple A-module. If we write Ў as the direct sum, 
У ое M, of simple sub-modules, it is clear that the annihilator of M 
is the intersection of the annihilators of the modules My. If M is 
faithful, its annihilator is {0}, giving us a system of simple modules, 
the intersection of whose annihilators ia {0}. Thus #= {0}. — 

If R= {0}, let {Maher bea of simple A-modules chosen 
in such a manner that faezh = {0}, where % is the annihilator of 
M. Let M’ be the strong direct product of the additive groups of ` 
the Ma. We make J?’ into ап A-module by writinga( - - - my, * -, 
My, jms +, 0m, c, amy, s). Let ЯЛ” be the sub- 
module of WM’ consisting of all elements of Mt’ all of whose coordi- . 
nates other than the Ath are zero. 92." is clearly isomorphic to Ў 
and is therefore simple. Let Dt=> єт, Dh*. Since the Mf are simple, 
M is semi-simple. The annihilator of 9? is the intersection of the an- 
nihilators of the Ht,*; their intersection was chosen to be {0}, whence 
it follows that 3t is faithful. This completes the proof of the theo- 
rem. 

The class of semi-simple rings is much wider than the class of semi- 
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simple rings with the descending chain condition.’ Our object is to 
characterize the latter clase of rings by properties of their modules. It 
is known that if A is a semi-simple ring with the descending chain con- 
dition, then every A-module is the direct sum of its trivial sub-module 
and a semi-simple sub-module. We propose to show that this property 
is characteristic of the class of rings we are studying: 


THEOREM III. Lei A be a ring which has the property that every 
A-module can be represented as the direct sum of tts irsvial sub-module 
and a semi-simple svb-module. Then A is a semi-simple ring $n which 
the descending chain condition holds. 


For convenience we introduce two modules, #2 and AXZ, which 
can be defined for any ring. The additive group of W# ig that of A, 
while, for aC А, a4€ 87, алал is the element of #2 formed by taking 
the product of a; and аз in A. Sub-modules of A? correspond to left 


ideals in A, and conversely. WX Z consists of all pairs { (a, s) ] where | 


aCA and s is an integer. We define 
(а, ж) + (a', н) = (о-о, ^ + n^), a(a'y п) = (aa! + na, 0). 


Since 2(0, 1) = (a, 0), the element (0, 1) is annihilated by no nonzero а. 

We return to the proof of the theorem. Let us write #2 as the direct 
sum of #2 and a semi-simple sub-module $88, where #5 is the trivial 
sub-module of X7, consisting of those aC A for which Аа = {0}. We 
shall show that 9-10]. If M is any A-module, we write 
MaRN+M-sr, the sum being direct во that MrN= {0}. Since N 
is а sub-module of M, and #5 а subset of A, we have ANCR. 
However, A(9190 = (AW Hna {0 |, since AWk= {0}, so that 
WI9CW. We have then 929 [0]. Since AM =A N +A Mr, 
AMr= {0} and therefore #0 = {0}, so that AkM= {0} for 
every Yt. But we have already seen that (0, 1) СЖ: 2 is annihilated 
only by the zero element of A, whence it follows that AŻ == [0], 
which proves our assertion. This result under the condition of the 
theorem shows that #2 is a semi-simple A-module. 

We shall need the following two lemmas. 


LEMMA I. If А is a ring which satisfies the condiiion of the theorem, 


and Ў is a two-sided ideal in A, d a ал 


the condsiton of the theorem. 


Let x be the natural homomorphism of A onto 4/#. If M is 


5 The ring of integers, which does not satisfy the descending chain condition, is 
seen to be semi-simple by consideration of the cyclic groups of prime order as simple 
modules for this ring. 


— 
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any A/%{-module, we can consider M as an A-module by writing 
am x(a)m for each aC A, mEM, and retaining the additive group 
structure of P}. It is readily verified that the trivial A-sub-module 
of M is the trivial A/A-sub-module; and that every A-sub-module of 
M is an 4/*C-sub-module, and conversely. Writing 9e Str-LF31, 
where 9t is a semi-simple A-sub-module, it is clear that Jt is semi- 
simple as an A/€@-sub-module, which proves the lemma. 


LEMMA II. Let A bea ring which satisfies the condition of the theorem. 
Furthermore, suppose that there exists an integer 0540 such that 
qA m {0}. Then the ring A has a unit element. (qA is the set of all ele- 
ments of the form qa, aCA.) 


Form the module #2 х2. As an A-module, A? X Z can be expressed 
as the direct sum 4,+%s, where A; is the trivial sub-module of A? XZ. 
Suppose that the element (0, 1) EATX Z decomposes into (— do, 1 —5) 
+(ao н), with (—do, 1—5)€C€?ü, (as n)EM. We have (0, qm) 
== (0746, qn) = д(60; n), which is in Ж, since (ao, n) is. However, for 
each a € A, a(0, gn) = (gna, 0) = (0, 0), во that (0, qm) GMs. But then 
(0, gn) = (0, 0) or 5*0. The element (— ао, 1 —5) =(—ao, 1) is in My, 
во that ( —aas +a, 0) -a(—25, 1) = (0, 0) or aa, a for all aC A. Since 
a(b—aob) =0 for every a, bC A, and since ЖЕ m {0}, we have ab œb. 
Thus as is a unit element for the ring A, concluding the proof of the 
lemma. 

We shall now show that the ring A has a unit element in every 
case. We start by showing that the trivial sub-module Я, of A? XZ has 
at least two elements. If 9; = {0}, then AXZ is semi-simple. The set 
(4,0) is a proper sub-module of х2; we can then write, as a direct 
sum, AXZ & (4,0) 4-5, with M= {0}. Since ? is a sub-module of 
WZ, we have A94 C 95. However every element of AW; has a zero 
in the second coordinate, so that AMC (А, 0). But then АЯ; = 4; 
and therefore CA, contradicting the supposition that Ж; = {0 
and proving the assertion. 

Now let (a/, n’) be any nonzero element of M, that is, a(a', п”) 
e (0, 0) or aa! 4-5'a —0 for all a€4. Clearly n’ is not zero, for, if it 
were, a’ would be zero, contrary to the condition that (a', з”) is not 
zero. If n'a = 0 for all a, Lemma II shows that А has a unit element. 

Let Ж, be the get of all aC A for which ж/о «0, and let 825'4.,. 
Clearly both are two-sided ideals in 4. We assert that A is the direct 
sum of X, and 9. We have already seen that Жі is semi-simple; write 
A“ as the direct sum, 9 єт, Aa, of simple left ideals. The mapping, 
$5, —?1,, which sends aC QM) into s'a, is an endomorphism of the simple 
module %, which, by Schur’s Lemma, is either zero or an automor- 


1026 OSCAR GOLDMAN ` [December 


phism. Let Г.С, be the set of all А for which this endomorphism is 
zero. Wp is then Jne 14 Ў. Furthermore, 


„=з 5 Mon’ 2 Wa s À c8. 
AE L—Le AC 1—1 
Thus, А «9,4-8, the sum being direct. 

Since both Ж, and $8 are two-sided ideals, Ў, is isomorphic with the 
factor ring 4/98. By Lemma I, Ж, then satisfies the conditions of 
Lemma II with q =n’, and hence &, has a unit element which we shall 
denote by ёв. Because of the two-sidedness of As and $8, we have 
AH m 3521, {0} (since AAB = {0}), во that it only remains for us 
to show that $8 has a unit element. In the decomposition A &91, 1- 8, 
we writea’ ea--8, СЯ, EB. We have already seen that aa’ = — y'a 
for each a€A. Far any b C38, we have —&'b = ba! =b(a-+8) = bp. 
Since BEX, em — (1/5')8 is defined, and is such that be, = b for every 
СЖ. Exactly as in Lemma II, we have be, = ejb, во that е is the de- 
sired unit element for $8. It is clear that 6+6: is the unit element for 
the entire ring A. 

Having established the existence of a unit element in A, we can 
easily derive that 4 satisfies the descending chain condition. Again 
we write the semi-simple module W^ as the direct sum, P Ac Ж, 
of simple left ideals. The unit element then decomposes in the form : 
1 ==) rer ila, with 1,—0 for all AM, 1535 У. But then g=a-1 
=) ner aly) acr, =a: iy so that a,—0 for all № and 
all a4. This shows that # = {о} for АУА; so that #2 is the direct 
sum of a finite number of simple left ideals, giving immediately the 
descending chain condition. The module A” is semi-simple. Because 
1€ 1^, the annihilator of ^ reduces to {0} or #2 is faithful. By Theo- 
rem II the ring A is кыш This concludes the proof of Theorem 
III. 

It is well known’ that every left ideal in a semi-simple ring with the’ 
descending chain condition is principally generated by an idempotent. 
The method of proof of Theorem III enables us to prove the converse: 


THEOREM IV. If every left ideal in a ring A is principally generated 
by an idempotent, A is a semi-simple ring with the descending chain 
condition. І 

We shall first show that A has a unit element. A being its own left 
ideal, there is an idempotent e such that AeA. Thus, given any 
aCA, there is a bEA such that a = be. But then ae» be? = be mag, since 
e ів idempotent. Thus e is a right unit element in A. Let now 8 be 


s N. Jacobson, The theory of rings, Mathematical Surveys, vol. 2, 1943, p. 65. 


"t 


1946] SEMI-SIMPLE RINGS 1027 
the set of all elements of the form ea —a. Since bex- b, © is clearly a 
left ideal so that there is an f А, with fmf and 8» Af. Since f is 
idempotent, it is clear that Є. There exists then an element gCA 
with f - eg — р. But f = f! «ff —f(eg—g) = 0 ог B= [0]. Thus ea = or e 
is a unit element for A. 

From the condition of the theorem, and from the existence of a 
unit element in A, it follows that 4” is semi-simple. For, if Ў ia any 
left ideal, there is an idempotent f with Af =. But then @> is the 
direct sum of Af and А (e— f) so that ЖГ is semi-simple. Ву the argu- 
ment in the last paragraph of the proof of Theorem III, it followa 
that A is a semi-simple ring with the descending chain condition. 


PRINCETON UNIVERSITY 


SEMI-SIMPLE EXTENSIONS OF RINGS 
OSCAR GOLDMAN 

In this paper we investigate the conditions under which a given 
ring is a sub-ring of a semi-simple ring.! For convenience, we вау 
that a ring A is an extension of a ring B, if B is a sub-ring of A. Itis 
found that the existence of a semi-simple extension is equivalent to 
the vanishing of the extension radical, a two-sided ideal defined analo- 
goualy to the ordinary radical. In Theorem II we give an intrinsic 
characterization of the extension radical, where we find that the lat- 
ter is determined by the addition in the ring and is independent of the 
multiplication. This result is summarized in Theorem III. 

For the convenience of the reader, we reproduce here some of the 
definitions given in the paper mentioned in footnote 1. The radical 
of a ring A is obtained as the intersection of the annihilators of dll 
simple A-modules. When the radical consists only of the zero element 
of A, we say that the ring is semi-simple. The radical as defined here 
contains the ideal classically known as the radical (the sum of all 
nilpotent left ideals) and is equal to it if one assumes tht A satisfies 
the descending chain condition on left ideals. A ring which is semi- 
simple in the present sense has then no nilpotent ideals. 

In order to define the extension radical, we must first introduce the 
auxiliary notion of a quasi-simple module. If Я? is an abelian group, 
denote by (ЯЛ) the ring of all endomorphisms of M. We say that M 
ів a quasi-symple group if M ів a simple E(8t)-module. An A-module 
M ів a quasi-simple module if the underlying additive group of M 
i8 quasi-simple. We shall find the following two lemmas useful. 


LEMMA I. 1 3030 Cale. Amdui, then 0 is а quasi-simple 
module. 


Let 31 denote the annihilator of M. It is clear that Mt is a simple 
А /#-тойше, and furthermore that A/ACE(M). Thus M is certainly 
simple for E(9t). | 


LEMMA II. Every guo amb group is the underlying addsisve group 
of a vector space over a field and conversely. 


Let Z be the center of Е(9'?). Since Ў is a simple H(M)-module, Z is 


Received by the editors June 6, 1946. 

! For the definitions and elementary properties of the concepts involved in the 
study of semi-simple rings, see my previous paper, A characierizaiion of semi-simple 
rings, Bull. Amer. Math. Soc. vol. 52 (1946) pp. 1021-1027. 
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а field by Schur’s lemma, and 9 can be considered аз a vector space 
over Z. (The precise form of Schur’s lemma used here is given in the 
reference cited in footnote 1.) 

If M is a vector space over a field К, let E’ be the ring of all linear 
transformations of 2. It can easily be seen? that ЯЛ is a simple £E'- 
module; but E'C Е(#%), so that M is a simple E(Mt)-module, and is 
therefore a quasi-simple group. 

By Lemma II we can associate an integer, either zero or a prime, 
to each quasi-simple group, M, namely, the characteristic of those 
fields over which Я? can be considered as a vector space. 

The following fact will be found useful: If every element of an ad- : 
ditive group Jt has the same order p, with фр a prime, then Yt is a 
quasi-simple group since it can be considered as a vector space over 
the primitive field of characteristic p. 

We now define the extension radical of a ring A to be the intersec- 
tion of the annihilators of all quasi-simple A-modules. It is clear that 
the extension radical is a two-sided ideal in A. By Lemma I, the ex- 
‘tension radical of A is contained in the radical of the ring. 

In order to make use of the notion just introduced, it is necessary 
to review some elementary facts about simple and semi-simple rings. 
We say that a ring A is simple if there exists a faithful simple A-mod- 
ule. From our definitions it is clear that E(D) is a simple ring if M 
_ is a quasi-simple group. We call a ring E(M), where 9 is quasi-simple, 
а full linear ring. If | A1] is a set of rings, we construct the product 
of the A, by forming the Cartesian product of the underlying sets 
(the unrestricted product) and defining the ring operations to be co- 
ordinate-wise. (The ring formed in this way is sometimes referred to . 
in the literature as the direct sum of the А.) We have the following - 
lemmas. 


LEMMA III. Let {Ay | be a set of я rings, then the produc A 
of the Ay ts semi-simple. 


Let Dt, be a faithful simple A-module. We can consider Dt, as an 
A-module, by writing (*-**, а, ++, Ga,°***)x=a),x, for all 
хЄЇ,. As an A-module, Mt, is still simple; the annihilator of M, is . 
the set of all elementa of A whose A-coordinate is zero. The intersec- | . 
tion of the annihilators of all the modules M, considered as A-modules 
is then {0}, so that A is semi-simple. | 


з The statement made is equivalent to the fact that given a subspace $t of M, 
there exists a basis for SR, a subset of which is a besis for R. See for example, S. Lef- 
schetz, Algebraic topology, Amer. Math. Soc, Colloquium due s 27, 1942, 
p. 73. 
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LEMMA IV. Every semi-simple Kn 4s contained in the product of full 
linear rings. 


Let A be a semi-simple ring, 18003] a system of simple A-modules, 
the intersection of whose annihilators is {0}. Since Dt, is a simple 
A-module, E(M,) is a full linear ring, let E=|],E(Mt). If 8 is the 
annihilator of My, we have a homomorphism e, of A into E(D) 
whose kernel is A. If x, is the projection of E onto E(M,), define the 
homomorphism т of 4 into E by кут =o). It is clear that the kernel of 
т is the intersection of the kernels of the ту which we know to be {0}. 
Thus А is isomorphically contained in E, the product of full linear 
rings. 

We are now in a position to prove the following theorem. 


THEOREM I. Let A be a ring and R sis extension radical. Then a 
necessary and sufficient condition that A а а 
that 8 reduces to {0}. 


Suppose that B is a semi-simple extension of A; by Lemma IV, 
B ів contained in the product | [;E(8,) of full linear rings. The Ma 
are quasi-aimple A-miodules. Ву an argument similar to the one used 
in the proof of Lemma III, the intersection of the annihilators of the 
Mt, is {0}, and therefore the extension radical of A reduces to {0}. 

If on the other hand, the extension radical of A is {0}, let {Mt} 
be a system of quasi-simple A-modules, the intersection of whose an- 
nihilators is {0}. Defining E to be the product of the E(Dt,), we know 
that E is semi-simple. Exactly as in the proof of Lemma IV, we can 
construct an isomorphism of A into E. Thus A has a semi-simple ex- 
tension. 

If n is an integer, define nA to be the set of all elements of A which 
are of the form яс for some a C A. It is clear that nA is a two-sided 
ideal in А. Denote by T the set of all elements of A which are of finite 
order in the underlying additive group of A. Again T is a two-sided 
ideal. We have the following theorem. 


Тнковкм II. Le A be a ring, and R sis extension radical. Then 
# = TV) pA, taken over all prime numbers p. 


If the characteristic of a quasi-simple A-module M is p40, it is 
clear that pA is contained in the annihilator of M. Again if M ia of 
characteristic zero and a € Г, so that па = 0 for some nx0, we have 
ах нах «0 for all «GM, eo that T is contained in the annihila- 
tor of 32. Thus we have OT WM PA. 

We now conaider the special case in which A has a unit element. 
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We shall first show that it is sufficient to conde only A А 
A-modules i in which the unit element acts like the identity automor- 
phism. To be precise, if M іва quasi-simple A-module, Ж the annihila- 
tor of Dt, then there is a quasi-simple A-module 9t, euch that the unit 
element of A- acts like the identity in 9t, the annihilator of 9t is A 
and the characteristic of 9t is the same as that of M. Let Mr be the 
trivial sub-module of M, that is, the set of all xCM for which 


Ax - {0}. If Z is the center of E(Mt), 2 is a field, all elements of Z - ` 


commute with the elements of A modulo Я, so that the elements of Z 
map Mr into itself. Then the factor module #?/#?т is a quaai- -simple 
A-module of the same characteristic as M. Since, for all x C8, . 
1x Є, the unit element of A acts like the identity in M/Mr. 


Ifa C itisobvious that cMt/Mr= {0}. IfaM/Mr= {0}, ora MCMe, _ . 


we have Аайй.= {0 } or 492 = {0}. Thus the annihilator of M/Me 
is Я. 


If p is a prime, the factor group A/pA has a natural structure a8; 


an A-module. Furthermore, each element of A/pA has the same 
prime order so that A/pA is a quasi-simple module. If aA / pA = (0] 
or 64 СрА we have aC pA.' Thus the annihilator of A/pA is con- - 
tained in pA and is therefore equal to pA. | 

If T= A, that is, if #1=0, for some #940, all nontrivial quasi- 
simple modules have finite characteristic which divides я. For, if 
EM, 1xcx, яхеніх = 0) во that the characteristic of M divides s. 
In that case, by the resulta of the above paragraph, RETON ,рА4 
and therefore # = T W]spA. ` 
Н TA, A/T is a nontrivial A-module. Iti is clear that no element 
of Me = 4/T has finite order. Consider the tensor product? of the field 
of rationals К with M.e, KXM. -By the preceding remark, we know 
that, if 1X 4-0, then й=0. K XM, is a vector space over К, and has 
a natural structure as an A-module; we define a'(1X 2) = 1 Xa’d, line- 
arity defines the operations of A on all of K X3Jlts. If now aK KX Mee 
ы {0}, we have in particular, a(1 х1) =1Х01 60, or a1 0 whence 
aC T. Thus the annihilator of K X 3t, is contained іп T and is there- 
fore equal to Г. We find then again that C TW) ,PA, so that in the 
general case, provided A has a unit element, R = TAON pp. 

If A is any ring, we introduce the ring А“ in the following way: 
A* consists of all pairs {(a, n)}, a€ A, я any integer. We define 


(a, ж) + (с, ж) m (a 4- a', н w^), 
(a, n) (f, m) m (аа' + na’ --.'a, nw). 


was the demiu oi the ано product ase ИШ. реу, Tensor products of ` 
abelian groups, Duke Math. d vol. 4 (1938) pp. 495—528. 
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It is clear that (0, 1) is the unit element of A*. If M* is an A*-module, 
it is immediately an A-module. Conversely, if M ia an A-module, 
M can be made into an A*-module by writing (0, 1)z =x, for all x c 8X. 
If &* and ЯЖ are the annihilators in A* and A, it is clear that 
9(* 5 (91, 0). We have then that the extension radical of A* contains 
(R, 0). But A* has a unit element, во that its extension radical is 
T" W),pA*. However, 7* = (T, 0) and (1,p4* —((1,pA, 0), во that 
the extension radical of A* is equal to (TW,94, 0). This together 
with the preceding remark gives 9t CTO) ,pA, so that R= TON ppd, 
concluding the proof of the theorem. 

The condition that the extension radical reduces to {0} is equiva- 
lent to the statement that there are no elements of order f! in the 
additive group of A, for all primes p.4 For, suppose first that 
TW »pA = [0], and рза = 0 for some p and some a. Then for апу 
prime q, we can write ра gra, where r is any solution of the congru- 
ence p=gr (mod р?) (that such an r exists follows from the fact that 
q and p? are relatively prime when g>p; in the remaining case rm { 
will suffice). ра is then in the extension radical, so that pa =0. Con- 
versely, suppose that a € TW „РА. Let n be the order of a, and let p 
be any prime factor of я; we have then pma = 0, where pm is the small 
' est positive integer with this property. Since a is in the extension 
radical, we have, for some b, a= pb. But then p*mb =0, so that, if 
‚ there are no elements of order p?, we have already pmb = 0 or ma —0, 
contradicting the suppoaition that pm is the order of a. Thus а= 0, 
and hence the extension radical is {0}. 

Combining this result with Theorems I and II, we see that we have 
already proved the following theorem. ] 


THEOREM III. Let С be an abelian group, and let T be ihe sei of ah 
rings having. G as underlying addstave group. Then, a necessary and suffi- 
cient condiison that each element of T has a semi-simple extension is that 
G have no element of order p? for any prime number p. 


PRINCETON UNIVERSITY 


4 Т am indebted to the referee for calling my attention to this fact. : 


ON A PROBLEM OF A. KUROSCH 


‘J. LEVITZKI 


The following problem was posed by Kurosch [2]: Suppose that 
an algebraic algebra* A over a field F has a finite number of generators 
over F, and suppose further that A is of bounded degree over F. Is 
then A of finite dimensionality over F? Kurosch answered his prob- 
lem in the affirmative in the case where the elements of the algebra 
are of degree not greater than 3. As was observed by N. Jacobson [1], 
Kurosch's problem is equivalent to the following: Is any algebraic 
algebra of bounded degree locally finite? over F? Jacobson succeeded 
in reducing this problem to the special case of nil-algebras. In the 
present note we supplement Jacobson’s results by proving that any 
nil-algebra of bounded index (degree) is locally finite. Jacobson's results 
combined with this theorem answer in the affirmative the question 
raised by Kurosch. 

To obtain this result we make use of the notion of semi-nilpotency* 
and of its counterpart, the semi-regularity, which were introduced by 
the author in a previous paper [3]. As may be easily verified, each 
finitely generated nilpotent algebra is of finite dimensionality, and 
conversely, each nil-algebra of finite dimensionality is nilpotent. 
Hence, for nil-algebras the notion of local finiteness coincides with 
the notion of semi-nilpotency. Thus the above formulated result con- - 
cerning nil-algebras is a consequence of the following more general 
theorem concerning nil-rings which will be proved in this paper: Each 
nil-ring of bounded index is semi-nilpoient. It is of interest to note in 
this connection that an analogous theorem does not hold for associa- 
tive multiplicative systems (semi-groupe).* 

It will be convenient to adopt the terminology introduced by the 
author in [3]. Thus we use here the term radical to denote the sum 
N(S) of all two-sided semi-nilpotent ideals of a ring S. We shall need 
the following theorems which were proved in [3]: 


Recetved by the editors July 6, 1946. 

1 Numbers in brackets refer to the bibliography at the end of the paper. 

з For the terminology compare Jacobson [1]. 

з An algebra A is called locally finite over F if each finite set of elements of A gen- 
erates an algebra oí finite dimensionality over F. 

* A ring is called semi-nilpotent if each finite set of elements in this ring generates 
a nilpotent ring. A ring which is not semi-nilpotent is called semi-regular. 

! Compere Kurosch [2, proof of Theorem 5]. This was observed independently 
also by Dr. Th. Motzkin of Jerusalem. | 
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1. The radical N(S) is a semi-wilpolent two-sided ideal which contains 
all one-sided sems-nilbotent ideals of the ring. 
‚ 2. The radical contains all nilpotent ideals of the ring. 

3. The radical of the quottent-ring S/N(S) ts sero. 


4. If the radical of a ring S ts sero, and if ats a nonzero element of S, 
then a- S and S-a are semi-regular rings. 


DEFINITION. An integer я = n(S) is called the upper index of a nil- 
ring S, if S contains elements a whose index is я (that is, a^ — 0, 
G* 1»0), but it does not contain elements of higher index. Such an 
integer я exists of course for each nil-ring of bounded index. 


LEMMA. If S ts a semi-regular nil-ring of bounded index, then there 
exists a semi-regular nil-ring whose upper index ts smaller than the up- 
per index of S. 


Proor. Let N(S) be the radical of S, then by 3 the radical of the 
ring J=S/N(S) is zero. Since 5 is semi-regular, it follows that 
S»5N(S), and hence that T is a semi-regular nil-ring of bounded 
index so that #(T) Sn(S). In the case where n(T) <n(S) the Jemma 
is proved. Thus it remains to deal with the case n(T) = (.S). Now let 
a be an element of T so that a »40, a?=0, and let us consider the right 
ideal U=a-T of T. The ring U is by 3 and 4 also semi-regular, and 
clearly 5(U) S(T). Again іп the case where n( U) < (Т) the lemma is 
proved, and thus it remains to deal with the case where n( U) =n(T). 
In this саве the ring U contains an element b whose index is =н (Т), 
that is, b*1750, and since U=aT we may put b za-t, iC T. We con- 
sider now the following two cases: 

Case 1. b*1U 540. Then b'a s40, and by putting c «a +b, it follows 
on account of a?=0 that e = (a +b)" = (a 4-at)* = (00) 16 = b*71a 70, 
which is a contradiction, since я is the upper index of Т. 

Case 2. b*1U «0 for each element b of U. Ih this case denote by M 
the set of all elements x of U satisfying the relation x U 0, then 


(1) р Є M, b € U. 


Since M!C MU «0, it follows that M isa nilpotent ideal in U, and 
hence by 1 and 2 we have, 


(2) N(U) 2 M 


where N(U) is the radical of U. Now let us consider. ће quotient-ring 
И == U/N(U), which is also a semi-regular nil-ring of bounded index, 


- 


t 
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Since further by (1) all (s —1)th powers of the elements of U belong 
to M, it follows by (2) that for each v of V we have v7! = 0), which 
implies that the upper index of the semi-regular ring V is smaller 
than 5(.S). This concludes the proof of the lemma. 


THEOREM. Each nilring S of bounded index is semi-nilpotent. 


PRoor. Suppose that S is semi- regular, then it would follow by the 
foregoing lemma that there exists a semi-regular nil-ring with an up- 
per index 1, which is self-contradictory. 

Added in Proof. The problem of Kurosch was also treated by Irving 
Kaplansky (On a problem of Kurosch and Jacobson, Bull. Amer. Math. 
Soc. vol. 52 (1946) pp. 496-500). In this paper Kaplansky succeeds 
in solving, in conjunction with results of Jacobson, the problem of 
Kurosch under the restriction that the number of elements in the co- 
efficient field із at least equal to я, where я is a common bound for 
the degrees of the elements in the algebra. 
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NOTE ON MULTIPLY-INFINITE SERIES È 
I. M. SHEFFER | 


Let Žac) be a k-tuply infinite series, where the subscript (4) stands 
for the-set of k indices 4;, · · -,s,and where foreachs=1,-+-,&the 
index +, ranges from 0 to œ. If > bp is a second such series we can 
determine from them a third series ? ус called the Cauchy-product 
series, defined by 


(1) со = 2,6050: 
where the sum is over all indices for which, simultaneously, 

‚ (2) jot = th, з= 1,---,k. 
Series У cq is obtained by formally multiplying the two power series 
209 s Ё $ bom + А (ami, +++, mH), then setting h= 1, 


Given that ? ain, У b converge to A, B respectively, it is natural 
to ask if У усу possesses the Cauchy-product property, that is, if it con- 
verges and to the sum С= АВ; and if this is not always true, under 
what further conditions it will be true. It is the purpose of this note 
to give an answer to this question. All convergence is to be in the sense 
of Pringsheim (except in' the concluding remark). 

For simply-infinite series (hence also for multiple series) mere con- 
vergence of the series >-4(,), 0c) is known to be insufficient to insure 
that > c will converge to the right sum. A theorem of Mertens states 
however that if both given series converge, one of them absolutely, 
then the Cauchy-product property holds. 

Like a number of other properties of simple series, the Mertens 
theorem does not go over unrestrictedly to multiple series that are 
Pringsheim convergent. We shall show this by an example, after 
which we shall find suitable restrictions that will restore the Cauchy- 
product pro 

Example. Let ? a1, 9 b; be the following double series: > уа, is the 
absolutely convergent series whose first column has the elements 

1 1 1 


1, = merat HIN ee улутт ae са oe Oe 


2 2! 2* 
while all other terms are zero; )_},, ів the convergent series whose 
Presented to the Society, April 27, 1946; received by the editors June 5, 1946. , 
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„first two rows are ^ "^ - B Р 
OHI а, 
. -01-i-. ace 22 


Шоо атара те а ШУ асела ВАБ diee: 


бев) cu, 


са = jl eum — UA 7 i> 0; 
and that | | | я еи: 
ИН РЕ. 
(3) "oen +4), E 
` - where Kg, designates the Ф, ne cereals dun sum in, the 
C-Berles: 
(4) | | d: eon 051460550. 


Relation (3) shows that RS does not have a limit as p, q>% ; 80 
series 4: does not even converge. 

' Let | RË fo} denote the set of rectangular partial sums for the con- 
. vergent geries ibo: LN. 


(5 OR m Y boy. (0S43i:-12,H. 


, The boundedness of this set is what we need to validate the Cauchy- 
product property. This is shown by the theorems that follow. 


THEOREM 1. Lei A E дый B Y b be convergent, the former con- 
vergence being absolute. I / the set | ЕВ, | is bounded, then dew converges, 
to the sum Cm AB. | 


| 


For convenience in notation we give the proof for double series 
(k==2), and it will be seen to carry over to the general саве of k-tuple 
series. Define A’, M i 


(6) o Es M. r (j=0,1, e). 
(7) pen ($01) 


Let e»0 be given. There exist шева a, b such that for all iga, 
web, ` 


(8): = CC NU | 
and also such that ` | ‚ Р 
‚ (9) l "n У |а| «€. 


[4 


4 
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where >_* is the sum of the absolute values of all terms of Уа, that 
‘are exterior to RÁ. 
Now we have 


Rew = У аыр OSp+rst0Sqtsswu) 
(10) B : 
= 20 208 ED (0$ »25024325w; 
and this last sum can be split into two: 
(11) Ri. et 2 + 2 


where У, is summed over the set (0 <p Sa, 05956), and >,” over 
(0S8p35 059510) with the additional restriction that in every term 
either P a or qb. From (7) and (9), M» SMe, во 


(12) | Re — УУ| < Me (tz a, w z; b). 
ГОРА. be deüned by 

(13) | B m Rye + Ap; 

then indices t, 7; exist Bo that 

04) — [Ar| <e ($ & wu). 


Hence if i&u =a +t, wr =b-+o, then 
i 
Roo) = Ree — BRs + Oe: ХО ЕВЕ а: 


so from (12), 


(15) | Rie — BR| а (M + Ahe (Lgs u, wzo). 
Combining this with (8) we obtain 
(16) | Ri — AB| S (M+ 4' + |в|)е (6 Zw, w 2 9); 


во series У усу converges to C= AB, as was to be shown. 

It may be asked if the condition of boundedness of the set {RA } 
is the mildest that will achieve the desired purpose. That this is in a 
sense 80 is shown by the following theorem. 


' THEOREM 2. Let B=) be) be convergent. If set { RÈ } is unbounded, 
then there existis an absolutely convergent series w for which the 
Cauchy-product property fails to hold; in fact, for which series > ciy 
does not even converge. 

We first give the proof for k = 2, after which we shall outline the cor- 


responding proof in the general k-tuple case. For a given e» 0, indices 
(p,.g) exist во that | B— К2| <e for all 475, jq. Hence, since {RZ} 
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is unbounded, either there is a fixed u such that {R2,} (j=0,1,---) 
is unbounded, or there is a fixed v such that {RÈ} (¢=0,1,---) is 
unbounded. It is no restriction to suppose that [ RE] is unbounded; 
and moreover, that u is the largest integer having this property. Then 
for a suitably chosen sequence of increasing integers ja (1 51, 2, - - -), 


; B " А 
(17) шш | Ray | = c (j(m) = ja). 
We now define thé absolutely convergent series 2 a; as follows: 
(18) a;=0,7=1,2,---; 8.0 = 0, 524 (и +1) r= 0, 1, +: 
Or (wt-1),0 = (r T 1), укн 0, 1, a 


From (10) we readily find that for s—- 1,2, - - ·, 


С 1 B ` 
Rints, jia) = 1 Rees sia) + gi he Deedee) T ^ 
(19) 


1 в 
+ Ta Ki sig: í 
3 
Suppose series 9 ci converges, say to C. Then indices (p’, g^) exist 


во that | C— RS <e 4>p',7>q'). Let s have a fixed value for which 
su--s—1fp, ЕЕ q’ for all я> №. Then 


i o , | 
(20) | Roe] < 1С| +e (7(я) m jn; n > N). 
Also, there exist constants Mi, - - - , M, such that 
(21). | Renee us 7а (n> N;m-0,1,---,:2—2), 


as is seen from the maximal property of the integer u. Hence from 
(19), 


(22) Rew Р Cl Sea eee a 


for all я> №. As this шаша (17), it ie clear that series ? ус,у does 
not converge. 

Now consider the general (k-tuple) case. Given e 0, there corre- 
spond indices (p (pu +++, pa) so that | B— RẸ | <e for all (4) > (p). 
. There is therefore an index, that we may take to be fı, such that for 
iea (a certain integer), the set {А2 а... a] is unbounded, where 
$(2, +--+, В) mia, ti. It follows that there is an integer r, in the 
range PES <k, with the following properties: (i) When certain r in- 
dices, which it is no restriction to take as 4,, - - - , $,, take on certain 
fixed values $1 2a, * * *,4,—, while the remaining indices4,41, © * +,» 
remain arbitrary, the set ( RE... uiu...) is unbounded. Here 
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s(r-1, - . р) minis, 5o, $a (ii) The integer r is maximal, that is, 
no larger age has жү = (D. ` 
In consequence of (ii), we can assert that it is possible to choose = | 
infinite sequence of sets $441, * * * , л: 
ч (41, oe, ‚ Зь), жш i(r + 1, - са k), m i(r + 1, - “С k; я), 
к= 1,2, ..°, 


with lim (i)a = © ав n— o foreach s=r+1, » +», k, for which 
ищ | Re. Airt ума) | - o, 


Choose the integer і "e —' so that the following r inequalities 
hold: ta+#—1>1,-:-:,&+#-—1>>p,; and consider the sets ' 


poc A к“ йж, Дже 
The set for which g=1 is unbounded, we know; and the set d each | 
qui is bounded, since then the sth index exceeds p, for s=1, ‚ Е 
(at least for ж sufficiently large). Hence there i is a largest elus of dy 
вау q’, for which the спер R-set is unbounded. 
Define the r integers а, ·, Бу 


a ац ‚Гат d'Ad- q' — 1. 


| Then the wet (к... TUE I" is unbounded; and since when №. 
is any oneofa, * - - ,1, andy is the corresponding term in a, e. À, 


we have 

ght 4—1 = (ag) + (00) — 1, i 
we see that for each gu 2, 3, ond , Set [RE s ане, кенен) | 
is bounded. | 


Now we are prepared to deine the an convergent series 


$a. Let . - 


Gu1)t, +++, EDEB 74.0 =з (f + D + = 1, 2; ert : 


© Gay жа 0 otherwise. 
From the identity | MN" 
c B oe 
Ray = 2, Ren (084 Stjsmi,---, &) 
* + i е + + : 
we then obtain the relation _ - | 
а Е i 
tegi, +. GL, ein) 


t і 1 


Шш 25 eus pa deis + hel ttl, uiu): 
gent 2x 
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and this permits us to conclude, as in the case Ё = 2, that series > cin 
does not converge. 
Theorems 1 and 2 combine to give the following theorem. 


THEOREM 3. Let В «S bi be convergent. In order that the Cauchy- 
produci serses $ co converge to the sum C» А В for every absolutely con- 
vergeni series A=) ain, tt 45 necessary and sufficient that the set [RA | 
be bounded. 


We conclude with a remark on o-convergeni serses.! The property 
of being e-convergent carries with it the boundedness of the set of all 
g-sums (which sums correspond to the rectangular sums for Prings- 
heim convergence), and following the method of Theorem 1 the *Mer- 
tens theorem" can be established: 


THEOREM 4. If ? acn, У bin are a-convergeni, one of them being abso- 
Iuiely convergent, then the Cauchy-product property holds: sertes ew 
is o-comvergent to the sum C= АВ. 


THE PENNSYLVANIA STATE COLLEGE 


1 For the definition and some properties of o-convergence we refer to Convergence 
of muliipiy-infiedte series, Amer. Math. Monthly vol. 52 (1945) pp. 365-376. 
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NOTE ON ALMOST-ALGEBRAIC NUMBERS 
HARVEY COHN! 


1. Introduction. According to a theorem of J. Liouville,? if 0 is 
an algebraic number of degree s, then any approximation by: ra- 
tionals, p/q, is of such a nature that 


. (0) le — s/a| & kg 


for a positive constant k. Liouville constructed his transcendental 
numbers as the limit of special sequences of rationals, p/q, which 
violated condition (1) regardless of the values of k and я, as qc. 
Thus Liouville constructed aimosi-rai«onal numbers. . | 

E. Maillet? likewise found a lower bound for 0 —« where now б is 
approximated by the quadratic numbers, a. He then violated his 
lower bound by substituting for 0 the value of an almost periodic 
simple continued fraction and for « a quadratic number, namely a 
periodic simple continued fraction that 0 almost represented. Thus 
he constructed an afmost-quadraitc transcendental. 

It is an elementary matter to find a lower bound for 6 — о, where 
we now approximate 0 by an algebraic number not necessarily ra- 
tional or quadratic. We could then try several departures. We could, 
for example, try to construct almost-cubic or almost-biquadratic 
transcendentala.* On the other hand, we could use a diagonal method, 
that is, we could consider the limit of a rapidly converging sequence 
of algebraic numbers whose degree becomes indefinite. For example, 
a root of a power series with rational coefficients is the limit of a se- 
quence of (algebraic) roots of the partial sums, and the speed of con- 
vergence is regulated by the remainder. If the remainder is too amall 
we find that the root of our power series can be approximated too 
closely by algebraic numbers of varying degrees, namely the roota of 

Received by the editors June 13, 1946. 

! Written at the Navy Port Director Unit, Yokosuka, Japan, March 1946. The 
author wishes to acknowledge the advice of Professors C. L. Siegel and B. P. Gill. 

з J. Liouville, Sur des classes tràs &endues das quantités dont la valeur s'est ni algé- 
brique ni mime riductible à des irraWonelles algébriques, J. Math. Pures Appl. vol. 16 

1851). 
| iE Maillet, T'héoria des nombres transcendents ві des propriétés arithmitiques des 
fonctions, Paris, Gauthier-Villars, 1906, chap. 7. 

, t For instance, E. Maillet, op. cit., pp. 22, 100, considers certain *rapidly converg- 
ing" power series with rational coefficients and algebraic values of the argument. The 
value of such a series is shown to be almost algebraic when regarded as the limit of the 
algebraic partial sums (which lie in the field generated by the argument and therefore 
are of no higher degree than the argument). 
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the partial sums. Thus the root of our power series must be transcen- 
dental. By this method we can obtain some transcendental numbers 
which seem to have previously escaped notice. 


_ 2. Approximation of a fixed algebraic number by an arbitrary alge- 
braic number. We let 0 be a fixed algebraic number of degree n whose 
denominator із і, that is, 0 satisfies the equation with integral со- 
efficients 

№9" + 2071+ +++ +A me 0. 
We consider æ the root of an arbitrary polynomial with integral coeffi- 
cients 

olr) = fox" + fie! +- t+ fæ 

Denoting max| fil by A |¢(x) |, we shall measure the closeness of a 
to 6 by the smallness of ф(@) in terms of A [Ф(х)]. 

Now setting ф(х) = јох" Лох" 1+ +++ +}, we find $(6) can be 
written as ф(%Ь8)/, where of is an algebraic integer. Thus if we multi- 
ply $(8) by its conjugates, we obtain 
(2) TL 40) = { [1 (408) } /io” = M[e(]/5 
where M$(8)] is an integer. If $(80) 5:0, then the same inequality 
holds for the conjugates of 0 and thus 
(3) | af [$(0)]| 21. 

For any conjugate of 0, we find easily 


(4) `14@)[| s A[e(2]77 
where Т; is a constant determined by б. ` < 
Hence if $(8) 0, we obtain from (2), (3), and (4) 
|e( | > 1/(G [9 02D) 


In short, sf 0 4s algebrate of degree n, then for an arbitrary polyno- 
mial ф(х) of degree m with integral coefficients no greater than A |o(x) | 
$n absolute value, 


wl ; x 


(5) 10| a M 

> (ale Ts}, 
where: Ту depends only on 0. We should note in passing that if ф(х) 
=—p-+gx, then (5) is Liouville’ s theorem. 


3. Construction of transcendentals. We shall aren a power se- ' 
ries o(x) = attaw tagr- - ' (6.20), where a, are rational 
fractions r;/s, (50), and e; are increasing integral exponents. For sim- 


plicity set ао =” 1. Let e, (x) be the Ath partial sum (up to and including 
the exponent ву). Then of the coefficients а; in o4(x) let ga be the |. 
maximum |a.| (ge 1) and Jet da be the least common multiple of ' | 
the denominators s; in o4(x). Then if.as kh o, ва}; is of-a higher order ', 
of infinity! than бу, log gs, and log di, we find that o(x) is transcen- 
dental for all algebraic x within sis circle of convergence, except x == 0. 

To see this, let x take the algebraic value 0 of degree и within а 
circle of convergence of radius p. We suppose E(c) to be an arbitrary 
. polynomial of degree k with integral coefficients of which the greatest 

‘has the absolute value А [Е(о) ]. Then we wish to show E(e(0)) s40. - 
. First we write E(c(x)) as partial sum and remainder 


‚ E(c(2)) = E(ox(2)) + Ка). 


New фу(х) = dE (x(x) is а polynomial of degree ke, with integral - 
coefficients, Its maximum coefficient А [$1(x) ] — satisfies the con- ' 
dition \ 


alala] E: di DA [Е(о)](® + 1) е 


2 "T" s da DAUGO]O + D'e 


‘since any coefficient in the polynomial фл (x) is leas than the value this 

polynomial assumes when we replace each a; by рь and set x=1. 

- Furthermore, since E(c) has only a limited number of roots, 
E(o,(6)) can not vanish for all А. For, when k changes to 4+1, o4(6) 

changes by a4,,0***1, which approaches zero as В approaches infinity, 
although this term never vanishes, 0 =0 having been excluded. Thus 
by (5), for an infinity of values of &, 


| BEAG) | г (ав + DALE + а) T. 
` But since À can not exceed 2% (or even бу), we.can simplify the last 
inequality and obtain Ka 
(9 ^" , [EOD lez a ge. po! | 

‚ where Ту depends only on 6 and on Е(о) as a polynomial in c. i 
i On the other hand R,(8) = Е(с(0)) — — Е(съ(9)) and, by elementary 


considerations, E 
0 IROLE Tle - (0| s Tl Elos — dg is 
where T; is determined by o (x) and E(c), independently of А. 

"И wo have two quantities и and » each depending on А we sey i is of higher 
order of infinity than v, if s/s— 0 with д, 


* 


i 


- Bn - + 
i Н 4 * А Ы 
П 
^ » t 


L 


T" с. ALMOST-ALGEBRAIC NUMBERS: ` (005. 


1 


' By our condition on the order of magnitude of e441, it follows from 
(6) and (7) that for some &, | E(e())| z | E(os(6))| — | Ra(6)| > 0; and 
c(0) can not satisfy the algebraic equation Е (о) =0. Q.E.D. 

A simple method of satisfying the conditions on o(x) is to take 
ox) =1pat+atlt oes. Exe, |а| «1. Then с.х) and x are 
not both algebraic unless х = 0; and indeed, the-values of x (70) for 
which o;(x) is algebraic are some instances of ihe type of transcen- 
dentals under discussion. 


New Үогк Crry 


t 
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ON THE LOWER ORDER OF INTEGRAL FUNCTIONS 
`8. М. SHAH 


Let f(s) =) 8,5" be an integral function of order P. It is known 
that! 


n logn log log М (r 
(1) lim sup g g log Mír) 


——— V = p-limsup—————-- (0 | 
kie =" ш, NI 


A similar result for HR lower? order A, namely 
l log 1 M 
- logs Siegen SHO 
se log {1/]a,| } 9 log f 


does not always hold. In fact for 

exp (ef) + exp) = 2st HH +S), 
uu n log я 
lim x» 1 


whereas À =p = 2. 
We prove here the following theorem. 


THEOREM 1. If f(z) =) Сав" is an integral function A order p and 
lower order X (0 SX S о) then 


(2) X > lim inf n log n О. log я 
| m» lgíi/|e|] ' sa log | а/а | 
COROLLARY 1.? 
l log 11 1 1 
iim ing OE 09/08 коны 198 LVI ol} 2 
(3) "=. log я se n log я р À 
log 11 1 
m og t os] T, i pup E 2/1. 
3 n logn "T log я 


Received by the editors April 4, 1946, and, in revised form, May 3, 1946. 

1 E. C. Titchmarsh, Theory of functions, pp. 253-254; E. T. Copeon, Theory of 
functions of a complex variable, pp. 175-178. 

з For the definition, and so on, see (1) J. M. Whittaker, The lower order of integral 
functions, J. London Math. Soc. vol. 8 (1933) рр. 20-27; (ii) S. M. Shab, The lomer 
order of the zeros of an tutegral function (П), Proceedings of the Indian Academy of 
Sciences (A) vol. 21 (1945) pp. 162-164. 

3 Cf. a similar result (1) in S. M. DIS Тин О сананы 
Mathematics Student vol. 10 (1942) рр. 80—82. 
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COROLLARY 2. If lim... » log #/log{1/|a,|}—L where 0 21,< o 
then f(z) =) бах" 4s an integral funciion-of regular growil* and of 
order L. 


THEOREM 2. If (i) f(s) =) gant" is an integral function of order р 
and lower order М (OSAS o) such that (ii) | б» б ts а nondecreasing 
function of n for n> no, then 


n log я " | log я 


(4) A = lim inf ——————~—— = lim inf —— 
яз» log {1/| a|} - aoa log | а/а |. 
logs . 
(5) Тад трин ЕП 
log | 2/21] 


We note that the hypothesis (ii) of Theorem 2 does not imply that 
f(s) is of regular growth. In fact we have the following theorem. 


THEOREM 3. There exists an integral function f(s) =) ав” for which 
(1) ag >0, (ii. a./a.41 #5 a жан) increasing function of n, and (ш) 
p». | 

An interestin g application of these results can be made to the series 
F(s) = У алек" where {¢,} are a set of numbers such that |є„| =1 
or 0 and such that > p a.e,s* consists of an infinite number of terms. 
F(s) ів an integral function. Let its order be р(Ё) and lower order be. 
ACF). Since 
M(r,f) &la.|r zoe |n 
for every n and r, and so if u(r) denotes the maximum term, M(r, f) 
u(r, F). Hence . | ' 


(6) М) 2 МЮ); P) в (P). 

If [а Гада | «y(n) (вау) is a nondecreasing function of я then 

(7) Mf) = limint — 8 "* — s limsup. 7 96". р 
Une е Тар xl (1/| asl] 

and so we have the following theorem. 


THEOREM 4. If f(s) = д ass" is an integral function of order p and 
of lower order X and is such that | а.а | $sa nondecreasing function of т 
for п> no, then F(s) == У алев" із of order p(F) ZX. 

For instance every function F=} 3 e,z*/n1 is of order 1. 

An example, to illustrate the point that by an appropriate choice 


* Cf. С. Valiron, Lectures on the general theory of integral functions, pp. 41-44. 
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of e, the order p(F) of F(s) =) /a,e,1* can be made equal to any num- 
ber x where МЈ) Sx Sp(/), is given in the proof of Theorem 3. 

The function exp 35-2 5 s*/nl for which y(n) is an increasing func- 
tion of я is bounded on the real negative axis and the series 


Fl) = а — + — 


is bounded on the real axis. If Win) is increasing suffictently rapidly 
then we prove that f(s) and F(z) are not bounded on any line arg sma 
(OSaS2x). In fact we have the following theorem. ` 

THEOREM 5. If f(z) v On is an integrál function of lower order Y 
such that |a./a«41] zz? 21/8) for n > no then 

log 1 i log 1 ' 
room log f тә» log r 

` where m(r, f) = minis | f(s) | and 9 «2-2. 


LEMMA. a, 45 any sequence of real or complex numbers such thai! 


(i) | |a| <1 for" > т. 
Lee 
8(w) = „лыы 271.1) (n) = са [ж/м ; 
n logs log я 

a= lim inf ф(в); y = lim inf {1/Ф(ю) } ; 

В = lim sup (я); 8 = lim sup {1/4(я)}; 
| A = lim inf &(n); C = lim inf {1/0(n)}; 

В = lim sup 6(n); D = lim sup {1/6(m) } ; 
a | 
(9) > a S A= 1/D; 1/С = В 5 В; C g yY. 


(i) If' further y(n) ts a nondecreasing function of n for ng N and 
WN) z 1 then 


(10) | C = y 1/6; D = 8 = da. 
The proof of (9) is straightforward and omitted. 
5 Some of the relations in (9) and (10) hold under less restrictive conditions. 
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Proor ОЕ (10). By hypothesis (ii), æ, B, Y and 9 are non-negative | 


and В = 1/y, a=1/8. We prove B28. Suppose first 0<8< o. Then 
Ин) > s^ > for n = Ny, N3,°--, №, 
Let Ni» maxim, N}. Then 


|+ k( NOV( Nit 1) -- (5 — 1), 


l N 1 eI — 1 
eng CUM a LT Sp И 


Let n= |N, log? N,|+1. Then ` 
E (н — N,)log N^ 


n log n 


8(ж) 2: 0(1) + 


Hence Bz which holds also when 8=0. If B be infinite the above - 


argument with an arbitrary large number instead of B—e gives that 
В = о, Hence from (9) we get that B =f and so C =y =1/f. The sec- 
ond relation in (10) follows similarly. 

PROOF or THEOREM 1. Since Ya, is convergent, |а„| <1 for n» no. 
As Cg we need prove АР; C only. Suppose first OX C « =. Then 


n log н | 
ТО ЧЕ Ый, | 
for all ss е; N(e). 


| a, | > gy O—9, 
Let т, н 2710-9, If ra Sr Sra (n>N) then 
M(r) S| an| r° & | an| ra > Oo exp (51og r.) = exp (s log 2). 


Hence log M(r) zlog 2((r/2)9-*—1] for all large r and so ASC, 
which holds when C=0: If С ©, the above argument shows that 
A= c. | 

Corollary 1 follows from (1), (2) and (9), and ‘Corollary 2 from (1) 
and (2). The example given at the beginning of the paper shows that 
f(s) may be of regular growth and іш, „(я log #/log {1/| dn) | | may 
not exist. 

PROOF OF THEOREM 2. Let u(r) denote the maximum term, »(r) its 
rank. By hypothesis (ii), (n) »V(n—1) for an infinity of n; for if 
otherwise y (s) ey(n--1) ва +++ ad inf for n» p, вау, and hence the 
radius of convergence of the series У a," would be finite. у(м) tends to 
infinity with s. | 

When y(n) >y(n—1) the term a.s” becomes a maximum term 


- 


e 
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and we have (ғ) = |а,|7", p(r)es for $(n—1)zr«y(m) Now 
№ = іт inf,..log »(r)/log r. Suppose first that 0 <А < o. Then p(r) 
>r! for >К (е). Let |s| -r» R and let aos"! and ас,” 
(т> no; V(mi— 1) > R) be two consecutive terms во that miS ma4—1 
and let mi n Sms. Since a,,£*! is maximum term we have »(r) em, 
for y(mi—1) 7 «y (m). Hence for every r in this interval m y(r) 
>r. In particular f» (y (m) Ср where C min {1, (mi) 
—wW(mi—1))/2}. Further we have | 


Vm) = V1 +m) = -= y(n — 1). 


Hence 
Wn 4-1) --- p(n — 1) = | < iy - 1) } =: 


« {С + mY Oe) | 4—1 
< KE (99) 2% (ee) 1 Os), 


` Hence for all large я 


1 
= < Kilne)2" -pml / 0e) 
Oe 
and во 
(11) CZA 


which holds when А = 0. If А = œ the above argument gives C= œ, 
Hence from (2), A =C and so from (10) we get (4); and from (1) and 
(10) we have (5). 
PROOF oF THEOREM 3. Let m =2, naumt (sm1, 2, 3,--+-), 


' 1 
гу = 1, fa "Н : form lm <th, 


н, — M 


d 2 
fm ™ Me — fors, Sm < 141, 


(na) 1} (2241 
$21,2,3,-- - , and let ` 
ж) 1+; C 


i fifactccf. 
Then 2,7 0 and a,/a.451f.41 which is a steadily increasing function 
of я. Also ` 
орт + d logr. 
n log я 


> o(s) 


Hence 


f 
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е Е log (њи) РЕР 
: "uu log я, 


2 (ж log я, — н) log (n2) c O(n, log m) 
6([s, log ж, |) р ^2. 
| n, log ж, log { н? log я, | 


It is easily seen that lim sup, L0 (5) = 2; lim inf,.,.0(n) =1. Hence f(s) 
is an integral function of order 1 and lower order 1/2. Let now 


$ when m = [n, log m] (s=1,2,3 >) 
ERE 
Q otherwise. 


Then 
F(s) - Y ser em y 


i ria: ts 
is an integral function of order 1/2.-If 
l 1 when m = n, (s= 1,2,3,---) 
Ый | 0 otherwise 


о е 1/2<x<1 and 6 =1 when m= [exp (4x log m) ] 
(21,2,3,* * ) and zero otherwise; then F(s) is of order x. 
Pacer on санаар 5. Let |e! =1 for = Ni, №, Ny, 
(№. > жо). We write №, = N. Let Ry = (0—1) апа |s и cm 
u(r, f) = | an| r¥ = u(r, F) for y(N — 1) & r « ұ(№) 
and R lies inside this interval. С 


{ 





N-1 e 
||» оле + one" + У, алд" 























N+1 
N-—1 
= дЕ, f) — | Do oes 
6 N+1 
Now 
A—1 
> аз" | S | aya | RH. 
0 
1 1 1 1 i 
Su ut e ol у} 
< ю{—+ er ати} + t2 
H @ 94 ў? E 101% 


- 
— 


E Hence f and F are not bounded on any line arg 5 =. 
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for all large N. aa | 
К >, а" | s — ee 
N+1 к | 
| s my {4 e "EN sese ERN 
T _ \ = | E 
Hence for all large R 
EMEN TS u(R, f) A 
>. . zx э. ж 
| | ADT - 
жы. ом | 
MEL ipis SD. 
| 10000 


Since | з л | 
А it * о о f, à 
F А Й ; In * f g g a pn -— À . 
No . r-ra ` ‚ log pe 3 | 


the theorem follows. 
Added in proof. A short note containing a part of each of a Theo- 
rems 1,-2, and 3 appeared in J. Indian Math. Soc. vol. 9 (1945) 
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ON THE SINGULARITIES OF A CLASS OF FUNCTIONS 
ON THE UNIT CIRCLE | 


3S. M. SHAH 


Pólya has suggested and Sregd and others have proved the follow- 
ing theorem.! 


THEOREM. Let f(s) be a function regular in the whole plane including 
з= со excepi a s=1. Lei 
f(s) D BE we 
TT | 
Ud) 5„/з*, Is| 1. 
If а, = O(n*) and b= O(n*) then f(s) is a rational function. 
The above theorem is generalized in this paper as follows. 


THEOREM 1. Let f(s) be regular $n the whole plane including s= œ, 
except posssbiy ai a certain set S of points on | s| к=] (the set S being not 


~ 


- 


everywhere dense on the complete circumference of the unit circle). Let 


Dy а,в", | | 5 | <1, 
Ks) = Б b,/s*, ; |s] > 1, 


and let a, = O(n*), b, = O(n”); then the following results hold. 

(i) Every ssolated singularity on |s ха] wi be a pole of order not 
exceeding k--1. 

(ii) If there are only a finite number of singularities on |s| =1, then 
f (5) $ $5.0 rational function. ; 


THEOREM 2. There exists a function satisfying the hypothesis of Theo- 
rem 1 and having an infimie number of singulartites on the uni circle; 


also there exists a function satisfying the same hypothesis and having no 


isolated singulariises. 
Lemma 1. Lei f(s) be an integral function and let 


as 2 
n0) = f enm [nas where p > 0 


_ be bounded on a sequence of circles rr, lending. to infintly, for some 
p>0. Then f(z) reduces to a constant. 


Received by the editors November 28, 1945. 
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Proor. | (ж) |» i ів subharmonic іп апу region of the s-plane. By 
Poisson’s integral formula 


ж (R -r Res) |? 
Wels f XA eem an 
where |s| =r < у. Hence 
Ria’ 
EX EE 
Putting R=2r we get ` 
| f(@)|?S3K/2 on |s| = R/2. 
Hence f(s) 18 bounded on |s | =„/2 and so it reduces to a constant. 


LEMMA 2. Let f(s) be regular for || 2H except probably at infinity; 
and let 


R+r 
Ror 





| f(s) |? L | (Ret) [pdb S К 


f ШӘ ^ Ф>0) 


be bounded on a sequence of circles |s|r =r, tending to infinity. Then 
f(s) is regular at infinsty. 


Pnoor. We can write f(s) = g(s) -- h(s) where g(s) is an integral func- 
‘tion and A(s) regular at infinity. Since A(s) is bounded at infinity, it 
follows from Minkowski’s inequality when p>1 (and still simpler 
when #31) that fr | (ғ) |*d (s —re**) is bounded on a sequence of 
circles r =r, tending to infinity. Hence g(z) is constant by Lemma 1 
and so f(s) is regular at infinity. 

PROOF OF THEOREM 1. To prove that every isolated singularity will 
be a pole, it is enough to prove that if s=1 is an isolated singularity, 
it is a pole since every other singularity can be brought to s=1 
by a rotation. We suppose that Ё is a positive integer. We have 
already supposed that s=1 is an isolated singularity of f(s). Let 
xm (14-2) /(1 — ж). This transforms the unit circle in the s-plane into ` 
the imaginary axis in the. x-plane and s=1 corresponds to х = o. The 
function ф(х) = f(s) given by the above relation is therefore regular 
for |x| 2: К» (where Rs is some number), except at x= co. 

From our assumptions about the coefficients we obtain 


1S rs 


in the neighbourhood of the circle |s| 2 1. Hence 
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| 1—5 |" 
а ну) | 3 1 
1—|s|| 
Let (x) = (1—s)**J(z) where s= (x —1)/(x-4-1). Then 
«| s ——— : 
x MEC SR TT ae Yee ee Ea Ce ee 
| feta)" T1-[@-p/@+n| 


< = 
| | 2 1| 712 1 
Let х = рет. Then |x-F1|1—|x—1]|1-4p cos y. Hence 
alls il-tis-1i|j*" 
2) | ттр 
MOIS етра аре 
peores dc 
геа 
4р | cos v | 
Сз 
| cos y | t 
if pz po is sufficiently large. Hence 


Єз 


1+1) арналыш 
МО Ет 


except when y= r/2. Hence 


a : ar єзФү 
fotos f cs 


which is a convergent integral. Hence 


ar | 
[ | ya) [OHD dy 
8 


| is bounded and во, by Lemma 2, v/(x) is regular at infinity. Hence 
(1 — ж) | 

is regular at 2-1, which shows that f(s) has a pole of order not ex- 

ceeding k+1 at gm1. 

This proves (1). To prove (ii) it follows by part (i) that each of the 
finite number of singularities on |s| = 1 is a pole. Hence f(s) is a regu- 
lar function throughout the s-plane including infinity, except for a 
finite number of poles. Hence f(s) is a rational function. 
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PRoor OF THEOREM 2. Consider the function j 
X вд 1 1 
Ра) = }; 


1 2* (s — an) 
where (o4) is any sequence of points on |s] «x1. If the sequence (as) - 
has only one limit poiat the above function f(s) haa a pole at each of 
these points a, and an essential singularity at the limit point of the 
sequence (as). It is regular elsewhere. If 

f(s) = Уу as? for |s| <1 

0 

then 
c od d 


ami 2s ss 


and therefore | a] 51. Similarly if f(s)-9 b,/z? (| | 1) then 
IA $1. Hence a, and b, are certainly O(n*) for any Ё20. To prove 
the second part, it is enough to take (a) in the above example to be 
everywhere dense on some arc of the unit circle, the arc not being the 
whole of the circumference. The function f(s) will have a non-isolated 
essential singularity at every point of this arc and the coefficients a, 
and b, are bounded. 

This example shows that the part (ii) of Theorem 1 is in a sense the 
best possible result, for the function constructed satisfies the condi- 
tions on the coefficients while it is not a rational function since it has 
an infinite number of singularities on the unit circle. 


MusLIM UNIVERSITY 
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ON A GENERALIZATION OF THE STIELTJES 
MOMENT PROBLEM 


W. H. J. FUCHS 
The “generalised moment problem” 


Н 


(1) f, ваа m s. (Urn x Г E^ 


is said to be determined if there is at most one increasing function 
a(t) satisfying (1) and normalized by a(0) ~0. R. P. Boas, Jr., who 
first considered this problem [1]! gave conditions under which (1) is 
determined. These do not include the best known result in the classi- 
cal саве №, ==", namely Carleman's criterion: If А, =н and $ u, Y?" 
= œ, then (1) is determined. I shall поз prove a theorem including 
Carleman's test as a special case: On the other hand this theorem will 
not include the results of Boas, as I shall from now оп assume 


(2) | Aces Мэ > (ne1,2, 5) 


for some с> 0. 
Let 


И) әр} EX 
Oc Ayer 


THEOREM. If there are a non-increasing function $(r) and positiive 
constants А and a such that | 


}() > A(r/e(r))* 
and +f | 
“м An 7 А 


(3) L m 
ү pleng ha) 


then (1) £s determined. 
The proof is based on the following lemma. 
LEMMA. If (2) 4s the case, then 


"+s 


G(s) = гн 
(s) Ш, 





Received Бу the editors May 29, 1946. ` 
1 Numbers in brackets refer to the references cited at the end of the paper. 
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ss regular apart from poles at the \, and for some constant В 
IG| < B*(9(0)* (8 = zd iy m теч) 
in x20 except sn circles of radius c/3 round the d,. | 


This lemma is proved in [2]. 
PROOF OF THE THEOREM. We must prove that two increasing solu- 
tions, о1(7) and oa(t), of (1) can differ by a constant only. Consider 


о е 
F(s) = zS idla — оз). 
F(s) is regular in Rs 2 x » 0 and 
| F(s) | < =f rite + оз) S (o(x))**, 


say. Since (fo i*d (o1 --оз) / Jo d(e1--03)) Ч" is an increasing function of 
x, by Hólder's inequality, we may choose 
(4 (а) = Ku," (hei 2 M). 


Also F(M)*0 (n1, 2, - - - ), but unless ay(#)—ay(t) = const., F(s) 
does not vanish identically. It is therefore sufficient to prove that 
F(z) is identically zero. ~ 

If G(s) is the function defined in the lemma, let 


H(s)s^* = F(s/a)G(s/a)ste ^ 0*9(1 +s). 
This function is regular in Rs > 0. Also, if zm x-y - re'* 
| Fs/a)G(s/a) | & (s(x/2)(r/a) BA27)* 
& (r(z/a)d(z/a) BA^tar )*, 
| 1“ | ЕЧ зЫ ЫА 
since 0 sin Oz; x|sin 0| /2—cos 0 for |0| $x/2; 
e| = | eben 
Therefore 
(5) | E| < G(x/a)&(/a) | s|-*e-(71 imt 4- 02, - 
provided that C is taken sufficiently large. Consider now 


14-9 
(6) g(s) = J г. H(s)s~*ds. 


~~ 


F+ 
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Because of (5) the integral is uniformly convergent for | s| 21, | arg s| 
37/2. In particular g(s) is a regular function of s in s| 1, 
larg s| <я/2. It also follows from (5) that the line of integration in 
(6) may be shifted to any other line x{=b>0. Taking b--£ and using 


(5) gives 
(7) | g(s) | < 2(9(£/2)8(£/2))* | s |-* (| arg s| 5 х/2) 


for every £» 0. 
By a theorem due to Carleman and Ostrowski (7) implies that g(s) 
vanishes identically, if i 


(8) f (s(t/a)&(t/a))-Mdt = « 


(see [3], in particular Satz IV and $14). 
By (4) " ч 
| = ^1 | 
—ld сеира, 
f о/о) ав 2 o 


so that (3) implies (8). Therefore g(s) vanishes identically. By a well 
known uniqueness theorem for the Mellin transform this implies that 
Н (в) is zero and so F(s) must be equal to zero everywhere. Q.e.d. 
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ON FRACTIONAL DERIVATIVES OF UNIVALENT FUNCTIONS! . 
H. P. ATKINS | 


It has been shown by Е. Marty [6]! that if f(z) is analytic and uni- 
valent in the unit circle, f(0) «0, and f'(0) =1, and if the Bieberbach 
cenjecture [2] that |7%(0)| S-nlis assumed when s» 3, then 


| (1) у (в) xaln--n0(—nDn-—,  »-0,1283, 


where | s| =r, and that equality is attained for real positive х by the 
function f(s) —-2(1—5)^*. For n=0 and #=1 the inequality reduces 
. to the well known relations obtained by Pick in evaluating the con- 
stant in the Verzerrungssatz of Koebe (see [2]). 

The purpose of this paper is to generalize this relation to include 
fractional derivatives and integrals.-The bound obtained will be ex- 
pressed in terms of the ratio of the incomplete to the complete beta 
function, defined for p and g real and one or the other positive by the 
equations ' 


Lp, q) = 





®”-(1. — х), Ф > 0, 
et | 


I$, q) = | — 





R "E" 
xz*-(1— id "g0, 
B Ё d J 

which are equivalent if both p and q are positive. Two separate defini- 
tions of the fractional derivative will be found useful; these may be 
shown equivalent for the values for which both are defined. For a <0 - 
the Abel-Riemann definition [1, 9] is more easily applied: 


Ру](в) = 





1 
r(— a) 
a a™ гт ' s | 
А О) = ар, f - с 


f fw) — w) ^ di, а < 0, 
Ü © 


wie m is a positive integer. For 220 е Laurent definition [4] is 
` more satisfactory: - 


Presented to the Society, August 23, 1946; received by the editors April 17, 1946. 
l The material of this paper forms part of a thesia, prepared under Professor 
W. Seidel, to be presented to the Graduate School of The University of Rochester for ; 
' the degree Doctor of Philosophy. 
` * Numbers in brackets refer to-the bibliography. 
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Dja = 09 f f9-3 m ^ BO, 


where P isa 7 from 0 once around 5 іп the positive sense and ге- 
turning to 0. To avoid ambiguity in the Laurent definition we shall 
use that determination of the multiple valued quantity (w—s)-*"! 
obtained by letting 

| (вр —)—*—1 = meg lir) 4 


where —* <i Sr, at the start of the path Р. The corresponding am- 
biguity in the Abel-Riemann definition will cause no difficulty. It 
should be noted that the fractional derivative may be undefined for 
5 == 0. 


THEOREM. If f(s) is analytic and univaleni in the unii circle with 
f(0) =0 and f'(0) = 1, and if a 4s any real number and n+1 the smallest 
non-negative integer greaier than a, then (without resiricison if a S3, but 
assuming the Bseberbach conjecture if a> 3)! 

ei (0 


oDsf(s) — Y f (0) M 
Fido bed re 1— 4,042)  rl(n — о, а + 2)} 


for 550. Equality 1s attained for real positive. g by the functton f(s) 
==5(1—в)%, 


(The summation from 1 to я is to be interpreted as 0 if я «1, and 
«Dt 7f (0) means the derivative of order a —j of the constant f? (0).) 
Proor. If a «0, the desired relation follows from the Abel-Rie- 
mann definition, for making the substitutions 
—1 
10 = == a eit, gm rei! 
x 


and noting that, from equation (1) with »=0, 


(=. а 


3 Using the Littlewood result [5] that [f(0)| <en-m!, the theorem may be 
changed so as to be valid without assuming the Bieberbach conjecture by Inserting 
a factor ¢ on the right side of the relation, making the relation а definite inequality, 
and deleting the last sentence. 





SS en eer 


we have 


^ Ра 
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руа | ® т. =f (1—r) wide (z'— 1-2 r)dx 


=(1— A Gene (—a, 44-2) -(1— »LC —a,a+1)}. 
Using the reduction formula [8] 
I,(2, 4) = rI. — 1, 4) + (i — ri, 9 – 1), 
which may easily be verified for all cases, we obtain the desired result 
for n= —1, 
| Df) | 
S (1—r)7*T(s + 1)aL(—a,a4-2) + rL(—-1—5,a-- 2)]. 

If а@2,0 we use the Laurent definition of the fractional derivative. 
Let b=a—n, where n= [a], and temporarily restrict b to be different 
from 0. Let g(s) «f? (s) —f'9?(0), so that g(s) is analytic and g(0) =0. 

Select c between 0 and r, and take the path of integration P to 
consist of a straight line from 0 to (r—c-+er)e*', a circle with s ав 
center traversed once in the positive sense, and a straight line back 
to 0. 

On the circular portion of this path, putting w=s-+c(1—r)e* and 
integrating by parts with 2—40 as the differential, 


TEED f entm — oti 


"түс T ЭССЕ" e+ ede? c0 (079, 


where c*71O(ct-*) is bounded, for fixed s, as c tends to 0. 
On the two straight portions of the path P, taken together, 


LS [ g(w)(w — s) tdw 


Mot pee 
= f (| e | er — | wo] y 1e GHD 0m eiid | | 





m + MIA g( | w | е“) (r — | w | Ye O0 (Hed aged | w 





1 r-et 
== p^ lel ene - Leona] wl. 


The substitution |w| = (д — 1+r)/x and integration by parts with 
(1 —&) + de as the differential give 
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— С> (1 — r7( 4 o9cg(Ir — c + гђе) 





1 | 1/ (+6) Ef. 
H eM(1-—r)yb-— 1) f s1 — ryg ( е) dx 





1 1/ (1+8) x—i--r 
T————— е0 (1 —r) Hf - 2*-*(1 = sr ( e) dx. 
r(1 — Б) 1 + 


Combining this with the value obtained on the curved portion of P, 
and allowing c to approach 0, we have 


=p 


20.8(8) 








a-o- f z7(1— 2) (== s) dx | 





1 ` fl x—1-+r 
H eD — у) - f D1 — x) ^g ( e? dz. 
Г(1— 2) + t 


Integrating the first integral by parts, with x'—?(1—x)—*dx as the 
differential, gives finally ` 


Dass) . A | "TP 
«osa: f at1(1— x) (5 б е) dx. 
l—r T 








- T(1—8) 


This formula may be verified directly for =0 so the restriction on b 
may.be removed. If we note that, by univalence of f(s), formula (1) 


gives (see also [7]) 
Ф- 1+7 | А х— 1+7 
Кы qp 
5 (w+ Dll 2) — (1 пани — 075, 


the right side of the equation for ¿D}g(s) may Бе reduced to the bound 
given in the theorem by a procedure exactly analogous to that for 
а <0. Thus it remains necessary to show only that 








| oDig(s) | = Dio = y D; *f(0) i 
From t 


b (a) 


г b-+-1 x | ~—b-1 
oD,f (в) = A fr (в) — х) dw 


we can obtain, using the proper determination of (w —s)-*^! and in- 


_ 
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tegration by parts with E (w)dw as the differential, 


LES E. —b-1 4 EM b+1 „(»—1) (s ) 


Dif (к) = ‚Чор, J 


| "e 7 
The process may be repeated to get 


»—1 





1 10-08. 
| D^) = D (5 Er mp Ш (0 
But Í : 
С Юу, a б,” 
| WD, f (0) = rd — Tru » yr 
by direct evaluation, so | | EE 
Dif (в) = wits) - 3 ario 
and 


«a—1 (D 


Das) = D^ )- D^ (0) = = 279 - - Es f^ (0) 


= oD, f(s) = > f ? (0), 


since f(0) = 0. 

Since every relation in е entire proof, except those limiting the 
range of a and b, becomes an equality for real positive s when f(s) | 
=2(1—s)~*, this completes the proof. 

The result rodice to that of Marty for non-negative integral vas 
of a. 

BIBLIOGRAPHY 


1. N.H. Abel, Oexores, vol. 1, Christiania, 1881, pp. 11-27. 
2. L. Bieberbach, Lehrbuch der Fuuktionentheorie, vol, 2, Leipzig, 1931, pp. 76-80, 
3. Н.Т. Davie, The theory of linear operators, Bloomington, 1936, рр. 64-76. 
4. орао и аа Nouvelles Annales de 
Mathématiques vol. 3 (1884) p. 240. 
. . &, J. E. Littlewood, On inequalities би tho theory of functions, Proc. London Math. 
Soc. vol. 23 (1924) p. 481. 
б. F. Marty, Sur les dértvtes d'wne fonction smwivalente, EI Sci. Paris 
vol. 194 (1932) p. 1308. 
7. P. Montel, Lacon: sui Ii Кийин аайы Dara Td om. 
53-55. 
аа еее fadt Conn Быр. 
9. B. Riemann, Werke, Leipzig, 1876, р. 353, 


YO 


Ф 


\ ааа Ow Вана 


A GENERALIZATION OF A THEOREM OF 
LEROY AND LINDELOF 


V. F. COWLING 


1. Introduction. Consider a Taylor series f(s) => z a." with ra- 
dius of convergence unity. Let the ee a, be the values taken 
on by a regular function a(s) for s=0, 1, 

The-object of this paper is to study the Taylor series under the 
assumption that a(s) is regular in certain domains.! The results ob- 
tained are of the nature of domains in which the function defined by 
$t is regular and of domains which contain the singularities 
-of the function defined by the series. In terms of a(s) fairly general 
sufficient conditions are given such that the circle of convergence is 
not a cut for the function. | 

The results may be regarded as a generalization of a theorem due to 
LeRoy and Lindeldf.? 


THEOREM (LEROY AND LINDELÖF). Suppose (a) a(x+ty) ts regular 
in the semiplane x za, (b) there ts a 0 <т such that for every arbitrary 
small postive e and for suffictenily large p 


|a + p exp (W))| < exp +0], = 1/2 8 ¥ £ 1/2. 
Then _ | 
feles з= гер (ig) 
ts regular in the angle | 


@<ф<2к—0@. 


The generalization of this theorem that we prove consists, under 
suitable restrictions, in replacing the semiplane x 2a by an angular 
opening including the axis of positive reals in its interior. 

The singularities of the function f(s) studied in this paper are those 
of a “principal branch” obtained by immediate continuation of the 
series. : 

Consider an angular opening with vertex on the positive real axis 
which includes the axis of reals in its interior. Suppose a(s) has no 
‚ singularities in this angular opening with the possible exception of 
Presented to the Society, December 29, 1946; received by the editors May 29, 1946. 
! By the term domain we mean an open connected set. 


3 See Dienes [1]. Numbers in brackers refer to the bibliography at the end of the 
paper. 
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the point at infinity. Let the sides of the angular opening make angles 
ý, and үз with the axis of reals. 

‘Our problem is to characterize the behavior of the function f(s) in 
terms of the magnitudes of the angles y; and ұз and the type of singu- 
larity a(z) has at infinity. . 





Fra. 1 


We consider first the case where a(s) may have a pole of order K 
at infinity and then the case in which infinity may be an essential ain- 
gularity for a(s). 


2. a(s) may have a pole at infinity. Suppose now that a(s) is regular 
interior to and on the sides of the angular opening shown in Figure 1, 
except for at most a pole of order K at infinity. In Figure 1 let 
1—1 «hb «1 wherelis a positive integer. 

By the calculus of residues if F(w) and G(w) are uniform fiiedona 
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in a domain and if G(w) has only simple zeros а; in this domain, then 
(integration being understood in the positive sense) 

(1) | [ F(w) hs B F(a) 
У О G(w) G’ (a) 
where C is a path enclosing a, but no other zero of G(w) and G’ (a;) is 
the derivative of G(w) evaluated at w —a;. 

Let F(w) »a(w)z* and С(о) =ехр (2:10) — 1. 

For a given value of s—r exp (48) we shall understand by z* 





s“ = exp [w(log r + i0)], 0520<2т. 
Here exp z is the principal value of e*. This convention will be adhered 
to throughout the paper. 
Then by (1) 
1 ү 
(2) LA ы a so Е 


2riJ g erp (2riw) — 1 


where C is a path enclosing п and no other real integer. a(w) is a 
function regular in the angular opening. This choice of F(w) and G(w) 
led to the well known theorem of LeRoy and Lindeldf [1] and is of 
course a well known method for the summation of certain series. The 
analysis of this paper follows lines similar to those in the analysis of 


Lindeldf. 
[ СОБ 2 
oe exp (2rtw) — 1. 


Consider 
where Су,» is the path formed by the two sides of the angular opening, 
with vertex 4>0, and the arc of a circle of radius R, where R is a 
positive integer. This 18 indicated in Figure 1. 
By application of (2) it follows that - 
1 a(co)s* 241—1 


7 три a 


fon 


Denote the aides of the angular opening и to y, and JA 
by Г, and J; and the arc of a circle by C. Then 


f solr ы [ ш)" a 
су exp (2rtw) — 1 n exp (2тіо) — 1 


ч) x f a(w)s* uo f T dis 
c exp (2xiw) — 1 г, exp (Qriw) — 1 
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‘It will now be ahown that, if we place certain —EÜ on Vi, V 


unda. 
| [ - "a(w)s* "m 
c exp (2riw) — 1 
converges uniformly to zero as R becomes infinite. | 
Let ser exp (fr) апа w=h+R exp (sj) with „ега ше 


By hypothesis there exists an R, such that in the angular opening 
with vertex h>0 | 


(5) - | e Rerp G9) | < ARE «OR» 
where A is a constant and K is a positive integer. On thé arc С . 


(6) 


! + 





| exp (2xiw) — 1 b | 


where В is a constant. This follows from the fact that | w is ‘Bounded 


‘away from an integer уз our choice of д, Ї and R. 














~ Clearly 
sge af Ed 
ee A ET 
Hence on C, | E | 
(0 скин < рер кйшй, 
where D жеши ешеш ргоуев = for —x «v Sy <0- ' 
‘Now | | 
а(в)з” КОЛЫ 
exp (2ғіш) — 1 &|з], | exp (2кф) — [ар фиш iTi 
апа | | 
| х= | = | exp [(k-+ R cosy + iR sin y)(log r + ix)]| 
= rh exp [— R(log r cos y + r sin ¥)]. - 
“Ifr<1, then о И . 
(9)  . b(rny)-logrico)-zrsnyp»0, 0585 2/2. 
If r» exp (x tan y), then | on 
(10) bilr, Y) = logri cosy + rainy >O, s/2 S9 ue x. 


Clearly r>exp (r tan н) is sufficient for (10) to hold. We note here ` 


a 


^ 

* 
» 
и * 

R 

ш ~ ; u 
^ 

ы - 
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and also in (11) below, that the case || =x/2 is included. If r «1 then 
(11) ba(r, Y) = log r=! cosy — w sin y > 0, — «/2 à $ 50. 


F} 


Iír2exp(—T tan y), then 
(12 bar, ұ) = 1087! cos y — r siny >0, —xr<sS¥S — 1/2. 


Clearly r>exp (—^ tan v) is sufficient for (12) to hold. 

We have seen that if —7/23y $*/2, r«1 implies b(r, y) » 0 and 
bY(r, V) > 0. Denote, for «2 0 but otherwise arbitrarily small, by r, the 
larger of exp(x tan u)-Fa and exp(—* tan о) Ба. Set r>1—a’, 
a’>0 but otherwise arbitrarily small. Then ri 57 Srs implies x/2 <u 
«x and —r «v < —x/2. We choose a and a’ sufficiently small, so that 
n &r Sry is an interval consisting of more than one point. Then, for 
a given а and а’ and 57 Sra, (9), (10), (11), and (12) take on their 
minimum values on their respective intervals of definition. Let these 
be 5'»0, bf >0, bf >0 and bj >0. Denote by 8»0 the smallest of 
these four values. Then by application of (5), (6) and (7) for R> Rs, 
(8) becomes 


a(w)s# 
c exp (2rtw) — 1 





& | s Told, B, D)R f » (— BR)ày 


= T«(A, B, D)R exp (= BR) (и 3 2). 


Given an arbitrary e» 0, there exists an R; such that, for all R> Ro, К, 
and r: Sr Sra, the right-hand member of (13) is less than є. That is 


(13) 


a(w)s* 
EET К> К, К;7 37 3 73. 
с exp (2riw) — 1 


By (14) it follows that the integral along the arc converges uniformly 
to zero as R becomes infinite. Hence by (3) and (4) we may write 


a : a(w)s* alw)s” 
(3); дан е), cpa) cd wt |. eg uM 





(14) 


Let y 


alw)s” 
Tals) = f. ap n3) 1 


ў a(w)s” 
te) = f. Meng MT MIT 


It will be shown that Jy (s) +J,,(s) is regular for s in a domain 
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which contains the interval —r$ $2 S —f, in its interior. 
In this discussion four cases with regard to the angles ¥ and ұз 
present themselves naturally. 


A: — x/2 < ya < 0, 0 < y < v/2 
B: — x/2 <y: « 0, yi: = x/2 
С: ta = — x/2, $i x/2 
D: — r <1 Sy 3S ~ 1/2, т/2<@ 87 < т. 
. Consider case A. Here 
a(o)s* А ( 
1 = —————— —— qd 
Fouls) Í, exp (2riw) — 1 
- k + R exp (y +i] 
_ (7 SE ep I0 R ep (Doer +) 5 Gyan 
0 exp (2719) — 1 


From (5) and (6) it follows that 
(16) | J'y (x) | < ав f RE exp [— R(log r cos y + 0 sin y) |22. 
, 


If 
(17) 0 <r < exp (0 tan y), 0S 0 «2x, 


then b(r, 0, Y) = орт! сову, +6 sin у, > 0. 

Suppose s =r exp (18) is in some closed domain? contained in the do- 
main defined by (17). Denote by b’ (Yı) >0 the minimum assumed by 
b(r, 0, Yı) in this closed domain. Then (16) becomes 


f 


7,00) | < ABr f, RE exp [- ека < M, 


‘where M is a constant. 

Therefore Jy,(s) converges uniformly for s in any closed domain 
contained in (17). For w on Д, and s contained in the domain defined 
by (17) the integrand of J,,(s) is continuous in w and s. It follows 
from our definition of s* that for a fixed w on I, the integrand is a 
regular function of s for s in any closed domain contained in (17). 
Then by well known theorems [2], Jy,(s) is regular for s in any closed 
domain contained in (17). 

Consider 


з D is said to be a closed domain if there exists a domain E with the property that 
D ~ Е. Here if E is a given set and E’ its derived set then R= E+E’. 
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a(w)s* 
Tas) = f. exp (2riw) — 1 


_ [ Мыр [00+ Rexp (#3) (ову 30] m 
0 exp (2x19) — 1 
By (5) and (7) we may write 
| Js) | 
(18) " ; 
< AD f RE exp [— К 10р c! cos ya + (9 — 2x) sin Vila R. 
If 
(19) 0 <r < exp [(6 — 2x) tan y1] 


then b(r, 0, Ya) =log f^! cos Va 4- ( —2r) sin у> 0. 

Let s—r exp (18) be in any closed domain contained in the domain 
defined by (19). Denote by 5'(J4)»0 the minimum taken on by 
b(r, 0, Ya) in this closed domain; then (18) becomes 


| Jy (2| < ADr* f "RE exp [— b (ya) |48 < N, - 
0 ' ; 


where N is a constant. 

It then follows by the same analysis employed in the case of X Foal 
that J,,(s) is regular in any closed domain contained in the domain 
defined by (19). The function Jy.(s) ++J,,(s) will therefore be regular 
for s [=r exp (#8) in any closed domain contained in the domain com- 
mon to (17) and (19). 

It has been shown (15) that 


2, a(n)s* = Jy,(s) + Jale) 
where s =r exp (x) and rn Sr Sra. But Jy. (5) 3- Jy, (s) has been shown 
to be regular in a domain which includes the interval —7 955 -r 
. in its interior: Hence Jy,(s)+J,,(s) provides the analytic continuation 
of the function defined by У а(н)" to any closed domain contained 
in the domain common to (17) and (19). Since 


I-1 


f(s) = 2 a(w)s* + 2 a(mse, 


it is evident that 7. (ғ) J-Jy,(s) У oa (n)s* provides the analytic 
continuation of f(s) to the same domain. Hence in this case f(s) will 
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in general be regular in a domain bounded by two spirals as indi- 
cated in Figure 2. | 
^ Consider саве B. By an analysis similar to that given in case А it is 
` easily shown that Jy,(s)+J,,(s) is regular in any closed domain con- 
tained in the domain common to 


(20) 0 <r < exp [(0 — 2x) tan ysl, 0360 «2x, 
and the whole complex plane excluding the segment 1 to + œ. By an 





Fic. 2 


argument similar to that employed in case A it is easily seen that f(s) 
is regular in any closed domain contained in the domain common to 
(20) and the whole complex plane excluding the segment 1 to +œ. 

Case C. Here we have a very special case of the theorem of LeRoy 
and Lindelöf [1]. It could be shown by an analysis similar to the 
preceding that f(z) is regular in any domain of the complex plane ex- 
cluding the segment 1 to -+ œ. 

Finally we consider case D. By a method similar to that employed 
in case А it is simple to show that J,,(s) converges uniformly for s 
in any closed bounded domain contained in the domain defined by 
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(21) r > exp (0 tan yı), 050 < 2x, 


and that Jy,(s) converges uniformly for s in any closed bounded do- 
main contained in the domain defined by | 


(22) > r>exp[(@—2x)tany:], | 0дД@0<2х. 


{ 





Fic. 3 


Now the domain Common to (21) and (22) contains the segment 
—f3SsS —ту in its interior. This ів easily seen by setting 6=7 in 
(21) and (22) and noting that r, is the larger of exp(x tan #)-+a@ and 
exp(x tan v) -а, «20. Hence by arguments similar to those used in 
case A : 


Jis) + DENIS + 2; a(n)s* 
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provides the analytic continuation of f(s) to any closed bounded do- 
maih contained in the domain common to (21) and (22). For the case 
Ya =ý, the spirals (21) and (22) are indicated in Figure 3. In calculat- 
ing Jy,(s) and Jy,(s) fora given s =r exp (#9) we recall that by our con- 
vention 


| s“ = exp [w(log r + 10)],. 0590 < 27. 
Hence we have the following theorem. | 


THEOREM 1. Let f(s) =) 2 gas" with radius of convergence unity. Let 
the coefficients a, be the values taken on by an analytic function a(s) at 
z—0,1,2, -- +. Suppose a(z) is regular with the possible exception of a 
pole of order K at infinity, $n an angle with vertex h>0 (non-integral) 
on ihe axis of reals and including the axis of possisve reals $n tts interior. 
Let the sides of this angle make angles yi and үа with the axis of reals. 
Then, 4f y 20 but otherwise arbiirarsly small, and 


A: 0 «y < 1/2, — 1/2 « ya < 0, 
" 45 regular 4n the domain common to 

r 5 exp [6 tan yi] — 7, 039 < 22, 
амі 

r 5 exp [(0 — 2x) tan 4] — 7, 056 <2r. 
If, 
B: view r/2,  — x/2 € ya <0, 
| f(s) ts regular in any closed domas common to | 

r S exp [(0 — 2x) tan ya] — y, 050 < 2х, 
aa the whole complex plane excluding the segment 1 to +œ. If 
C: yı = r/2, Yom — 4/2, 


f(s) is regular tn any closed domain of the complex plane excluding the 
segment 1 to +o. If 


D: r/2 < Jiss < т, — e <0 S ý< — 14/2, 
f(s) is regular in any bounded domain common to 
7 ехр (0 tan yi) +Y, 050 < 2x, 


and 


H ~ 
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и" " 
f 2; exp [(0 — 2x) tan ya] + v, 0 30 «2r. 
It is clear* that the theorem above is still true even though a(s) 
does not.have a pole at infinity. All that is n is that a(s) be 


single-valued in the angle and that |a(h+R exp (ay))| «ARE, R>Ro. 


3. a(s) may have an essential singularity at infinity. Suppose a(s) 
is regular interior to and on the sides of the angular opening of Fig- 
ure 1. Suppose there exists an Rp such thet for К> К, and g=% 
+R exp (a) in this angle 


(23) | c(h + R exp (8) | < exp (8R). 


In order to simplify the work to follow suppose ёж —4, d» 0. 
It will be shown that, if we place certain restrictions on yi, Va ands, 


| a(w)s 
24) J c exp (2rtw) — 1 


converges uniformly to zero as R becomes infinite. Let s=r exp (ir) 
and w=h+R exp (sj) with —x/23y 3/2. 
If r «exp [ж tan y — ё sec y], then 


(25) bi(r, y) = log r7! cos y + x sin y — à > 0. 
If r <ехр [ —x tan y — à sec Y], then 
(26) . ba(r, y) = log r^! сову — r sin — 8 > 0. 


Set (0) =т tan  —ó sec y where OSWSx/2 and 6 x—d, d>0. 
Now g'(V) =sec y (x sec у ô tan y). Hence for ё&к—4@ and 0Sy 
«1/2, &'({/) is positive. 

As y approaches x/2, g(V) approaches +œ. Hence the minimum 
value of g(V) on the interval 0 S4 S x/2 is g(0), that is — 5. In a simi- 
lar manner we see that the minimum of - —x tan y — ô вес y on the in- 
terval —x/2<WS0 is — 

Hence if r «exp [—3—p] where p>0 but otherwise arbitrarily 
small, (25) holds for 0 SV Sx/2 and (26) holds for —x/2Sy <0. 

Denote by bi >0 the minimum assumed by 0,(r, y) on the interval 
 OsSy Sx/2 and by bf >0 the minimum assumed by (г, у) on the 
interval —r/2 S4 <0 where 057 Sexp [—5—5], p 50. Let 5450 be 
the smaller of bë >0 and X »0. 

Then from (6), (7) and (23) we have 


4 The author is indebted to the referee for this obeervation. 
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5 Rr*T,(B, D) exp [— boR]dy 
exp (2riw) — T —s/1 


= Rr*T,(B, D) exp [— &R]s. 


Given an є>0 we can choose an R, such that for RR, Ё, and 

0Oszrzexp [—8—p], p 0, the quantity on the right of (27) is less 

than e. That is, (24) converges uniformly to zero as R becomes infinite. ` 
Let x/2&8y Su «x. If r exp [r tan  — 8 sec y] then 


[ a(w)s"do «i3 





(27) 


(28) bilr, v) = log r^! cos y + r sin y — 5 » 0. 
Let ~r <1 SY S —x/2. lf r» exp [—x tan $ sec y] then 
(29) bi(r, 9) = log r^! cos y + r sin y — 5 > 0. 


Denote, for a given g>0 but otherwise arbitrarily small, by F the 
smaller of the numbers v зіп u —q and v sin v? — д. Let ô < F. The maxi- 
mum for т/2 V Su «v of x tan y — ô sec y is x tan y — F sec y. The 
maximum for —r<oSy~S—x/2 of —тж tan y —6 sec y is x tau v 
— Е secv. Denote by E the larger of r tan u— F sec ні and 
x tan о — F sec v+i where £0 but sufficiently small that Е «0. If 
r>exp (E) then (28) and (29) hold. Suppose now in addition that 
u and v have the property that 


(30) - cos u > — 
tp tt 
and 
1 —F 
(31) oS 


ЕРЕ 


Неге p апа # are positive but otherwise may be chosen arbitrarily 
small. Let zr exp (fr) with 


(32) exp ER r S exp (— 8 — f). 


That there is an interval consisting of more than one point satisfying 
(32) follows from the restrictions (30) and (31) placed on я and v. 
For if н and v satisfy (30) and (31) then E< —56—5p. Denote by 

// >0 the minimum assumed by bi(r, Y) on x/2sy Su «x« and by 
by? 70 the minimum assumed Я bs(r, V) on —т «vaya —x/2 "T 
r satisfies (32). Denote by bó’ >0 the smaller of b/^ and by’. 
b*>0 be the smaller of b, RE bs’. Then by (6), (7) and T f 
—r <o SY Su <r, SF and exp ESrsSexp (—8—p), where u and v 
satisfy (30) and (31) we have 
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a(w)s” | ; ‚ . 
Ј uo esso D f exp (— b*R)dy 





(33) 
5 Rr'T6(B, D) exp (— »* R)(« — »). 


Given an «>0 there exists an R, “such that for К> Р, R, and 
exp ESrSexp (—8—p) the quantity on the right of (33) is less 
than е. Hence as R becomes infinite we again obtain (15) since (24) 
converges uniformly to zero. 

It is now possible to consider again the four cases of $2; however, - 
for brevity we shall consider only those corresponding to A and D. 
Let us denote these by A’ and D”. 


A’: 0 < yı < 7/2, — x/2 < ya < 0, 
D': x/2 < S, 75 ұз < — 1/2. 


Case A’. Suppose that 8Sa-—d, d»0. It will be shown that 
J'y.(s) +J,,(s) is regular for s in a domain which includes all or part 
of the segment —exp |—8—p]Ss<0 in its interior. By a method 
similar to that employed in $2 we could show that for Jy,(s) to con- 
verge for a fixed g =r exp (49) it is sufficient that 


(34) 0 « r < exp [8 tan y — 8 sec yıl, 050 < 2x. 


It follows then that J,,(s) will converge uniformly for s in any closed 
domain contained in the domain defined by (34). Hence by reasoning 
similar to that employed in $2, it is easily seen that Jp (s) is regular 
for s in any closed domain contained in (34). 

Consider J,,(z). It is easily shown that it converges for a fixed 
gwr exp (10) contained in the domain defined by 


(35) 0 <r < exp [(0 — 2r) tan ya — 8 secya], 0S0 < 2s. 


If then 2 =r exp(s0) isin any closed domain contained in the dbmain 
defined by (35), J,,(s) converges uniformly and hence represents а 
regular function. The function J,,(s)-+J,,(s) will therefore be regular 
in any closed domain contained in the domain common to (34) and 
(35). We have seen that if s =r exp (tx) with exp E &r Sexp | —5— р], 
p»0, that 

2, a(n)s* = Jy,(s) + Jus). 
But Jy,(s)+J,,(2) has been shown to be regular in a domain which 
includes all or part of the interval exp ESrSexp [—8—p)] in its in- 
terior. Therefore Jy,(s)+Jy,(s) +) 3-50(#)s" provides the analytic 
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continuation of f(s) to any closed domain contained in the domain 
common to (34) and (35). Hence in this case f(s) will be regular in a 
domain bounded by two spirals as indicated in Figure 4. 





= Ее. 4 


Consider case D’. Suppose ô< F and that v and и satisfy (30) and 
(31). Then for exp E Sr Sexp (—8—p)) it follows from (33) that (15) 
holds. It is easily seen that Jy,(s) will converge for a fixed sr exp ias 
if log 1^! cos Va 3-0 вілу — 0» 0. This will be the case if 


(36) |. f£» exp [6 tan ya — 5 sec y], 0 $6 < 2s. 


It is evident that Jy,(s) will converge uniformly for s=r exp ($0) in 
any closed bounded domain contained in the domain defined by (36): 
In order that Jy,(s) converge for a fixed smr exp (10) it is sufficient 
that log 7—1 cos ұз (0 — 22) sin J4— 670. That is, 


(37) r > exp [(0 — 2x) tan ya — 3 sec yal, 050 < 2s. 
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Then Jy,(s) wil converge uniformly for s=re in any closed 
bounded domain contained in the domain defined by (37). Hence 





Fic. 5 


Jy (s) +J,,(s) will converge uniformly for s=re in, any closed 
bounded domain contained in the domain common to (36) and (37). 
It is evident that the region common to (36) and (37) contains the 
interval —exp (—8—p)Ss3S —exp E in its interior. For E is by defi- 
nition the larger of r tan w— F secu-+iand ж tan v— F seco-+i, 2» 0, 
and if we set = in (36) and (37) it is clear that both exponents are 
smaller than E. Therefore Jy,(s)-+Jy,,(s) T2 L-5a(n)s* provides the 
analytic continuation of f(z) to any closed bounded domain contained 
in the domain common to (36) and (37). For the case yi =z this will 
be such a domain as indicated in Figure 5. 
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Hence we have the following theorem. 


THEOREM 2. Lei f(s) =) sonas" with radius of convergence unity. 
Let the coefficients a, be the values taken on by an analyitc funciton a(s) 
ai $20, 1, 2, - - - . Suppose a(s) is regular with the possible exception 
of an essentsal singularity ai infinity in as angle with vertex Һ> 0 (non- 
integral) on the real axis, including the axis of positive reals in tis in- 
tertor. Lei the sides of this angle make angles ja and qa wih the axis of 
positive reals. Then 4f, fors=h+R exp (ap) in this angular opening, a(s) 
Satssfies the inequality | 


| a(k + R exp (8) | < exp (8R), R> Ro, 

where 857—4, d>0, and | 
A’: 0 < y1 < x/2, — x/4 < ya < 0, 
f(s) is regular in the domain common to 

r S exp [0 tan фу — 8 sec yi] — y, y>0 
and | 

r S exp [(0 — 2x) tan ұз — 8 sec ya] — т, y > 0, 
for 030 «2x. 


For a given q>0 bui otherwise arbitrarily small let F be the smaller 
of the numbers x sin u —q and x sin v—q. Suppose u and v may be chosen 
such that for a given p and i positive but otherwise arbitrarily small 


rsnu—F 
COS 4 > — 
Pp! 
and 
r siny — F 
cos 9 > — 
EEN, 
Then 1f 0 S F and 
D’: r/2 < 56 < т, — x <v Spi < — т/2, 
f(s) is regular in any bounded domain common to — 
r 2 exp [0 tan ya — 5 sec yi] + y, у> 0, 
and і 


r g exp [(0 — 2ж) tan ya — 8 sec ya] + v, y > 0, 
where 050 «2r. 
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4. Conclusions. We note first that if, in Theorem 1, y1»0 and 
ya «0 but otherwise arbitrarily small, that f(s) has s=1 as its only 
singularity on the circle of convergence. 

In part D of Theorem 1 if both y; and ұз аге greater than 90? in 
magnitude, that is, the sector of regularity is greater than 180°, we 
have the rather remarkable result that s—1 is the only singularity * 
of f(s) in the finite plane. Thus for example the function defined by 
the series 

© g* 
5 nca 
where B is an integer and а is not equal to zero or a negative integer 
but otherwise arbitrary, has the point s=1 as its only singularity in 
the finite plane. 

It is of course clear that we may use the results obtained in a differ- 
ent manner, that is, if f(z) has a singular point on the circle of con- 
vergence other than s=1 then a(s) cannot be analytic in an angular 
opening including the axis of positive reals in its interior with at most 
a pole of finite order at infinity. 

If the inequality for a(z) in Theorem 2 is satisfied for every 8>0 
however small, then under the condition of case D' of Theorem 2, 
z=1is the only singularity in the finite plane. This result? i is analogous 
to the following theorem due to Faber [1]. 


THEOREM (FABER). If g(s) 35 an integral funcion such that 
| g(re'*) | < e* for an arbitrary positive e and r>r', the function f(s) de- 
fined by 972 ор(н)в" and its analytic continuation has the point 1 as йз 
only singular potni. 


We observe now that the bounding curves 
r < exp [0 tan y, — 8 sec y1], 050 < 2, 


and ` 

r < exp [(@ — 2x) tan ya — ё sec ys], OS 6 < 2r, 
of (34) and (35) cut the unit circle at the points exp [#6 сас] and 
exp [i(2r -+8 сэс ya) |. If now, in addition to the requirements of part 
А of Theorem 2, y, Ys and 6 satisfy the inequality 


2r > 8(свс ¥1 em csc Pa) 


it is easily seen that the region common to (34) and (35) will extend 
beyond the unit circle. We then have the following theorem. 


+ The author Is indebted to the referee for pointing out the analogy. 
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THEOREM 3. If the conditions of Theorem 2 part A are satisfied and 
if in addition the quantities Wi, Ys and ò satisfy the inequality 
àv > 8(cac y, — сөсүз) 
then the circle of convergence зз not a cut for the function. 
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A NOTE ON THE HILBERT TRANSFORM 
LYNN H. LOOMIS | 


The Hilbert transform of f(t), — © <i< œ, is 1/r times the Cauchy 
principal value 


^ fi “ +. й — — f 
He) =P [7 Lam да [7 078—0 а 


П FOEL, p>1, then f(x) CL,, and a considerable literature is de-' 
voted to studying the relationship of,such pairs of “conjugate” func- 
tions to the theory of functions analytic in a half-plane. More to the 
point of the present note is a series of papers studying the Hilbert 
transform along strictly real variable lines ([2, 3]; further bibliog- 
raphy in [2]).: 

Much less is known about f(x) when f(i) CL,. Plessner found by 
applying complex variable methods to the theory of Fourier series 
that if f(£) EL, then f(x) exists almost everywhere (see [1, p. 145 ]). 

‚ Besicovitch [4] proved Plessner’s result using only the theory of sets, 
starting from his own previous real variable investigation of the La 
transform case. S. Pollard [5] showed how Besicovitch's proof could 
be extended to prove tlie existence a.e. of the principal value of the 


Stieltjes integral- 
° dF(i 
ro =f #0, 


Received by the editors April 11, 1946. 
1 Numbers in brackets refer to the bibliography at the end of the paper. 
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where F(t) is continuous and of bounded variation over (— ©, о). 
In general f(x) is not summable, but Kolmogoroff [6] found, using 
a contradiction argument, that there exists a constant A such that 
the set where f(x) > M0 has measure at most All fl/ М, where 
ПА = f°. |f@)| di. Titchmarsh [7] was able to refine Besicovitch's ex- 
istence proof so that it implied this bound, with a numerical value 
for А. 

The present note contains a new direct real-variable proof of the 
Pleganer existence theorem and the Kolmogoroff bound. In fact, this 
bound in a sense is the central tool for the existence proof, a device 
which allows for the first time the L, results to be obtained without 
recourse to the La transform theory. 


LEMMA 1. If c;70 and 
* C 


g(z) = 2. 
1 T — Gi 
then the set of points where g(x) > М (М> 0) consists of n intervals whose 
total length is precisely È c)/ M. Pu sei where g(x) < — M has the same 
length. 
Since g(a;—) = — o, g(a, +) = ә and р(х) «0 for all x, there are 
precisely # points m, such that g(m,)=M, and a:<m,<ain, © 





J 





$251,-:--:,m5—1, Ga <Ma. The set where р(х) > M thus consists of’ 
the intervals (a;, э) and has the total length 
(1) Ds (ms a) = 2)m— 2,0. 
fave} oun J, fl. 

But the numbers m are the roots of the equation 

* C ‘ 

б. M, 
i-i 2 04 


whose croes-multiplied form is | 
È a| Ie- д] = «II G- a, 
foni feat $1 / 
or 


Ma* — (М) ан +) са = 0, 
во that 


‘ в в 1 в 
(2) Lm = Уа У с. 
i=] ý=]. M i=l 
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` 


The first part of the Jemma follows from (1) and (2); the proof for 
g(x) < — M is almost identical. 


LEMMA 2. Let F(t) be increasing over (— c, ©) with finite total varia- 





tion V(F). If (x,—60,, x,2-0)), 1, - - - , n, are disjoint sniervals such 
that | 
s " ағ 
(3) J +f > M> 0, 
—À 2124-4; P— Tj 


then 2 5, S4V(F)/ M. The same inequality is implied if the integral is 
less than — M, j—1,-:--,m. | 


Let 4, $—1,:--, N be a finite subdivision including the points 
х,— бу, Ж, 5,1-0; for j 1, +--+, n, and such that the approximating 
Riemann sums for (3), with the integrand evaluated at the left-hand 
end points, remain greater than M. Thus, if A, = F(tc1) — F(a), 


А; 
Егу h — у | 
for у= х, where the set Г, of omitted indices is defined by 
E. (А, ha) = (xy — бу, 2; 4-0). 


T, 


(4) 





Since the left member of (4) is an increasing function of y for 
х;— ô; <y <x, +å, the inequality (4) holds for x;Sy<x,+4;. For 
every such y one of the following inequalities is therefore satisfied: 








51 А М А М 
УЭ Кк ж „ШШ, ee Mu 
imt Аһу 2 Єт н— у 2 


Applying Lemma 1 and summing over 7, we have 


N— 2A; * 2А; 4 NA 4 
5; 3 meer mc Ac c WU. 
Lus, 2; 27 и иг; Syl 
To prove the second part of the lemma we only need to observe that 
the integral in (3) is less than — M if and only if after replacing F(é) 
by — F(—#) апа x; by — х; it is greater than M. 
COROLLARY. If F(t) is of bounded variation in Lemma 2 then 
$,05,88V(PF)/ M. 
This follows at once upon applying the lemma to the increasing and 


decreasing parts, Fı and Fs, of F, using V(F) = V(F3) --V(Fi). 
Preliminary to the theorem we remark that if f(t) has the value 1 in 
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(a, b) and 0 де. then its Hilbert transform exists except at the 
. two points a and b, and has the value log | (x— Ь)/ (x— a)|. In par- 
ticular the Hilbert transform of any step function exists except at 
a finite number of points. ` 


THEOREM. Lei F(t) be of bounded variation over (— œ, œ). Then its 
Heberi-Siselijes transform 


© ДЕ 
ia arf —- 


exists almost everywhere, and, for every positive M, the set where f(x) > М 
has measure ai most 16V(F)/M, as does the set where f(x) « M. 


We first prove the existence of f(x). It is sufficient to show that, 
given e, for every x — in a set of measure less than e 


f f dP (t) 


sv t— g 





5 є 





(5) 


for all sufficiently amall à and 8’. Now the absolutely continuous part 
of F can be approximated to within e' by the integral F, of a step 
function 5, Fi(t) = /* .A(é)dt, and the singular part of F can be approxi- 
mated to within є by a singular function F4 whose variation is con- 
fined to a closed set of measure 0, that is, which is constant on the 
intervals of an open set M whose complement has measure zero. Thus, 
taking € = «1/192, we have F= Р, F4- Fs, where V(F3) < «4/96. Let 
E, be the set of x for which the inequality 


ff 25 

sive і — 
Jats to hold for arbitrarily ата 6 and ò’ (д <). Then for every x 
in E, 


a—A 
(7) | f «f a) 08 
t— х ar 
for arbitrarily small A. By Vitali's theorem a disjoint sequence of 
intervals (xi — A; x;+-A,) satisfying (7) can be chosen so as to cover 
E, except for a set of measure 0. Then by Lemma 2, corollary, 
m(E) S2>_A;S2-8V (Fs) -6/e« e. 

Since F,(#) is the integral of a step function, its Hilbert-Stieltjes 
transform (the Hilbert transform of k(t)) exists except at a finite 
number of points, whith we add to E, Since F,(#) is constant on the 
intervals of M, its Hilbert-Stieltjes transform obviously exists except 





(6) 
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on the complement of M, which we add to Æ.. Thus if x is not in the 
enlarged E, there is a A such that, for all 5 and 5' less than A, (6) holds — 
for Fi, Fs and F; and hence (5) holds, as was to be proved. | 

The second part of the theorem followa immediately from Lemma 2, 
corollary, where the intervals (x;— ё, x;4-9;) are chosen by Vitali’s 
theorem to cover almost entirely the set where f(x)» М («— M), 
so that the measure of this set ів not greater than 22,8; 16 Ү(Е)/ М. 


COROLLARY. If 0<p<1 and p+q>1, then |](х)|»”/(1+Е|«|)*Є1. 


This follows immediately from the fact that the decreasing function 
on (0, œ) which is equimeasurable with | fa із dominated by K/x. 

In case F(#) is singular and increasing, it can be shown with little 
difficulty that the constant 16 can be replaced by 1, and this is best 
possible since 1/x itself is the Hilbert-Stieltjes transform of the func- 
tion F(/) which is 1 when #<0 and 0 when #20. This is probani the 
correct value of the constant in the general case. 
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Он THE STRUCTURE OF LINEAR GRAPHS 
Р. ERDOS AND A, Н. STONE 


Introduction. If the numbers of vertices and edges of a (linear) 
graph are suitably restricted, it is to be expected that something can 
be said about the configurations which the graph contains. As far as 
we know the first result in this direction is due to Turán.! He proved 
that a graph with ks vertices and C,4n1*--1 edges always contains a 
complete graph of order k--1. We shall here prove one such theorem . 
(which arose originally out of a topological problem),* and then list 
(without proofs) several other theorems and conjectures of this na- 
ture, 


Notations. For the present purposes, a graph is simply a finite set : 
of “vertices,” together with an assignment of certain pairs of vertices 
(possibly none) as being “edges.” Two vertices in an edge are said to 
be joined; the order of a vertex is the number of vertices to which it 
is joined. The complementary graph G* to a graph С has the same ver- 
tices as G, but two vertices are joined in G* if and only if they are not 
joined in G. A complete graph of order k is a graph having & vertices, 
every two of which are joined. When k == 3, this configuration is called 
simply a triangle. If E is any set, | E| denotes the cardinal number 
of E. For any real number х, [x] denotes the greatest integer not 
greater than x, and [x]* the least integer not less than x. We write 
h(x) =In(x), (x) 21n(In(x)), and generally (x) =1n(4,_1(x)). Letters 
like m, я, p, k, №, 7, and s on, usually denote positive integers, and e 
always denotes a positive number less than 1. 


THEOREM. Given є and an integer r 22, there exists nale, r) such that, 
for every nno, every linear graph having n vertices and fewer than 
(1/2(r —1) —e)n* edges contains r mutually exclusive groups of k ver- 
lices each, for some kg (li(n))?, such that no two vertices in different 
groups are josned. 


The proof will go by induction over r. First we need a combina- 
torial lemma. | 


LEMMA. Given N subsets Ол, О, © © © , Ок (not necessarily all distinct). 


Received by the editors March 20, 1946. 

! In fact Turán determined for every А and и the maximum number of edges a 
graph of ж vertices can have without containing a complete graph of b vertices 
(Matematikai és physikai lapok (1941)} (in Hungarian). 

3 See A, H. Stone, Connecodness ond coherence, Annals of Mathematics Studies. 
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of a sel E of n elements, such that each | О, | SP р, К, there exist at least 
NC, M Cay Of the seis О, whose intersection has at least k elements. 


Let M be the.greatest number of sets Q; having k or more elements 
in common (or, more exactly, the greatest number of distinct suffixes 
for which the corresponding sets have this property). In each Q; 
choose a subset R, with TEM and let M" be the greatest number 
of sets R, having not less than & elements in common (with the same 
convention as before). Consider now the subsets S; of E with |.5 =k; 
there are С,» of them. Each R, contains exactly Cp,» sets 5 ;, and each 
S, ів contained in at most М” sets R,. Hence NS M'C,,,/C,,,; and 
since М” S M, the result follows. 


COROLLARY 1. M/N g ((p —k-4-1)/n)*. 


COROLLARY 2. If further bz en and kSeln n (where 0 «e«1), then 
|» M/Ng1/ni*. 


Corollary 2 is readily deduced from Corollary 1. (In fact, this esti- 
mate can be considerably improved, but will suffice for our purpose.) 

Restating the theorem in terms of the complementary graph, we 
have to prove: 

If G is a graph having n vertices and not less than (1/2— 1/2(r — 1) 

+e)n? edges, and if я is large enough (depending on f and e), then 
G contains r mutually exclusive groups of k- vertices each, where 
k= [0 u(n))1]*, such that two vertices in different groups are al- 
ways joined. 

Suppose first that ғ= 2. Let G have N vertices s P, (05, Py of 
orders not less than en/2. Since the total number of edges of С is 
less than Nn--en(n — N)/2, and yet is not less than «n*, by hypothe- 
вів, it follows that N » «n/2. Let О; be the set of vertices to which P, 
ів joined. An application of Corollary 2 shows that at least N/n?/4 
of the sets (0; intersect in at least [(e ln »)/2] points. If » is large 
enough, and k=[(in m)'/!]*, we have N/n*¥4>en/4/2>k and 
[(є ln ж) /2|> 2; thus we may suppose that QAQA - - - С\О» con- 
tains the Ё distinct vertices Ri, - * - , Ду. The vertices Pi, ···, P, 
and R,---, Ra now form the two groups required, gince every Р; 
_ and Ry ($, 7 &k) are joined. 

Now suppose that rz 3 is given, and that the theorem is true for 
r—1. We вау that a number е>0 is “admissible” if the theorem is 
true for it (for the given value of r); thus evidently 1/2(r —1) is ad- 
missible. Let c be the greatest lower bound of the admissible numbers 
e; thus0O scs 1/2(r —1), and it will clearly suffice to prove that c =Q. 
Suppose, then, с> 0; we shall derive a contradiction. 
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Ву the theorem for r—1, with e—1/2(r —1)(r —2), there exiats ж 
such that every graph with sg. vertices and not less than 
(1/2—1/2(r—1))m! edges contains r—1 mutually exclusive groups 
of 2g vertices each, where q= [11 .(n) } 1/2], such that every two 
vertices in different groups are joined. Choose 6>0 with 8<c/2r. 
Since c— 5 is mot admissible, there exists for arbitrarily large nm а 
graph G having я vertices and not less than (1/2—1/2(r — 1) --c — 8)? 
edges, but #ot containing the r groups of k vertices each (where 
k = [(4_1:(#))1/2]*) demanded by the theorem. Choose such a graph С 
for which s is large compared with мо and 1/8. 

G must contain r—1 groups of q (and in fact of 2q) vertices each, 
say Pu ($Sr—-1,7 39), with Py; and Р, joined whenever 47“. Of the 
5 —q(r —1) other vertices, let № be the number which are joined to 
(r —2)q+kg/In q or more of the vertices P,,. Each of these N vertices 
is thus joined to at least kg/In д vertices P;; from each group ($ fixed). 
Ар application of Corollary 2 of the lemma (with e=k/In д) shows 
that at least N/q*/4 of the N vertices are all joined to the same k 


vertices Pi;—say Pu, · · ·, Py. Similarly, at least N/(g!/4)* of these 
N/q*/* vertices are also all joined to (say) Pu, - - - , Pas; and so on. 
We finally obtain В < N/(q!*)7r7! vertices (say) Pn, - ++, Pra, each of 


which is joined to each Py; (457—1, j Sk). Thus А <, since other- 
wise G contains the r groups of k vertices required by the theorem. 
It readily follows that (я being large) N < kq*r-0/* <nY3<nk/ln q. 

Now consider the subgraph Gi; of G obtained by discarding the 
q(r — 1) vertices Р;; and all edges involving them. The number of dis- 
carded edges is thus at most 


Nq(r — 1) --(n — g(r — 1) — N)((r — 2) q + kg/In g) + (r — 1)g/2 


(from the way in which N was defined); and this is easily seen 
to be,less than ngí(r—2)--Ag/In g+N/n} «na((r—2) -2k/In q} 
«nq(r —2)(1--3) if я is large enough (since 2k/In 4—0). 

We now repeat the whole argument on б. If Gi has m, vertices, 
it ia easy to see that if м was large enough я; will also be large enough 
and the number of edges of G, will be large enough for the argument 
to apply to С; (with the same values of q and 2. as before; note that 
2q:>q, where qm [1H з(т) |:2]). Thus in the same way we omit 
q(r — 1) vertices and the edges through them from Gy, leaving a sub- 
graph Сз, and во on, repeating the argument as long as it continues 
to apply. | | 

We asert: the argument can be applied at least s= [cs/(r —1)q] 
times. For the total number of vertices this removes is not greater 
than en &n/4, во each of the graphs Gi, * - - , Gaa has not less than 
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3n/4 vertices, which is large enough if и was chosen large enough to 
begin with. Further, the total number of edges removed is less than 
cni(14-3)(r—2)/(r—1), so that each С, (#<s) has more than 
[1/2—1/2(r—1)] n! edges (as readily follows from the choice of 2), 
and so certainly has more than [1/2—1/2(r—1)]m edges (where 
п. із the number of its vertices), which are all that are required. 
Write d= (r—1)gs/n; thus 0d &c, and dc as ях. Then С, 
has n(1—d) vertices; and since c+ $ is an admissible є, it follows that 
on taking я large enough G, can have at most (1/2—1/2(r — 1) +с 
4- 6)(1 —d)!n! edges. Thus, on counting the number of edges of G, we 
obtain | | 
5(1/2 — t/2(r — 1) + с – 8) 
< n(1/2 — 12(r — 1) +4 8)(1— d)! 4- я%(1 + 8) (7 — 2)/(r — 1). 


Divide through by s!, and observe that (by making n>) we 
сап make d—xc, and also can now make 8-0. Thus (r —2)/2(r—1) -c 
S ((r—2)/2(r —1) +0) (1-0)? + (r —2)c/(r—1), which leads, on sim- 
plification, to c22—(r—2)/2(r—1) >3/2. But this is absurd, since 
с61/2(7—1) 31/4; and the theorem is proved. 


Remark. The estimate fer k given by this theorem can be im- 
proved; in fact, the same proof will show that we may take 
kg; (h-a(n)) for each fixed 6>0. It is plausible though unproved 
that 1, .1(n) would be about the “best” value.! 

On the other hand the number of edges required by the theorem 
is substantially "best possible." To see this, suppose for convenience 
that r —1 is a divisor of я, and consider a graph G which is the sum 
of ғ —1 pairwise disjoint complete graphs of order n/(r—1). G has n 
vertices and fewer than n!/2(r—1) edges; yet, of any r vertices, at 
least two are joined, so that the conclusion of the theorem is false, 
even with k*1. 


Further theorems and conjectures. Rademacher* proved that every 
graph of 25 vertices and n?+-1 edges contains at least s triangles. It 
has been conjectured that every graph with 25 vertices and n?+-k 


edges must contain at least bs triangles if k <n, and this has been 


proved for 33 (Erd9s;! it is false for kn). 


з By using the method of the paper Some remarks on the theory of graphs (P. Erd&s, 
to be published in Bull. Amer. Math. Soc.), we can show that for r=2, с log я is best 
poesible. The method fails for r>2. 

* Oral communication. 

t Unpublished. 


- 


1946] . ON THE STRUCTURE OF LINEAR GRAPHS 1091 


Similar problems arise for complete subgraphs of higher order. By 
analogy with Rademacher’s theorem we can perhaps conjecture that 
every graph of ks vertices and C,45!--1 edges must contain s! 
complete subgraphs of order b--1. 


STANFORD UNIVERSITY AND 
Troaty COLLEGE, CAMBRIDGE UNIVERSITY 


ERRATA, VOLUME 51 TE 

L. K. Hua, A remark an a result due to Blichfeldt. 

p. 539, last display. Insert n*/«-7*/** after р. | , 

T. Motzkin, А 5 curve theorem generalising the theorem of Caio 

p. 974, lines 4 and 6 from the bottom. Insert TI" after the word | 
ratio. 

T. Motzkin, The hypersurface cross ratto. - 

p. 976, lines 13 and 14. These two lines should read in in $8. 
This section is parallel to $$1 and 2, much of the contents of which is 
known, on the ordinary resultant and intersection.” 

p. 976, last line of footnote 3. For “0 degree" read *0°.” 

p. 976, mer 10 from the bottom, p. 978, line 10, and p. 979, line 19. 
for *[a]" read *[a]-." ` 
. 978, line 16. For “equal to 0” read аав 0.” 

. 978, line 23. For *f*" read “f=.” 

. 978, line 30. For “and on” read “and of.” 

. 979, line 24. For “congruent to 0” read “identically 0.” 

. 980, line 2. For “equal to” read “different from.” 

. 981, lines 19 and 21. For “(у)” read *(y1).? 

. 982, lines 11 and 17 from the bottom. For “a,” read “a, 

T. Motzkin, The ‘pentagon tn the projective pann with a Bos on 
Napser's. rule. i 

^ p. 986; tine 22. For “30° read “90.” 

p. 987, line 24. For “t, —4” read *—4, 4.” 

p. 988, line 16. Delete the sentence “А and the cross ratio quin- 
tuple determine.each other.? 

p. 989, line 22 (twice). For “=” read “5. 


ERRATA, VOLUME 52  . ^ 


The annual meeting of the society. 
р. 42, line 2. For “51-1-5” read “52-1-5.” 
A. Spitzbart, Approximation in the sense of least pth powers with a | 


ен = Жы = Шы» Жш =. = Жы, 


- single auxiliary condition of interpolation. 


р. 341, fourth display. For “(1+aw)” read *(1-- aw).” | 

Н. S. M. Coxeter, А simple proof of the etghi square theorem, abstract 
52-7-222. 

p. 612, line 4 of the abstract. For “ba” read “ba.” 

Howard Levene, A test of randomness in two dimensions, abstract 
52-7-257. 

me 621, line 7 of the abstract. The second equation in the line should 

read “o2( V) ~ N'pg!(4 — 2024-4521 — 275) /4." | | 


1092 


-æ 


' c. INDEX OF VOLUME 32` 
4 Е INDEX OF ABSTRACTS E 


Subject; 


Algebra and Theory of Numbers, 61, 231, 414, 612, 808, 1003. 

Analysis, 63, 233, 423, 613, 813, 1005... 

Applied Mathematics, 68, 238, 432, 617, 822, 1010. 

Geonietry, 69, 240, 435, 619, 823, 1013. 

Logic and Foundations, 71, 241, 438, 1015. 

Statistics and Probability, 72, 242, 439, 621, 826, 1016. 

Topalogy, 73, 242, 440, 622, 829, 1016. | 
Authors: 

Agnew, R. P., 43 (51; 877), 972 (813), 973 (814); Albert, A. A., 403 (231), 596 
(414); Ambrose, W., (1005); Amundson, N. R., 43 (63); Ancochea, G., 973 (1013); 
Arena, R. F., 970 (622), 973 (829), 973 (829), (1005); Atkins, H. P., 973 (814). 

Baer, R., 403 (240), 591 (435), 596 (414); Bankier, J. D., 973 (814); Barankin, 
E. W., 598 (64); Bateman, P. T,, 971 (808); Bates, G. E., 505 (414); Beckenbach, 
E. F., 48 (51; 657); Becker, Н. W., 595 (415), 596 (415), 973 (826), (1010), (1016): 
Без: E, M., 49 (64); Bell, P. O., 595 (51; 662), (1014); Bellman, R., 591 (613); 
Bergman, S., 972 (814), 973 (614); Bernstein, F., 970 (622); Bers, L., 42 (64), 42 (73), 
(1005), (1006); Bing, R. H., 42 (73), 403 (242), 403 (243), 596 (423), 973 (829); 
Birkhoff, G., 403 (241), 591 (423), 591 (617), 972 (808); Birkhoff, G. D., 403 (241), 
973 (829); Birnbaum, Z. W., 599 (621); Blackwell, D., 971 (826); Blake, A., 403 (242); 


Blanch, G., 403 (233); Blumenthal, L. M., 43 (69), 596 (619); Boas, R. P., 590 (614); ` 


Bochner, S., (1016); Boschan, P., 973 (826); Bourgin, D. G., 42 (51; 887), 43 (64), 43 
(64), 596 (423); Brauer, A. T., 591 (415), 591 (415), 973 (808), (1003); Brauer, R., 41 
(61), 42 (51; 875), 581; Brinkmann, H. W., (1003); Brown, B. L., 591 (231); Brown, 
G. W., 403 (242); Brown, J.'P., (815); Buck, E. F., 973 (809), Buck, К. C., 403 (233), 
403 (233), 590 (423),.971 (809), 973 (809), (2000), (1006); Burton, L. J., 591 (423); 
Busemann, H., 972 (620). 

Cairns, 5. S., 581; Cameron, R. H., 42 (65), 596 (424): Camp, C. C., 973 (815), 
Caton, W.B., 596 (424); Chang, S. C., 43 (69); Chen, W. M., 590 (424); Chernoff, 
H., 402 (65), 403 (234), (1011); Civin, P., 42 (51; 878), 403 (234): Clarkson, J. А., 
971 (815); Coburn,.N.; 591 (432); Cohen, I. S., 590 (416); Coler, M. A., 591 (416); 
Court, N. A., 972 (620); Cowling, V. F., (1006), (1007); Coxeter, H. S. M., 41 (51; 
884), 43 (51; 884), 48 (51; 884), 591 (416), 591 (435), 971 (612), 973 (612; 1092); 
Craig, Н. V., 974 (816). 

- DeCicco, J., 43 (68), 43 (70), 404 (70), 590 (436), 596 (435), 597 (436), 597 (437), 
(824), (1014), (1014); Dilworth, К. P., 598; Dolph C. L., (1007); Doob, J. L., 43 (51; 
886), 965; Dowker, C. H., 402 (243), (1017); Doyle, T. C., 402 (241); Dubisch, R., 
974 (612); Dudley, D. W., 973 (822); Duffin, R. J., 403 (238), 974 (617); Dunford, N., 
403 (424); Dye, L. A., 972 (823). 

Eberlein, W. F., 596 (433), 974 (614), (1007); Ehrlich, G., 591 (415); Eilenberg, S., 
595 (416), 596 (417), 596 (417), 973 (1017); Emch, A., 591 (436), 596 (435), (435); 
Epstein, B., 590 (425), 972 (816); Erdöe, P., 42 (61); ка C. J., 974 (809); Eves, 
Н. W., 599 (241). 

Fan, K., (1017); Federer, H., 590 (425), 970 (830); Feller, W., 43 (72), 43 (72), 
591 (439), 591 (439); Fine, N. J., 973 (816); Floyd, E. E., 591 (440); Fox, К.Н, 


! Numbers within parentheses refer to the page numbers for abstracts, and those 
outside parentheses refer to the pages for titles as listed in reports of meetings. 


1093 


w 


1094 ME INDEX OF VOLUME ya .. [December 


(1017); Frame, J. S., 971 (810); Frank, E., 596 (234), 974 (614); Friedricha, К. O., 
590 (426), 591 (&25), 591 (426), 592 (426); Frink, O., 971 (612); Fry, C. G., 971 (818); 
Fullerton, R. E., 402 (234). ‹ 

Gage, W. H., 598 (428); Gaskell, R. E., (1011); Gelbart, A., 42 (64), 42 (73); 
Goffman, C., 591 (439); Goheen, H. E., (1011); Goldberg, M., 972 (824); Good, 
'R. An 592 (417), 596 (418), (417); Goodman, A. W., 971 (816); Gottschalk, W. H., 
592 (441), 974 (622); Gould, S. H., 971 (817); Greenstone, L., 403 (235); Greer, E., 
(10147; Griffiths, L. W., 595 е С., 972 (824), Gustin, W., 48 (51; 888), 
598 (426). 

Hall, р. W., 590 (441); Hall, M., 590 (231)! Halmos, P. R.; 42 (72), 590 (427); 
Harrold, O. G., 48 (73); Haskell, R. N., (817); Hedlund, G. A., 974 (622); Heins, 
A. E., 43 (65); Heina, M. H., 974 (817); Helsel, R. G., 595 (441); Hemmingsen, E., 
402, (243); Herriot, J. G., 971 (817); Herzog, F., 43 (51; 519); Hestenes, M. R, 595 — 
(615), 596 (427); Hewitt, E., 403 (442), 404 (442), 404 (442), 595 (442), (442); Hill, 
J. D., 43 (51; 519), 404 (235); Hille, E., 403 (427); Hoel, P. G., 974 (827); Horn, A., 
598 (427), (1007); Hsiung, C. C., 972 (824); Hu, S. T., (1018); Hua, L! K., 404 (232), 
596 (418); Huff, G: B., 42 (70), 597 (436), 597 (443); Huff, W. N., (1008); Hughes, 
H. K., 971 (818); Hurewricz, W., 973 (830). 

James, R. C., (1008); Tames, R. D., 598 (428); Jehle, H., 403 (238); Jennings, S. A., 
972 (810); Johnson, R. E., 597 (232); Jones, A. W., 595 (418); Jones, B. W., 41 (61); 
Jones, F. B., 42 (74), 595 (243). 

Кас, M., 43 (65), 971 (621); Kalisch, G. K., 404 (232), 972 (419); Kaplan, W., 
596 (433); Kaplanaky, I., 42 (61), 595 (419), 972 (613); Karush, W., 972 (615); 
` Kasner, E., 43 (68), 404 (70), 590 (436), 597 (436), 597 (437), (824); Katz, L., 971 
(827); Kelley, J. L., 42 (74), 402 (443), 970 (622); Kimball, B. F., 974 (827); Kio- 
kemeiser, F., 597 (232), 597 (419), 597 (419), 597 (420); Kis, S. А; 42 (62) Kohn, 
W., 404 (235); Kolchín, E, R., (1003), (1004); Krzywoblocki, M. Z., (1008). 

Lehmer, D. H., 403 (232); Levene, H., 971 (621, 1092); Levy, H., 595 (437); 
Lewis, D. C., 973 (829), 974 (818); Lewy, H., 48; Ling, D. P., 404 (241); Loewner, Cies 
` 42 (66). - 

McCoy, N. H., 591 (230; McEwen, G. F., 598 (618); McKinsey, J. C. C., (613); 
‘Mackey, С. W., 592 (615), (1009); MacLane, G. R., 971 (615), 974 (818); MacLane, 
S., 595 (416), 596 (417), 596 (417), 973 (1017); Mandelbrojt, S., 974 (818); Martin, ` 
W. T., 52 (65), 596 (424); Maseni, P. R., 974 (819), 974 (819); Meserve, B. E., 974 . 
(810); Minakshisundaram, S., 590 (428); Mitchell, J. M., 972 (819); Montgomery, D., 
42 (51; 888), (1016), (1018); Moore, C. N., 971 (810); Morse, A. P., 49 (64), (1009); : 
Morse, M., 581; Moses, I. R., 973 (811), Muntoe, М. Е., 597 (428); Myers, S. B... 
42 (74), (1018). 

Nachbin, L., 592 (428); von Neumaan, J., 402 (67); Niven, I., 42 and 1092 (62); 
Norris, N., (1016). 

‚ Opatowaki, I., 42 (73), 43 (51; 886), 592 (440), 597 (440). 

‚ Pall, G., 43 (62); Phillips, R. S., 403 (238); Piranien, G., 597 (429), 972 (820); 
Pitcher, E., 42 (74), 402 (443), (1018); (1019); Polachek, H., 403 (239), (1011); 
Pollard, H., 402 (236), 404 (236), 590 (616), 974 (820), 974 (820); Poritaky, H., 973 
(822); Post, E. L., (1015); Prager, W., 970 (822); Prenowitz, W., (1015); Protter, 
M. H., 974 (616). 

Radó, T., 36, 972 (620), 974 (620); Reade, M., 596 (429); Reichelderter, P. V., 
(1009); Reid, W. T., 974 (820); Reissner, E.,.404 (239); Rickart, C. E., 975 (811); 
Ringenberg, L. A., 592 (429); Roberts, J. H, 590 (443); Roberte, R. C. (1012); 
Robinson, L. B., 404 (66), 404 (66); Robinson, R. M., 971 (811), (1004); Roettinger, 


1946] ' MISCELLANEOUS ARTICLES + | 1095 
I5 597 (433); Rosenbaum, I., 591 T 592 (438);- оне оса, Р, С., (1009); 
Rothe, E. Н., 595 (429); Rubin, H., 971 (827); Ryser, H. J... 974 (809), : 

Salzer, H. E., 404 (68), 404 (69), 592 (420), 592 (433),:975 (618), (1012), (1012); . 
Semelson, H., 42 (51; 888); Samuelson, P. A., 592 (239), 592 (239), 592 (240); Satter- 
thwaite, F. E., 971 (828); Schaaf, S. A., 970 (618), (1013); Schaeffer, A. C., 598 (430); 
Schafer, A. T., (1015); Schafer, R, D., 597 (420), 975 (812); Schatten, R., 402 (67), 
592 (430); Schiffer, M., 43 (67), 404 (236); Schilling, O. F.G., 594; Schwartz, A., 590 
(437); Schweigert, G. E., 595 (443); Schweitzer, А. R., 42 (71), 42 (72), 597 (420), 
597 (421), 975 (812), 975 (812), (1004), (1004); Scott, W. T., (1009); Seeger, R. J., 
(1011); Segal, I. E., 402 (237), 590 (422), 592 (421), 975 (616), (1010); Sheffer, I. М., 
591 (422), 972 (820); Shen, Y. C., 592 (430) ; Sherman, S., 975 (434); Sholander, M. C., . 
(813); Sha, S. S., 975 (822); Slater, J. C., 36; Smith, P. A., 592 (430); Snapper, E., | 
48 (63), 48 (63); Sobczyk, A., 596 (434); Sorgenfrey, R. H., 48 (75), (623); Spencer,» 
D. C., 598 (430); Spitzbart, A., 975 (821); Springer, C. E., 43 (70); Steenrod, М. E., 
595 (444); Stephens, C. F., 43 (67); Stone, M. H., 965; Sue A. C., 49 (69), 592 (619), 
970 (619), 975 (619); Supnick, F., 590 (444), 592 (431), 592 (431), 592 (444), 593 (431), 
975 (825), 975 (830), 975 (830), 975 (831), (1013), (1019); Swift, J. D., 598 (422), 
(1005); Synge, J. L., 972 (823); Szász, O., 590 (428), 972 (616). 

Thomas, J. M., 404 (232), (813); Thomas, T. Y., 48 (71), 48 (71); Tong, H., 590 
(617); Tornhelm, L., 403 (233); Trjitzinsky, W. J., 975 (821); Truesdell, C. А., 591 | 
(40), 970 (823); Techen, Y. W., 971 (821); Tukey, J. W., 403 (242), 971 (828). 

Ulam, S. M., 36. 

Valentine, F. A., 48 (75); Van Straten, P., 975 (831); Vest, M. L., 975 (825); 

Vinográde, B., 597 (422). 
. Walker, С. W., 972 (825); Wall, Н. S., 597 (431), (1009); Wallace, A. D., 402; 
Ward, M., 598 (423); Warechawaki, S. E., 42 (68); Wasow, W. R., 590 (426); Wedder- 
burn, J. H. M. ‚ (813); Weinstein, A., 404 (240), 590 (431), 970 (823); Whitehead, 
G. W., 402 (244), 590 (445); Whitman, P. M., 972 (808), (1005); Whitney, H., 965; 
Wiener, N., 43 (65); Wilder, R. L., 595 (445), 597 (445), 597 (446), 597 (446); Wilkins, 
7: E., 596 (432), (1010); Wolf, F., 972 (821); Wolfowitz, J., 975 (828); Wong, Y. С, 
593 (438), 593 (438). 

Young, G. S., 595 (443), :595 (446); Youngs, J. W. T., 43 (68), 590 (441), 595 447), 
970 (831). 

Zariaki, O., 975 (1015); Ziinmerberg, Н. j., БЕБИ: 590 (237), 593 (432); Zorn, 
M.A, (237). 


INDEX OF REPORTS-OF MEETINGS AND 
MISCELLANEOUS ARTICLES 


Banach, S. See Ulam, S. 

Birkhoff, G. D. See Morse, M. Р 

Drick R. H. Reports of meetings of the American Mathematical Soclety: Ansaal 

mocting of the Society, 35; April ineotsng in Chicago, 594. 
gt: R. Thomas Franklin Holgate, 1859-1945, 189. 
ebrandt, T. H., and Kline, J. R. Memorandum concerning the deferment of graduate 
Students, teachers, and research workers în physical science, 31. 

Holgate, Т. F. See Curtiss, D. В. 

Hollcroít, T. R. Reports of meetings of the American Mathematical Society: Febrwary 
meshing in New York, 401; April Meeting іч New York, 580; Summer meeting in 
Ithaca, 964. | : 

Kline, J. R. See Hildebrandt, T. H. 


} 


г / ` 


1096 INDEX OF VOLUME c - [December ' 


Morse, M. George David Birkhoff ond bis mathematical work, 357. 

Schaeffer, A. С. Reports of meetings of the American Mathematical Society: шй 
ber meeting in Pasadena, 48; April meeting in Berbeley, 598. Я 

Ulam, S. Stefan Banach, 1892-1945, 600. 


INDEX OF BOOK REVIEWS 


Brauer, R. See Масато С. C, 

Chebyshev, Р. L. Collected works. Vol. 1. Phase} Nune. J. V. Uspensky, 50. 

Hadamard, J. An essay om tha psychology of tevention in the mathematical field. J. Bar- 
хип, 222. 

Hay, G. E_See Sokolnikoff, I. S. . > ; 

Jacobson, М. The theory of rings. К. Baer, 220. 

Littlewood, J. E. Lectures on the theory of functions. D. C. Spencer, 51. 

Lorch, E. R. See National Bureau of Standards. 

MacDuffee, C. C. Vectors and matrices. R. Brauer, 405. 

Moeak, J. L. General eguikbrism theory in international trade, P. A. Samuelson, 52. 

National Bureau of Standards. Table of arc sin x. E. R. Lorch, 224. 

-— Tables af associated Legendre functions. E. К. Lorch, 224. - 

Neville, E. H. Jacobian «ньне functions. W. Seidel, 604. 

Ostrowski, A. Vorlesungen кекен SAEED EODD Vol. I. киын 
_einsr variablen. A. E. Taylor, 798. 

Samuelson, P. A, See Mosak, J. L. 

Schwartz, L. Etudo des sommes d'exponentielles réelles. О. Szász, 976. 

Seidel, W. See Neville, E. Н. 

Sokolnikoff, I. S. Mathematical theory of elasiscity. G. E. Hay, 976. 

Spencer, D. С, See Littlewood, J. E. 

Szász, О, See Schwartz, L. 

Taylor, A. E. See Ostrowski, A. 

Uspensky, J. V.See Chebyshev, P. L. 


INDEX OF ADDRESSES 


Cairns, S. S. The triongulation problem and its role in analysis, 545. 

` Chern, S. S. Soms now viewpoints in differential peomstry im the large, 1. 
Lewy, H. Water waves on sloping beaches, 737. 

Schilling, О. F. G. Ideal theory ox open Riemonn surfaces, 945. 

Slater, J. C. Physics and the wave equation, 392. 

Walsh, J. L. Taylor's series and approximation to anabytic functions, 572. 


INDEX OF RESEARCH PAPERS 


Agnew, К.Р. А siesple suficiont condition that a method af summability be stronger than 
comver gence, 128. 

Arens, R. The space L” and convex topological rings, 931. 

Artin, E., and Whaples, С. A жо on axiomatic characterization of fields, 245. 

Atkins, Н. P. On fractional dertoatives of semtvalent functions, 1060. 

Baer, R. Polarities in finite projective planes, 77. Б 

| — Projeckieilies with fixed points on every line of the plane, 273. 

а a a Y 501. 


* 
`+ E 


1 
У 


Y^. 


+ y 
Я r 


1946] 5 Е а | 1097. 


Bing, R. H. Generalisations of hwo theorems of Jonissemshi, II, 478. 

— The Кине sphere characterization problem, 644. 

Boas, R. P., and Pollard, IE NS EU RU гасынын О ЫШ 348. 

Bobonis, A. А sufactency theorem for differential systems, 465 e 

Bochner, S. Block's theorem for real variables, 715. 2 

——— Voctor fields amd Ricci curvature, 776. 

Bourgin, D. G. Approximate isometries, 704. 

Brauer, А., and Ehrlich, С. On the irreducibility of certoin polyntmials, 84 

Byrne, L. Two brief formulations of Boolean algebra, 269. i 

Cairns, S. S. See Index of Addresses. ` , 

- Chandrasekharan, К. On the summation of mulkipie Fourier series. ПІ, 474. 

Chern, S. S. See Index of Addresees. 

Civin, P. Polynomial dominants, 352. 

Cohen, I. S. Note on a nots of H. F. Tuam, 175. 

Cohen, I. S., and Seidenberg, А. Prime ideals and sutegral dependence, 252. 

Cohn, Н. Note on almost-algebraic numbers, 1042. 

Copeland, A. H., and Егібе, Р. Note on normal numbers, 857. 

Cowling, V. FA уан айан of o dMorem.of TeRoy and Tandelaf 1065. 

Dilworth, R. P. Note on the Kurosch-Ore theorem, б 

Dufhn, R. J. Nonlinear networks. I, 833. 

Dunford, N., and Segal, I. E. Sem rouja of opertors and the Weterstrass theorem, 911. 

Eberlein, W. F. A nots om tke spectral theorem, 328. 

Ehriich, С. See Brauer, А. 

Erdóe, P. Ox tke Hausdorff dimension of some sets in Euclidean space, 107. 

— — On the coefficients of the cyclotomic polynomial, 179. 

—— On some asymptotic formulas in the theory of partitions, 185. 

—— Some remarks about addstive and multiplicative functions, 527. 

—— See Copeland, A. Н. 

Erdöe, P., and Kac, M. On certain Ини theorems of the theory of probability, 292. 

Егаба, P., and Niven, I. Some properties of parkial sums af the karmonic series, 248. 

Erdos, P., and Rosenbloom, Р. C. Toeplits methods which sum a green sequence, 463. 

Erdde; P., and Stone, A. H. On the structure of near graphs, 1087. 

Everett, C. J. Representations for real numbers, 861. 

Floyd, E. E. On the extension of homeomorphisms on the $nierior of a iso cell, 654. 

Forsythe, A., and McCoy, N. Н. On the commeatatesity of certain rings, 523. 

Frank, E. Om the seros of polynomials with complex coeficients, 144. 

— — The location of the ros of polynomeals with complex coeficients, 890. 

Fried, Н. Ож analytic functions with bounded characteristic, 694. 

Fuchs, W. H. J. On a generalisation of the Stieltjes moment problem, 1057. 

Goldman, O. ы аы от оу вого DIA SEES WALD как CRAB ар 
1021. 

, 1028. 





S Н. H. See Moore, Е. Н. 

Gottschalk, W. Н. A nots on pointuiss noxwondaring transformations, 488. _ 

— — Almost periodécity, equi-contiamily and total boundedness, 633. 

Gottschalk, W. H., and Hedlund, G. A. Recurstse properties of transformation groups, 
637. 

Griffiths, L. W. A xo Iur ИРЕН ҮТҮ 734. 

Gustin, W. Cosxtabis connected spaces, 101. : 

Haskell, К. N. Areolar monogenic funchtons, 332. 


1098 ` "INDEX OF VOLUME а ` | [December 


Hedlund, G. A. See Gottschalk, W. H. S 

Heins, M. Ox te númber df 1-]-deraaly ‘conformal maps СВ o muli ply comnecied 
plans region of fiuite connectivity p (22) admis onto tiself, 454, 

Herzog, F. See Stewart, B. M. 

Hewitt, E. A remark om density characters, 641. 

Hildebrandt, T. H. See Moore, E. H. i 

Hua, L. K. Errata for А remark on a result dus to Blichfeldt, 1092. 

Huff, G. B. Inequalities connecting solutions of Cremona's equations, 287. 

Huskey, Н. D. A note on ike area of a nonparametric surface, 720. 

` Jackson, D. The boundedness of orthonormal polynomials on certoin curves of the third 
degres, 899. 

Jones, F. В. Concerning the separability of certain locally connected metric spaces, 303. 

Kac, M. See Erdos, Р. 

Kakutani, S., and Mackey, e W. Ring ond lattice characieristhons of complex Hilbert 
spac, 721. . 

Kalisch, G. qM — M — 6. 

Kaplansry, I. Ox a problem of Kurosch and Jacobson, 496. 

Klokemeister, F. The Asano postulates for tke integral domains of a Knear algebra, 490. 

Lehmer, D. Н. Гоо nonexistence theorems on фатиноя:, is 

\Levitzki, J. On a problem of A. Kurosch, 1033. 

Lewy, Н. Ses Index of Addresses. 

Loomis, L. Н. A note on tke Hilbert transform, 1082. 

McCoy, N. Н. See Forsythe, А. 

Mackey, С. W. Note on a theorem of Murray, 322. 

—— A remark on locally compact abstian growps, 940 a à 

— — See Kakutani, S. : 

Mendelsohn, N. S. Seide iar ea Mies 918. 

Moore, E. H. Classes df sequences of positive mwmbers (Prepared for publication by 
H. H. Goldstine and T. H. Hildebrandt.), 192. 

Motzkin, T. Errata for А 5 curse theorem generalising the theorem of Carnot, 1092. 

— Errata for The kyparsurface cross ratia, 1092. ~ Г 

—— Errata for The pentagon in the projective plane, with а comment on Napier s rule. 

Munroe, M. E. А nots on weak differéntiability of Petts integrals, 167. 


Olds, C. D. Note on on asymmetric Diophantine approximation, 261. 

| Pinney, E. The electrostatic field of two coplanar plates, 838., 

Piranian, G. A sememation mairix with a governor, 882. EE - 

Pollard, Н. The representation of «> as a Laplace integral, 908. 

—— бее Вова, К. P. 

Post, E. L. A variast.of a recursisely unsolvable problem, 264. 

Reid, W. T. A nots on the Du Bois-Reymond equations бн the calculus of vartattons, 158. 

Richardson, M. On weakly ordered systems, 113. 

Riordan, J. Dertoateves of composite functions, 664. 

Robbins, H. On the (C, 1) swmemabthty of certain random soquences, 699. ` 

. Rosenbloom, P. CXSDAM орин ашушы бын, 458. 

— See Erdós, Р. 

Samelson, Н. A soie on Lie groups, 870. 

Santaló, L, A. A geometrica] characterisation for the afins differential invariants of o 
spacs carve, 625. 


N 


1946] І | RESEARCH PAPERS . —— 1099 


Schafer, R. D. Roudsalenca ino class of division algebras of order 16, 874. x 
Schilling, О. F. G. See Index of Addreseea, — 

Schwerdtfeger, H. Moebius transformations and continued frachons, 307. 

Segal, I. ортага имине" 
—— See Dunford, №. 

Seidenberg, A. See Cohen, I. S. 

Shah, S. M. Ож proximate orders of sntegral functions, 326. 

— — On the lower order of integral functions, 1046." 

— On the ringularikes of a class of functions om the unit circle, 1053. 

Sheffer, I. M. Note om mulbspis-iechetite seriss,- 1036, ` 

Slater, J. C. See Index of Addresses, 

Spitzbarg, A. A pproximaton tx the sense af least pth powers with a single auxikary can- 
dikon of suierpolatison, 338, 1092. 

Stewart, В. М. , and Herzog, F. Cylinders in a cons, 94. \ 
Stone, А. Н, See Erdöe, Р. 

Uhler, Н. S. Note on the Mersenne numbers Mig and Mig, 178. 

Valentine, F. А. Set properties determined by conditions on Huoar sections, 925. 

Wall, Н. S. Continued fraction expansions for functions with positive real parts, 138. 
——— A theorem on arbitrary J-fractions, 671. 

—— Reciprocals of J-mairices, 680. 
—— Bounded J-fractions, 686. | 

Walsh, J. L. Note om the location of tke critical points of harmonic functions, 346. 
——— On degres of approximation on a Jordan curve to a function analytic interior to the 
: curse by functions not necessarily analytic interior to the curve, 449. 
— — See Index of Addresses. 

Wang, F. T. A nots on the Riemann seta-function, 319. 

Whaples, G. See Artin, E. 

Whitman, Р. M. Latiices, equevalence relations, m 507. 
Whyburn, G. T. Ox monotone retractabiliiy into staple arcs, 109. 
Woods, C. L, A restricted class of cowsex functions, 117. 

Young, С. S. Spaces cougruont with bounded subsets of the kine, 915. 
Zorn, M. A. Dertvatées and Fréchet differentials, 133. j - 
Zygmund, А. Om the theorem of Féjer-Riesz, 310. 


\ 


